Example 6.1.15 Tracing Algorithm 6.1.1
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Trace the action of Algorithm 6.1.1 on the variables i, j, found, and answer for
m = 3,n =4, and sets A and B represented as the arrays a[l] = u, a[2] = v, a[3] = w,
b[1] = w, b[2] = x,b[3] = y, and b[4] = u.

Solution
i 1 2 3
Jj 1 2 3 4 5 1 2 3 4 5
Jfound no yes no
answer ACRB AZ B
|

In the exercises at the end of this section, you are asked to write an algorithm to check
whether a given element is in a given set. To do this, you can represent the set as a one-
dimensional array and compare the given element with successive elements of the array
to determine whether the two elements are equal. If they are, then the element is in the
set; if the given element does not equal any element of the array, then the element is not

in the set.

Test Yourself

Answers to Test Yourself questions are located at the end of each section.

1. The notation A C B is read “ ” and means that

2. To use an element argument for proving that a set X is a
subset of a set Y, you suppose that and show that

3. To disprove that a set X is a subset of a set Y, you show that
there is

4. Anelement x is in A U B if, and only if,
5. Anelement x is in A N B if, and only if,

6. Anelement x is in B — A if, and only if,

Exercise Set 6.1*%

1. In each of (a)—(f), answer the following questions: Is
A C B?1Is B € A?Is either A or B a proper subset of the
other?

CA={2,{2), V2%, B=1{2, {2}, {{2}}}

. A= {3, V52 —4%, 24mod 7}, B = {8mod>5}

-A={{1, 2}, {2, 3}}, B={1, 2, 3}

. A={a, b, c}, B={{a}, {b}, {c}}

- A={Vl6, {4}}, B = {4}

A={xeR|cosx €eZ}, B={x eR|sinx € Z}

e o &

[l ="

)

7.

8.

10.

12.

An element x is in A€ if, and only if,

The empty set is a set with .

. The power set of a set A is

Sets A and B are disjoint if, and only if, .

. A collection of nonempty sets A, Ay, As, ... is a partition

of a set A if, and only if, .

Given sets A, Ay, ..., A,, the Cartesian product
Al X Ay x ... x A, is

. Complete the proof from Example 6.1.3: Prove that B € A

where
A ={m € Z|m = 2a for some integer a}
and

B ={n € Z|n = 2b — 2 for some integer b}

* For exercises with blue numbers or letters, solutions are given in Appendix B. The symbol H indicates that only a hint or a partial
solution is given. The symbol * signals that an exercise is more challenging than usual.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



350 Chapter 6 Set Theory

3.

10.

11.

12.

Let sets R, S, and T be defined as follows:
R = {x € Z| x is divisible by 2}
S ={y € Z|y is divisible by 3}
T = {z € Z |z is divisible by 6}
a. Is R € T? Explain.

b. Is T € R? Explain.
c. IsT € §? Explain.

. Let A = {n € Z|n = 5r for some integer r } and

B ={m € Z|m = 20s for some integer s }.
a. Is A € B? Explain. b.Is B € A? Explain.

. Let C ={n € Z|n = 6r —5 for some integer r } and

D ={m € Z|m = 3s + 1 for some integer s }.
Prove or disprove each of the following statements.
a. CCD b.DCC

. Let A ={x € Z|x = 5a + 2 for some integer a},

B ={y € Z|y = 10b — 3 for some integer b}, and
C ={z € Z|z=10c + 7 for some integer c}.
Prove or disprove each of the following statements.
a. ACB b.BCA He.B=C

. Let A ={x € Z|x = 6a + 4 for some integer a },

B ={y € Z|y = 18b — 2 for some integer b}, and
C ={z € Z|z = 18c + 16 for some integer c}.
Prove or disprove each of the following statements.
a. ACB b.BC A c.B=C

. Write in words how to read each of the following out loud.

Then write the shorthand notation for each set.
a. {xeU|x € Aand x € B}
b.{xeU|xeAorx € B}

c. {xeUlxeAandx ¢ B}

d. {xeU|x ¢ A}

. Complete the following sentences without using the

symbols U, N, or —.

a. x ¢ AU B if, and only if, .
b. x ¢ AN B if, and only if, .
c. x ¢ A— Bif, and only if, .

LetA={1,3,5,7,9}, B=1{3,6,9},and C = {2, 4,6, 8}.
Find each of the following:
a. AUB b. ANB
e. A—B f. B—A

c. AUC
g. BUC

d. ANnC
h. BNC

Let the universal set be the set R of all real numbers and let
A={xeR|0<x<2},B={xeR|]l <x <4},and
C = {x € R|3 < x < 9}. Find each of the following:

a. AUB b. ANB c. A° d AuC
e. ANC f. B¢ g. A°N B¢
h. AUB  i. (ANB)Y  j. (AUB)

Let the universal set be the set R of all real numbers and
letA={x e R|-3<x<0},B={xeR|-1<x <2},
and C = {x € R|6 < x < 8}. Find each of the following:

a. AUB b. ANB c. A° d. AUC
e. ANC f. B g AN B¢
h. AAUB° i (ANB)Y  j. (AUB)

16.

17.

19.

20.

21.

. a. Is the number 0 in ¥? Why?

. Indicate which of the following relationships are true and

which are false:

a. ZtCQ b. RTCQ

c. QcZ d. Z7UZT =7
e. Z - NZr =9 f.QNR=Q
2. QUZ=Q h. ZrNR=7Z"
i. ZUQ=17Z

. In each of the following, draw a Venn diagram for sets A,

B, and C that satisfy the given conditions:
a. ACB,CCB;,ANC =9/
b. CCA;BNC =9

. Draw Venn diagrams to describe sets A, B, and C that

satisfy the given conditions.

a ANB=W,ACC,CNB#Y
b.ACB,CCB,ANC#Y

c. ANB#W,BNC#P,ANC=0,A¢LB,CZLB

Let A={a,b,c}, B=1{b,c,d},and C = {b, c, e}.

a. Find AU(BNC),(AUB)NC, and
(AU B) N (AU C). Which of these sets are equal?

b. Find AN(BUC),(ANB)UC, and
(AN B)U (AN C). Which of these sets are equal?

c. Find (A—B)—C and A — (B — C). Are these sets
equal?

Consider the Venn diagram shown below. For each of (a)—(f),
copy the diagram and shade the region corresponding to the
indicated set.

a. ANB b. BUC c. A°
d A—(BUC) e (AUB)Y f A°NB*
U

()
/SN

b. Is ¥ = {#}? Why?

c. Is¥ € {#}? Why? d. Is ¥ € ¥? Why?

Let A; = {i, i%} for all integers i = 1, 2, 3, 4.

a. A1 UA2UA3UA4 =?

b. AiNA,NA;NA; =?

c. Are Ay, Ay, As, and A, mutually disjoint? Explain.
Let B; = {x ¢ R|0 <x < i} forallintegersi = 1,2, 3, 4.
a. BIUBQU33UB4=?

b. BN B, N B3N By =?

c. Are By, B,, B3, and B, mutually disjoint? Explain.

Let C; = {i, —i} for all nonnegative integers i.

4 4
i= i=0

-0 =
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22,

23.

24.

25.

26.

c. Are Cy, Cy, C,, ... mutually disjoint? Explain.

d. U C,' =? €. m C,' =?
i=0 i=0

i=0 i=0
Let D; = {x e R| —i <x <i}=[—i,1i] for all nonnega-

tive integers i.

4 4
i=0 i=0
c. Are Dy, Dy, D,, ... mutually disjoint? Explain.
n n
d. UD, =? CﬂD, =?
i=0 i=0
o0 oo
i=0 i=0

LetVI-:{xeRl —%fxg%}:[—%,%] for all pos-
itive integers i.

4 4
a. JVv=? b.O Vi =?
i=1 i=1
c. Are V|, V,, V3, ... mutually disjoint? Explain.
n n
d yv=? e. Vi =?
i=1 i=1
oo oo
f.UJVvi=? g MNVi=?

i=1 i

Let W;={x €e R|x > i} = (i,00) for all nonnegative
integers i.
4

4
i=0 i=0
c. Are Wy, Wy, Wy, ... mutually disjoint? Explain.
d. UW, =? eﬂW, =?
i=0 i=0
oo oo
i=0 i=0

Let R,~:{xeR|1§x§1+H:[1, 1+%] for all
positive integers i.

a. CJR,v =? b.ﬁRi =?
C. IA:rle Ry, Ry, Rs, ... mutually ld:i;joint? Explain.
d. LI_IJR,v =? e.ﬁRi =?
i:ol i:ol
f. UR =? e R =?

Let S,~:{xeR\1<x<1+ll.}:(l, I+ ) for all
positive integers i.

4
a. U S,' =?
i=1

c. Are Sy, Sy, S3, ... mutually disjoint? Explain.

4
b. S =?
i=1

d. US, =? eﬂS, =?
i=l1 i=1
£ s =2 g NS =?

i=1 i=1

6.1

217.

28.

29.

30.

32.

33.

34.

35.

37.

38.
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a. Is{{a, d, e}, {b, c}, {d, f}} apartition of
{a,b,c,d,e, f}?

b. Is {{w, x, v}, {u, y, ¢}, {p, z}} a partition of
{p.q,u,v,w,x,y,z}?

c. Is {{5,4}, {7.2}, {1, 3,4}, {6, 8} } a partition of
{1,2,3,4,5,6,7,8)?

d. Is {{3, 7, 8}, {2, 9}, {1, 4, 5}} a partition of
{1,2,3,4,5,6,7,8,9}?

e. Is {{1, 5}, {4, 7}, {2, 8, 6, 3}} a partition of
{1,2,3,4,5,6,7,8)?

Let E be the set of all even integers and O the set of all odd

integers. Is {E, O} a partition of Z, the set of all integers?

Explain your answer.

Let R be the set of all real numbers. Is {R*, R™, {0}} a par-
tition of R? Explain your answer.

Let Z be the set of all integers and let

Ay = {n € Z|n = 4k, for some integer k},

A, ={n € Z|n = 4k + 1, for some integer k},

Ay ={n € Z|n = 4k + 2, for some integer k}, and
Az ={n € Z|n = 4k + 3, for some integer k}.

Is {Ag, A1, Ay, Az} a partition of Z? Explain your answer.

. Suppose A = {1,2} and B = {2,3}. Find each of the

following:
a. Z(ANB) b.Z(A)
c. Z(AUB) d.Z(A x B)

a. Suppose A = {1} and B = {u, v}. Find (A x B).
b. Suppose X = {a, b} and Y = {x, y}. Find (X x Y).

a. Find Z(¥). b. Find Z2(2(©)).

c. Find 2(2(2®))).

Let A; ={1,2,3}, A, ={u,v}, and A3 = {m,n}. Find
each of the following sets:

a. A; X (Ay x Aj)
C. A] XA2XA3

b. (A; x Ay) X Az

Let A ={a,b}, B={1, 2},and C = {2, 3}. Find each of
the following sets.
a. Ax (BUCQ)
c. Ax(BNCQC)

b. (A x B)U (A x C)
d.(Ax B)N(AxC)

. Trace the action of Algorithm 6.1.1 on the variables i, j,

found, and answer for m = 3,n =3, and sets A and B
represented as the arrays a[l] = u, a[2] = v,a[3] = w,
b[1] = w, b[2] = u, and b[3] = v.

Trace the action of Algorithm 6.1.1 on the variables i, j,
found, and answer for m = 4,n =4, and sets A and B
represented as the arrays a[l] = u, a[2] = v, a[3] = w,
ald] = x,b[1] =r,b[2] = u,b[3] = y, b[4] = z.

Write an algorithm to determine whether a given element
x belongs to a given set, which is represented as an array
alll],al2],...,a[n].
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