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In this appendix, we review basic algebra: rules for combining and simplifying 
expressions; fractions; exponents; factoring; quadratic equations; inequalities; 
and logarithms. For a more extensive treatment of basic algebra, see [Bleau; 
Lia I; Sullivan]. 

Grouping 

Terms with a common symbol can be combined: 

ac+bc=(a+b)c, ac - be= (a - b)c. 

Technically, these equations are known as distributive laws.

2x + 3x = (2 + 3)x = 5x • 

The distributive laws, rewritten as 

a(b+c)=ab+ac, a(b - c) = ab - ac, 

can be used to simplify expressions. 

2(x + 1) = 2x + 2 · 1 = 2x + 2 • 

2(x + 1) + 2(x - 1) = 2x + 2 + 2x - 2 = 4x • 

Fractions 

Formulas useful for adding, subtracting, and multiplying fractions are given as 
Theorem B.4. 
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8. The statement follows from the fact that such an algo­
rithm can be modified without changing its asymptotic
worst-case time to determine whether the input contains
duplicates and. by Theorem 11.2.1, any algorithm that
determines whether duplicates exist has worst-case time
Q (n lg n). Duplicates exist if and only if the distance be­
tween every output pair is zero; thus, we need only check
one pair to determine whether there are duplicates or not.

9. Let L be the vertical line through p. By the choice of
p, no points of S lie to the right of L. If p is the only
point of S on L, p is a hull point. If other points of S
lie on L, they all lie below p. In this case, if we rotate
L clockwise slightly about p. L will contain only p and
all other points of S will be to the left of L. Again we
conclude that p is a hull point.

10. Let L be the line segment joining p and q. Let L' be
the line through p perpendicular to L. There can be no
other point r of S on L' or on the side of L' opposite
q. for if there were such a point r. the distance from r
to q would exceed the distance from p to q, which is
impossible. Thus p is a hull point. Similarly. q is a hull
point.

11. The points [ sorted with respect to (1. 2)] are (1. 2). (11, 3).
(8,4), (14.7). (5.4). (11.7). (17.10). (7,6). (8.7), (12,10),
(8, 9). (5. 9). (3. 7). (3.11). ( l .  5). (1. 9). The following
table shows each triple that is examined in the while loop,
whether it makes a left turn. and the action taken with
respect to the triple:

Discard 

Left Middle 

Triple Turn? Point? 

(1,2), (11.3), (8,4) Yes No 
(11,3). (8,4), (14,7) No Yes 
(1. 2). (11, 3), (14. 7) Yes No 
(11.3). (14,7), (5.4) Yes No 
(14.7). (5.4). (11.7) No Yes 
(11.3). (14.7). (11. 7) Yes No 
(14.7). (11.7). (17.10) No Yes 
(11.3). (14. 7). (17.10) No Yes 
(1.2), (11.3), (17.10) Yes No 
(11.3). (17.10). (7.6) Yes No 
(17.10), (7.6). (8,7) No Yes 
(11.3), (17. 10), (8,7) Yes No 
(17.10). (8. 7). (12.10) No Yes 
(11.3). (17.10), (12.10) Yes No 
(17.10). (12, 10). (8. 9) Yes No 
(12.10). (8.9). (5.9) No Yes 
(17.10). (12.10), (5.9) Yes No 
(12.10), (5.9). (3.7) Yes No 
(5,9). (3.7). (3,11) No Yes 
(12.10). (5.9), (3,11) No Yes 
(17, 10). (12.10). (3, 11) No Yes 
(11, 3), (17, 10). (3, 11) Yes No 
(17,10). (3,11), (1,5) Yes No 
(3, 11), (1, 5), (1, 9) No Yes 
(17,10), (3,11). (1,9) Yes No 

The convex hull is (1, 2), (11, 3), (17, 10), (3.11), (1, 9). 
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U. Run the part of Graham's Algorithm that follows the sort
on the remaining points.

Appendix A 

1. 
(

2+a 4+b l+c
)6+cl 9+e 3+/ 

l+g -l+h 6+i 

2 ( 5 7 7)
-7 10 -1

5. (3 18 27
)0 12 -6 

8.
(
-2 -35 -56

) -7 -18 13 
9. 

(
18 10

) 14 -6 
23 1 

u. (-4)
14. (a) 2 X 3, 3 X 3, 3 X 2

(b) AB= (3� 1! :;)

AC= (
16 56

) 14 63 

CA= 0 0 0 (
4 18 38

) 
2 17 75 

AB2 = (
177 215 531

)80 93 323 

BC= 34 25 ( 
18 65

) 
12 54 

17. Let A= (bij), I11 = (a1k),  AI11 = (c;k). Then
II 

Cfk = L b;JCljk = b;kClkk = b;k· 
J=l 

Therefore, AI11 =A.Similarly, I11 A = A.

20. The solution is X = A- 1 c.

AppendixB 

1. -4x
l5x - 3b

4. = 5x - b

1 l n+l-n 
7. - - -- = ----

11 n+l 11(11+1) n(n+l) 
We may use this equation to compute I:;'=1 i(i�

I) 
as 

follows: 
II 

1 

L i(i + 1)
1=! 

II ] 
1 

=L1-i+1 
i=l 

= (1 - �) + (� - �) + ... + (-
1 

- �)
2 2 :, n-1 11

+ (� - 11: i)
1 11+1-l 11 

=1---= =--
n+l 11+1 11+1 
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