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Uniqueness Questions for Multiple Trigonometric Series

J. Marshall Ash and Gang Wang

Abstract. We survey some recent results on the uniqueness questions on
multiple trigonometric series. Two basic questions, one about series which

converges to zero and the other about the series which converge to an inte-
grable function, are asked for four modes of convergence: unrestricted rectan-

gular convergence, spherical convergence, square convergence, and restricted

rectangular convergence. We will either get into the details or outline some
of the proofs for the known uniqueness theorems. Some results on the sets

of uniqueness are also given. Finally, we will mention some interesting open

questions in this area. Some of them are even one-dimensional. We assume the
reader has some basic knowledge of measure theory and Fourier analysis. Most

of the topics and materials can be understood by upper level undergraduate

students.

Contents

1. Introduction 1
2. Some Cantor-Lebesgue Type Theorems 6
3. A Uniqueness Theorem for Unrestrictedly Rectangular Convergence 10
4. A Uniqueness Theorem for Spherical Convergence 14
5. Sets of Uniqueness under Spherical Summation 20
6. Questions about Square and Restricted Rectangular Uniqueness 24
7. Orthogonal Trigonometric Polynomials 31
References 35

1. Introduction

In 1870, Cantor proved the following uniqueness theorem for one-dimensional
trigonometric series.
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Theorem 1.1 (Cantor). Suppose the one dimensional trigonometric seriesP
cne

inx converges to zero in the sense that at each x 2 T = [0; 2�); sn =
Pn

k=�n cke
ikx

tends to zero as n tends to 1: Then all cn must be zero.

In other words, there is only one way to represent a trigonometric series. If two
trigonometric series agree everywhere, then all the coe�cients of the two trigono-
metric series are the same.

The �rst step of the proof is to obtain a growth rate condition for the coe�cients
cn:: Observe that if

P
cne

inx converges for all x, then the n�term of the series,
c�ne

�inx+cne
inx also tends to zero for each x: The following Cantor-Lebesgue The-

orem asserts that this happens not because of the cancellations between c�ne
�inx

and cne
inx:

Theorem 1.2 (Cantor-Lebesgue). If c�ne
�inx + cne

inx ! 0 for every x 2 T;
then

q
jc�nj2 + jcnj2 ! 0:

This theorem was proved by Cantor in 1870. In 1905, Lebesgue proved a
stronger version. This is why the theorem is so named. What Lebesgue proved is
the following

Theorem 1.3 (Lebesgue). If for a positive measure set E � T; we have
c�ne

�inx + cne
inx ! 0 for every x 2 E; then

(1.1)

q
jc�nj2 + jcnj2 ! 0:

The above theorem can also be strengthened. See Ash, Kaufman, and Rieders
(1993) for details. Now we give the proof of Theorem 1.3.

Proof: By Egorov's Theorem, we can �nd a subset E0 of E such that jE0j > 0
and on E0; c�ne

�inx + cne
inx is uniformly convergent to zero. Thus, by Steinhaus'

Theorem, there is a nonempty open interval I = (�a; a) such that I � E0 � E0 =
fx� y : x; y 2 E0g : Let dn (x) = c�ne�inx + cneinx: Then

lim
n!1

Dn = lim
n!1

sup
x2E0

jdn (x)j = 0:

Given " > 0; choose N1 such thatDn < " whenever n � N1: Since (�a; a) � E0�E0
for some a > 0; there exist N � N1 such that ��= (2n) 2 (�a; a) for all n � N:
Thus, for each n � N; there exist xn; yn 2 E0 such that n (xn � yn) = ��=2:
Consequently, from

c�ne
�inxn + cne

inxn = dn (xn)

c�ne
�inyn + cne

inyn = dn (yn)

we have

c�n =
einyndn (xn)� einxndn (yn)
e�in(xn�yn) � ein(xn�yn) =

einyndn (xn)� einxndn (yn)
2

;

cn =
�e�inyndn (xn) + e�inxndn (yn)

e�in(xn�yn) � ein(xn�yn) =
�e�inyndn (xn) + e�inxndn (yn)

2
:

This implies q
jc�nj2 + jcnj2 �

p
2Dn �

p
2";

which proves the theorem.
We now prove Theorem 1.1.
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Proof: We �rst form the Riemann function

F (x) = c0
x2

2
�
X
n 6=0

cn
n2
einx:

By the Cantor-Lebesgue Theorem, F is uniformly convergent. Thus, F is continu-
ous. Next, observe for all x 2 R

F (x+ h)� 2F (x) + F (x� h)
h2

= c0 +
X
n 6=0

I (nh) cne
inx

=
X
n�1

0@X
jkj�n

cke
ikx

1A (I ((n+ 1)h)� I (nh))
where

I (x) =

8<:
�
sin( x2 )
( x2 )

�2
if x 6= 0

1 if x = 0:

Note limx!0 I (x) = 1: SinceX
n�1

jI ((n+ 1)h)� I (nh)j �
Z 1

h

���� ddxI (x)
���� dx

< 2

Z 1

0

���� sinx (x cosx� sinx)x3

���� dx
<1

so the series
P

n�1

�P
jkj�n cke

ikx
�
(I ((n+ 1)h)� I (nh)) converges uniformly in

h: Thus, the generalized second derivative of F satis�es

~�F (x) = lim
h!0

F (x+ h)� 2F (x) + F (x� h)
h2

= c0 +
X
n 6=0

lim
h!0

I (nh) cne
inx

=
X

cne
inx

= 0

for all x 2 R: We will show below that this implies that

(1.2) lim sup
x!1

jF (x)j
x2

= 0:

If (1.2) holds, then the constant term c0 = 0 since

0 = lim
x!1

jF (x)j
x2

� jc0j
2
� lim
x!1

0@X
n 6=0

jcnj
n2

1A 1

x2
=
jc0j
2
:

This in turn implies cn = 0 for all n � 1 as the trigonometric series

e�inx
X

cke
ikx
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converges to zero everywhere and its constant term is cn: To show (1.2), assume
otherwise. That is,

lim sup
x!1

jF (x)j
x2

= d > 0:

Then c0 6= 0 and there exists a sequence of real numbers fxng " 1 such that

(1.3)
jF (xn)j
x2n

>
d

2
:

Without loss of generality, we may assume c0 > 0: Choose z0 large enough such
that

(1.4)
min fc0; dg

4
z20 >

X
n 6=0

jcnj
n2

Then, F (x) � c0
2 x

2 �
P

n 6=0
jcnj
n2 >

c0
4 x

2 > F (0) for all jxj > z0:
De�ne G (x) = F (x) � d

4x
2: Then the generalized second derivative of G is

�d
2 < 0: Choose xn > z0. Since G is continuous on R; G attains its minimum in

[�xn; xn] at some point z 2 [�xn; xn]: By (1.3) and (1.4), G (�xn) > G (0) and
G (xn) > G (0). Thus, z 2 (�xn; xn) : Therefore, for small enough h > 0;

G (z � h)� 2G (z) +G (z + h)
h2

< �d
4
:

Or

G (z � h) +G (z + h) < 2G (z)� d
4
h2 < 2G (z) :

This implies either G (z � h) < G (z) or G (z + h) < G (z) ; a contradiction to G (z)
being the minimum. This completes the proof.

We will see all the known proofs of multi-dimensional uniqueness theorems
more or less follows this approach by starting with a Cantor-Lebesgue type the-
orem. Most of the open questions on multiple trigonometric series seem totally
inaccessible because of a breakdown at this very �rst step. We discuss more of
Cantor-Lebesgue type theorems in Section 2. Before we leave the one dimensional
setting, we will state one further theorem that also serves as a model for higher
dimensional generalizations.

Theorem 1.4 (de la Vall�ee-Poussin). If a one dimensional trigonometric seriesP
cne

inx converges to an everywhere �nite, Lebesgue integrable function f , then it
is the Fourier series S [f ] of that function.

Recall the Fourier series of a Lebesgue integrable function f is

S [f ] =
X

f̂ (n) einx; where f̂ (n) =
1

2�

Z �

��
f (x) e�inxdx:

Thus Cantor's Theorem is a special case of de la Vall�ee-Poussin's Theorem. We
refer hereafter to the result of Cantor's Theorem as zero uniqueness and to the
result of de la Vall�ee-Poussin's Theorem as L1 uniqueness.

Remark 1.1. It is worth mentioning that L1 uniqueness does not follow from
zero uniqueness. One might try deduce de la Vall�ee-Poussin's Theorem from Can-
tor's theorem with the follow specious argument. \Let S =

P
cne

inx converges to
f 2 L1: Then S � S [f ] converges to 0 everywhere, so by Cantor's theorem, S and
S [f ] are identical." The fallacy in this argument is in the sentence \Then S�S [f ]
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converges to 0 everywhere." Implicit in this sentence is the assumption that that
S [f ] converges to f . Actually, S [f ] may very well fail to converge at all. In fact,
Kolmogorov has given an example of an L1 function with an everywhere divergent
Fourier series. The proof of L1 uniqueness requires additional notions such as
majorant and minorant from the theory of Lebesgue integration.

Remark 1.2. If f 2 Lp (T ) ; 1 < p <1; it is known that the Fourier series of
f converges almost everywhere to f .

We will consider multiple trigonometric series from now on. First we introduce
some de�nitions and notation. For simplicity, we use an = an (x) to denote cne

ihn;xi;
where n = (n1; : : : ; nd) 2 Zd; the d dimensional lattice, x 2 T d; hn; xi denotes the
inner product, and cn is a complex number. Let S be a multiple trigonometric
series, so that for each x we have

S =
X
n2Zd

cne
ihn;xi =

X
n2Zd

an (x) =
X
n2Zd

an:

We will de�ne �ve methods of summation to add up S: Di�erent methods of sum-
mation may lead to di�erent answers.

Definition 1.1 (Spherical Summation). Let jmj =
qP

m2
j and for each real

r, de�ne

Sr =
X
jnj�r

an

to be the r�th spherical partial sum of S: We say S converges spherically to s if

lim
r!1

Sr = s

For two multi-indices m and n; we say m � n if for all j; 1 � j � d, there holds
mj � nj ; and for any real number r, we let r = (r; � � � ; r) :

Definition 1.2 (Square Convergence). For m � 0; de�ne

Sm =
X

�m�n�m
an

to be the m�th rectangular partial sum of S. Let m be a nonnegative integer. We
de�ne

Sm =
X

�m�n�m
an

to be the m�th square partial sum of S and say S is square convergent to s if

lim
m!1

Sm = s:

Remark 1.3. If we let jjmjj = max fmjg. Then

Sm =
X

jjnjj�m

an:

Definition 1.3 (Unrestrictedly Rectangular Convergent). Say that S is unre-
strictedly rectangularly convergent to s if

lim
minfmjg!1

Sm = s
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Definition 1.4 (Restrictedly Rectangular Convergent). S is restrictedly rect-
angular convergent to s if for any e � 1;

lim
n!1

sup

�
jSm � sj : min fmjg � n and all

mj

mk
� e
�
= 0

Finally,

Definition 1.5 (One Way Iteratively Convergent). Say that S is one way iter-
atively convergent to s if there exists a permutation f� (1) ; � � � ; � (d)g of f1; � � � ; dg ;
such that the nested limit,

lim
n�(d)!1

n�(d)X
m�(d)=�n�(d)

0@ lim
n�(d�1)!1

n�(d�1)X
m�(d�1)=�n�(d�1)

0@� � �
0@ lim
n�(1)!1

n�(1)X
m�(1)=�n�(1)

am

1A1A1A
is equal to s:

Our goal is to extend Theorem 1.1 and Theorem 1.4 to higher dimensions
under the above 5 summation methods. The extension under one way iteratively
convergent is trivial: Simply apply one-dimensional result and then use induction.
We will show in Section 1.3 that unrestrictedly rectangular convergent implies one
way iteratively convergent, thus uniqueness theorems follows under such summation
method. Uniqueness theorems also hold under spherical summation as shown in
Section 4. For the remaining two summation methods, the questions are still open;
in particular, Cantor-Lebesgue type theorems fail for those methods. That is the
content of our next section.

2. Some Cantor-Lebesgue Type Theorems

Recall the Cantor-Lebesgue Theorem from Section 1:

Theorem 2.1 (Cantor-Lebesgue). If c�ne
�inx + cne

inx ! 0 for every x 2 T;
then

q
jc�nj2 + jcnj2 ! 0:

We will discuss the extension of this theorem under four summation methods
given in Section 1.

2.1. Square Summation . If a trigonometric series

S(x) =
X

an(x) =
X

cne
ihn;xi

is square convergent, then as given by de�nition 1.2, the partial sum

Sm (x) =
X

jjnjj�m

an (x)

convergent to a complex number s (x) as m!1; where jjnjj = max fn1; � � � ; ndg :
Since

Sm+1 (x)� Sm (x) =
X

jjnjj=m+1

an;

the analogue of the Cantor-Lebesgue theorem would be a positive answer to the
following.
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Question 2.1. If
P

jjvjj=n av (x)! 0 on a set of positive measure; is
qP

jjvjj=n jcvj
2 !

0? Even stronger, we may ask

(2.1) If
X
n�0

X
jjvjj=n

av (x) converges everywhere; is

s X
jjvjj=n

jcvj2 ! 0?

In 1958, Paul Cohen in his Ph.D. thesis gave an example that a double trigono-
metric series which is square convergent o� the line

�
(x; y) 2 T 2 : x = 0

	
; but has

in�nitely many coe�cients \almost" satisfying cn � jjnjj : Later, in 1972, Ash and
Welland constructed a double trigonometric series with much larger coe�cients and
still square convergent o� a single line. For many years, people tended to believe
that if a series square converges everywhere that would rule out such coe�cient
growth. However, in 1997, Ash and Wang found an example which negatively
answered question 2.1. Their example shows that we do not even have

lim
jjnjj!1

cn = 0:

Example 2.1 (Ash-Wang). Let ' (n) be any function which grows more slowly
than exponentially in n; that is,

(2.2) lim sup
n!1

n
p
j' (n)j � 1

Then there exists a double trigonometric series which is square convergent every-
where but has in�nitely many coe�cients satisfying

cn � ' (jjnjj) as jjnjj ! 1:

Examples of functions which grow more slowly than exponentially include
' (n) = n1;000, ' (n) = en= ln lnn; and many others.

To construct this example, consider

(2.3) S (x; y) =
1X
n=2

1X
m=0

tmn cosmx cosny

created by expanding the series

(2.4) 4
p
�

1X
n=2

n3=2' (n) cos2
�x
2

�
sin2n�2

�x
2

�
cosny:

It is clear from the binomial theorem and

cos2
�x
2

�
sin2n�2

�x
2

�
=

�
eix=2 + e�ix=2

2

�2�
eix=2 � e�ix=2

2i

�2n�2
that for each n � 2

(2.5)
1X
m=0

tmn cosmx =
nX

m=�n
amne

imx

with

(2.6) a0n = 4
p
�
n3=2

2n� 1' (n) 4
�n
�
2n

n

�
� 2' (n)

by the Stirling's formula, n! �
p
2�nnne�n:

To verify this does what we claimed, �rst observe by (2.5), the series given by
(2.3) has index set supported by the \buttery-shaped" region f(m;n) : jmj � jnjg :
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Thus, the partial sums of the series as expressed in form (2.4) coincide with the
square partial sums of the series thought as a double trigonometric series and ex-
pressed in form (2.3). So series (2.3) square converges everywhere i� series (2.4)
converges everywhere. If jxj = �; each term of the series (2.4) becomes zero, so it
converges to 0. If jxj < �; then a = sin2

�
x
2

�
< 1: Thus by root test, series (2.4)

converges since

lim
n!1

n

r
4
p
�n3=2' (n) cos2

�x
2

�
sin2n�2

�x
2

�
jcosnyj � a lim sup

n!1
n
p
' (n) < 1

by (2.2). This shows that series (2.3) square converges everywhere. However, if we
write series (2.3) as a double trigonometric series using (2.5), then

S (x; y) =
1

2

X
jnj�2

nX
m=�n

amne
imx+iny =

X
jnj�2

nX
m=�n

cmne
imx+iny

where amn is given from formula (2.5) when n � 2, and amn = amjnj if n � �2: In
particular,

(2.7) c0n � ' (n)
by (2.6). This con�rms the claim made in the example.

One may wonder if the coe�cients can grow faster than functions like ' (n)
for a square convergent multiple trigonometric series. The following theorem was
shown in 1972. Recall av (x) = cve

ihv;xi:

Theorem 2.2 (Ash-Welland). Let S (x) =
P

n�0

�P
jjvjj=n av(x)

�
be square

convergent for all x in a full measure subset of T d: Then for any given  > 1; there
exists b = b (S; ) > 0 such that jcmj � bjjmjj for all indices m 2 Zd.

Thus, the example above gives the worst possible growth rate for the coe�cients
of a square convergent multiple trigonometric series.

2.2. Restrictedly Rectangular Summation. The strong version of the
analogue of Cantor-Lebesgue Theorem in this setting is

Question 2.2. Suppose a multiple trigonometric series S (x) =
P
an (x) con-

verges restrictedly rectangularly everywhere in T d: For every E > 1 and index

n 2 T d such that
��� ninj ��� � E for all 1 � i; j � d; let IE;n be the indices on the edge

of the rectangular solid
�
m 2 Zd : m � (jn1j ; � � � ; jndj)

	
: Is it true that for each

�xed E;

(2.8)

s X
v2IE;n

jcvj2 ! 0 as n!1?

The answer to this question is still no. In fact, series (2.3) given in Section (2.1)
can be shown to be restrictedly rectangularly convergent, yet that (2.7) shows that
(2.8) fails. Again, this example also gives the worst possible coe�cients growth rate
for restrictedly rectangularly convergent multiple trigonometric series as shown by
Ash and Welland in the same paper:

Theorem 2.3 (Ash-Welland). Let S (x) =
P
an (x) converge restrictedly rect-

angularly convergent for all x in a full measure subset E 2 T d: Then for any  > 1;
(1) there exists b = b (S; ) > 0 such that jcnj � bjjnjj for all n 2 Zd; and
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(2) given any E > 1; fcng tends to zero as jjnjj ! 1 in such a way that every
ratio jnij =jnj j � E:

2.3. Unrestrictedly Rectangular Summation. The following is a partial
analogue of the one-dimensional Cantor-Lebesgue Theorem for unrestrictedly rect-
angular convergent. It is essentially sharp.

Definition 2.1. For each n � 0; de�ne

An (x) =
X

jvij=ni;i=1;��� ;d

cve
ihv;xi

Then series S (x) =
P
an (x) =

P
cne

ihn;xi converges unrestrictedly rectangu-
larly if

lim
jjjmjjj!1

X
n�m

An (x) = s (x) :

Let jjjmjjj = min fm1; � � � ;mdg :

Theorem 2.4 (Ash-Welland). If limjjjnjjj!1An (x) = 0 for all x in a set of
positive Lebesgue measure, then limjjjnjjj!1 cn = 0 and lim supjjnjj!1 jcnj <1:

Thus, the coe�cients tend to zero \in the corners" and are bounded for all
indices. This seeming weak results is su�cient to prove the uniqueness result as we
shall see in the next section.

2.4. Spherical Summation. Under spherical summation, we have the best
analogue of the one-dimensional Cantor-Lebesgue Theorem. We give two results
of di�erent avors. If d = 2; we have the following theorem proved �rst by Roger
Cooke and improved by Zygmund shortly after in the early 70's.

Theorem 2.5 (Cooke-Zygmund). If d = 2 and fcng is a doubly indexed set of
complex numbers such that

Cr (x) =
X
jnj=r

cne
ihn;xi

tends to zero for all x in a positive measure set, then

"r =

sX
jnj=r

jcnj2 ! 0 as r !1:

If one looks at the proofs of Cooke and Zygmund, it does not seem at all easy
to extend them to any dimension higher than 2. But this is exactly what Bernard
Connes did in 1976 with a very clever geometrical induction argument.

Theorem 2.6 (Connes). If d � 3 and fcng is a multiple indexed set of complex
numbers such that

Cr (x) =
X
jnj=r

cne
ihn;xi

tends to zero for all x in a non-empty open subset of T d, then

(2.9) "r =

sX
jnj=r

jcnj2 ! 0 as r !1:
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Remark 2.1. The theorem holds true if we replace the hypothesis of Cr (x) =P
jnj=r cne

ihn;xi converges to zero for all x in a non-empty open set to Cr (x) =P
jnj=r cne

ihn;xi converges to zero for all x in a set of full measure and of the

second category in the sense of Baire. This version of the theorem will be used in
Section 5.

Note that this theorem requires a stronger hypothesis than that of Cooke-
Zygmund. However, it does not prove to be a problem when it is used in Section 4
to prove the uniqueness theorem under spherical summation.

Next, we will prove uniqueness theorem for unrestrictedly rectangular conver-
gence.

3. A Uniqueness Theorem for Unrestrictedly Rectangular Convergence

The �rst uniqueness theorem in multiple trigonometric series was obtained by
Victor Shapiro in 1957. He studied uniqueness problem under spherically Abel
summation. Here is the de�nition of Abel summable under spherical convergence.

Definition 3.1 (Abel Summable). A multiple trigonometric series
P
an is

spherically Abel summable to s if

lim
t#0

lim
r!1

X
jnj�r

ane
�jnjt = s

It is easy to see if
P
an spherically converges to s, then it is also spherically Abel

summable to s: There is a one-dimensional uniqueness theorem on Abel summation
due to Verblunsky.

Theorem 3.1 (Verblunsky). If a one-dimensional trigonometric series S (x) =P
cne

inx is Abel summable to an everywhere �nite, integrable function f (x) for all
x 2 T; and if

(3.1) cn = o (n) as n!1;

then cn is the Fourier coe�cients of f for all n:

A condition such as (3.1) is necessary as the following example shows.

Example 3.1. Consider �0(x) =
P
n sinnx; the formal derivative of the �

function. It can be shown that �0 is Abel summable everywhere to 0. Thus the
condition an = o(jnj) is necessary to ensure uniqueness under Abel summation.

Shapiro generalized Theorem 3.1 to higher dimensions. Here is one of his
theorems.

Theorem 3.2 (Shapiro). If a multiple trigonometric series S (x) =
P
an (x)

is spherically Abel summable to an everywhere �nite, integrable function f (x) for
all x 2 T d; and if

(3.2) �r =
X

r�1<jnj�r

jcnj = o(r) as r !1

where an (x) = cne
ihn;xi; then cn is the Fourier coe�cients of f for all n:
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In fact, Shapiro proved a slight stronger version of the above, but condition
(3.2) is essential for all his results to hold. Let us examine condition (3.2) for
dimension d � 2:

It is known that the number of lattice points in a sphere is asymptotically the
volume of that sphere and the number of lattice points of modulus lying between

r � 1 and r is asymptotically to O
�
rd � (r � 1)d

�
= O

�
rd�1

�
: So if jcnj ! 0 as

jnj ! 1; then
�r = o

�
rd�1

�
:

In particular, condition (3.2) holds for d = 2: It is not hard to show that if a double
trigonometric series is unrestrictedly rectangularly convergent, then it is also Abel
circular summable. Consequently, by Theorem 2.4, we have the following

Theorem 3.3 (Ash-Welland). If a double trigonometric series converges unre-
strictedly rectangularly everywhere, then Shapiro's condition (3.2) holds. Also un-
restrictedly rectangular convergence to a function everywhere implies circular Abel
summability to the same function. Therefore by the Theorem 3.2 of Shapiro, if a
double trigonometric series converges to an everywhere �nite, integrable function
everywhere, then it must be the Fourier series of that function.

This is the generalization of the one-dimensional L1 uniqueness theorem of
de la Vall�ee-Poussin under unrestrictedly rectangularly convergence to d = 2: It
seemed at the time that the proof of this theorem was very unnatural and lucky.
For example, unrestricted rectangular convergence of a double series does not imply
double circular convergence, only double circular Abel summability. Twenty years
went by without any further progress. Then came two theorems in quick succession
that completely settled the problem. Furthermore there were two independent
and completely di�erent proofs. We state the L1 uniqueness version since that
automatically covers the zero uniqueness case.

Theorem 3.4 (Ash-Freiling-Rinne, Tetunashvili). Let the multiple trigonomet-
ric series S (x) =

P
cne

ihn;xi be unrestrictedly rectangularly convergent everywhere
to an everywhere �nite, integrable function f (x) : Then S is the Fourier series of
that function.

The proof given by Ash-Freiling-Rinne followed the ow of the proof of the one-
dimensional Cantor uniqueness theorem, Theorem 1.1 given in Section 1. A new
operator, which is more complex than the generalized second order derivative, is
introduced to overcome the di�culty that the series given by the generalized Lapla-
cian is no longer easily to show being uniformly convergent.[AFR] Tetunashvili's
proof is more natural and quite clever.[Tet1] He �nds an unexpected relationship
between unrestrictedly rectangular convergence and one way iterative convergence.
Such a relationship fails to be true for arbitrary complex number series. In fact it
even fails for multiple trigonometric sequences as the following examples shows.

Example 3.2. Consider the numerical double series
P
amn; where a0n =

(�1)n and a1n = (�1)n+1 for n = 1; 2; � � � , and all other amn = 0. Since Smn = 0
as soon as m � 1; this is unrestrictedly rectangularly convergent to 0; but the iter-
ated limit

lim
m!1

X
jij�m

0@ lim
n!1

X
jkj�n

aik

1A
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obviously doesn't exist.

Example 3.3 (Tetunashvili). Consider a double trigonometric sequence

smn (x; y) =

�
m

m+ 1
+ (�1)m

�
cosmx

n
+

�
n

n+ 1
+ (�1)n

�
cosny

m

Then limminfm;ng!1 smn (x; y) = 0 everywhere, but neither iterated limits exists
everywhere.

So we present the proof of Theorem 3.4 by using Tetunashvili's argument. For
simplicity, we consider the 0 uniqueness case, namely f � 0: First we prove a
lemma.

Lemma 3.5 (Tetunashvili). If a multiple trigonometric series converges to 0
unrestrictedly rectangularly at every point of T d, then it also converges one way
iteratively to 0 at every point of T d:

Proof: Assume that the double series S =
P
cmne

i(mx+ny) converges unre-
strictedly rectangularly at every point of T 2: It is enough to prove that

lim
N!1

NX
n=�N

cmne
iny = 0 for every y and m; and

lim
M!1

MX
m=�M

cmne
imx = 0 for every x and n:

Suppose this is not true. We may assume that there is a point yo and an integer
mo such that

(3.3) lim
N!1

NX
n=�N

cmone
inyo = 0 is false.

From now on we will keep y = yo �xed and think of all functions under consideration
as living on the horizontal section f(x; yo) : x 2 T 1g. From Lemma 2.3 of Ash-
Welland it follows that there is a function B(x) bounding all the partial sums
of S at the point (x; yo): Hence there is a constant B and a set E of positive
one dimensional measure so that all the partial sums of S are uniformly bounded
by B on the set f(x; yo) : x 2 Eg:By Paul Cohen's theorem, see Lemma 2.1 of
Ash-Welland, it follows that for each integer m; there is a constant Bjmj so that
the partial sums S(jmj;N)(x; yo) are uniformly bounded by Bjmj: (Actually, since��S(jmj;N)(x; yo)�� = ��S(jmj;N)(x; yo)ejmjix�� and S(jmj;N)(x; yo)ejmjix is a trigonometric
polynomial of degree 2 jmj ; we know that Bjmj = Bc(jEj)2jmj; but all that matters
is that Bjmj is independent of both x and N:)

For each integer m; consider the sequence fAm;NgN�0 ; where

Am;N =
NX

n=�N
cmne

inyo ; N = 0; 1; 2; � � �

For each m; we observe that S(jmj;N)(x; yo) =
Pjmj

�=�jmjA�;Ne
i�x; so that Fourier's

equation, Am;N =
1
2�

R
T 1
S(jmj;N)(x; yo)e

�imxdx leads to the estimate

(3.4) jAm;N j � sup
��S(jmj;N)(x; yo)�� � Bjmj:
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Now let Z 0 = fi1; i2; � � � g be a well-ordering of the integers with mo coming �rst.
For example, if mo = �2; then Z 0 = f�2; 0;�1; 1; 2;�3; 3;�4; 4; � � � g: We now
de�ne inductively a number �ik for each k = 1; 2; � � � : The sequence fAmo;NgN�0
is bounded by inequality (3.4), but not convergent to zero by assumption (3.3), so
there is a sequence of nonnegative integers fN1

kgk�0 and a number �mo
= �i1 so

that

lim
k!1

Amo;N1
k
= lim

k!1
Ai1;N1

k
= �mo

where

(3.5) �mo 6= 0:

Next, the sequence fAi2;N1
k
gk�0 is a subsequence of the bounded sequence fAi2;NgN�0

(see inequality (3.4) again) and hence itself a bounded sequence, so there is a sub-
sequence fN2

kgk�0 of fN1
kgk�0 and a number �i2 so that

lim
k!1

Ai2;N2
k
= �i2 :

Once more, the sequence fAi3;N2
k
gk�0 is a bounded sequence, so there is a subse-

quence fN3
kgk�0 of fN2

kgk�0 and a number �i3 so that

lim
k!1

Ai3;N3
k
= �i3 :

Continue inductively. This procedure produces a number �m for each integer m:
To �nish the lemma, it is enough to prove that

(3.6) lim
M!1

MX
m=�M

�me
imx = 0 for every x;

because, by Cantor's one dimensional uniqueness theorem, this implies that every
�m; and in particular �mo

is zero, contrary to condition (3.5). But to prove (3.6),
it su�ces to �x x and " > 0 and to then prove that there is an integer Mo so that

M �Mo implies

�����
MX

m=�M
�me

imx

����� < ":
The series S converges unrestrictedly rectangularly to 0 everywhere; in particular,
there is an integerMo =Mo(x; yo; ") such that

��S(M;N)(x; yo)
�� < "

2 wheneverM and

N exceedMo: Fix anyM �Mo; and note that S(M;N)(x; yo) =
PM

m=�M Am;Ne
imx

so that �����
MX

m=�M
Am;Ne

imx

����� < "

2
:

Finally, pick p = pM so large that f0;�1; 1;�2; 2; � � � ;�M;Mg � fi1; i2; � � � ; ipg
and in this inequality let N tend to in�nity through values belonging to the subse-
quence fNp

kgk�0. Since Am;Np
k
! �m as k !1 for each integer m 2 [�M;M ]; we

get �����
MX

m=�M
�me

imx

����� � "

2
< ":

This completes the proof.
The above proof can modi�ed slightly to show the following.
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Lemma 3.6. If a multiple trigonometric series converges unrestrictedly rect-
angularly to an everywhere �nite f (x) 2 L1

�
T d
�
, then it also converges one way

iteratively to f at every point of T d.

Now Theorem 3.4 is an immediate consequence of Lemma 3.6 for uniqueness
for iterated convergence can be proved by simple mathematical induction.

The machinery created in the proof of Theorem 3.4 has enabled substantial
further development in the theory of uniqueness in the context of unrestricted rect-
angular convergence. In particular, Shakro Tetunashvili has established theorems
of uniqueness that strengthen Theorem 3.4. (See [Tet2].) He also has established
the existence of substantial sets of uniqueness. (See [Tet1].)

Next, we consider uniqueness theorems for Spherical convergence.

4. A Uniqueness Theorem for Spherical Convergence

Although V. Shapiro already proved spherical Abel uniqueness under the coef-
�cient growth rate condition (3.2), to apply his results to uniqueness results under
spherical convergence is not very fruitful. The di�culty is due to the fact that
condition (3.2) is hardly satis�ed for higher dimensions, even though a condition
like this is necessary for spherical Abel uniqueness.

We now give a brief history of spherical uniqueness theorems. After Cooke
and Zygmund proved their Cantor-Lebesgue type of theorem under circular con-
vergence, Theorem 2.5, uniqueness theorem under circular convergence was proved
as a consequence of Shapiro's Theorem 3.2.

Theorem 4.1 (Shapiro-Cooke-Zygmund). Let a double trigonometric series
S (x) =

P
an (x) circular convergent everywhere to an everywhere �nite integrable

function f; then the series is necessarily the Fourier series of f:

To see the proof, by Theorem 3.2, we need only to show that condition (3.2)
is satis�ed. By Cooke-Zygmund, since S =

P
an (x) =

P
r

P
jnj=r cne

ihn;xi conver-

gent everywhere. So,

�r =

sX
jnj=r

jcnj2 ! 0 as r !1:

Thus, as estimated in the unrestrictedly rectangularly convergence case,

�r =
X

r�1<jnj�r

jcnj = o (r) :

This veri�es the condition (3.2).
One might think with Connes' theorem, Theorem 2.6, multi-dimensional spher-

ical uniqueness should also follow from Shapiro's Abel uniqueness Theorem, Theo-
rem 3.2. This is not true. In fact, using Schwarz's inequality, we can estimate �r
to be
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�r =
X

r�1<
p
k�r

X
jnj=

p
k

jcnj =
r2X

k=(r�1)2+1

0@ X
jnj=

p
k

jcnj

1A

�

vuuut r2X
k=(r�1)2=1

0@ X
jnj=

p
k

1

1A
vuuut r2X

k=(r�1)2+1

0@ X
jnj=

p
k

jcnj2
1A

= O
�p
rd�1

�
�

vuuut r2X
k=(r�1)2+1

�2p
k

= O
�
r
d�1
2

�
�O

�
r
1
2

�
sup

r�1<
p
k�r

�pk

= o
�
r
d
2

�
since supr�1<

p
k�r �

p
k = o (1) as r ! 1 by Connes' theorem. Thus, Connes'

condition (2.9) does not imply Shapiro's condition (3.2) for d � 3: A totally new
argument is needed for spherical uniqueness. After nearly 20 years, a break through
was �nally made by Bourgain in 1995. And this problem was �nally solved. Here
are the results.

Theorem 4.2 (Bourgain). If a multiple trigonometric series S =
P
cne

ihn;xi

spherically converges to zero for all x 2 T d; then cn = 0 for all n � 0:

Theorem 4.3 (Ash-Wang). If a multiple trigonometric series S =
P
cne

ihn;xi

spherically converges everywhere to an everywhere �nite integrable function f , then
the series is necessarily the Fourier series of f:

We may think of Bourgain's theorem as the multi-dimensional generalization
of Cantor's zero-uniqueness Theorem, and of the Ash-Wang Theorem as the multi-
dimensional generalization of de la Vall�ee-Poussin's L1-uniqueness theorem. In
addition, we also obtained the following generalization of the Verblunsky theorem:

Theorem 4.4 (Ash-Wang). If a multiple trigonometric series S =
P
cne

ihn;xi

is Abel spherically summable everywhere to an everywhere �nite integrable function
f , and if the coe�cients cn satisfy the following growth rate condition

(4.1)
X
jnj�r

janj2 =
X

r=2�jnj<r

jcnj2 = o(r2) as r !1;

then the series is necessarily the Fourier series of f:

When we are working on an Abel type of uniqueness theorem, some growth rate
condition is needed as the example �0(x) =

P
n sinnx shows. We call condition

(4.1) as Bourgain's condition in honor of Bourgain. This is the average version of
Connes' condition (2.9). If Connes' condition (2.9) holds, thenX
r=2�jnj<r

jcnj2 =
X

r=2�
p
k<r

X
jnj=

p
k

jcnj2 =
X

r2=4�k<r2
�2p

k
= o

�
r2
�

as r !1:

So Bourgain's condition follows from the Connes' condition. Because of this, we
believe Bourgain's condition is more natural to assume than Shapiro's condition.
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For example, Theorem 4.4 implies both Theorem 4.2 and Theorem 4.3. It is the
weakest type of theorem we can get so far although further reduction is possible to
reduce other assumptions. We will discuss more in this direction in Section 5.

We now outline the proof of Theorem 4.2. The proof is quite hard and deep,
which combines hard analysis, harmonic measure, and some probability theory
(martingale).

It is su�cient to show a special case of Theorem 4.2 given below.

Theorem 4.5. If for any x 2 T d,

lim
r!1

X
0<jmj�r

cme
ihx;mi = 0

Then cm = 0 for all m 2 Zd n f0g.

In fact, for all x 2 T d, if

(4.2) lim
r!1

X
jmj�r

cme
ihx;mi = 0;

then replace x by 2x in (4.2), we get

lim
r!1

X
jmj�r

cme
ih2x;mi = lim

r!1

X
jmj�r

cme
ihx;2mi = 0:

So, taking the di�erence of the above two limits, we have

(4.3) lim
r!1

X
0<jmj�r

~cme
ihx;mi = 0;

where ~cm = cm, if some of the element in m are odd; and ~cm = cm � cm=2, if all of
the elements in m are even. Thus, by Theorem 4.5 and (4.3), we have cm = 0 for
all m 2 I = f some of the element in m are odd g, and cm = cm=2;m =2 I;m 6= 0.
Since for any m 6= 0, m = 2k ~m for some ~m 2 I and k � 0, we have cm = 0 for all
m 6= 0 and consequently c0 = 0 from (4.2).

We now prove Theorem 4.5. As in the proof of Theorem 1.1, de�ne a Riemann
function F (x) :

(4.4) F (x) = �
X
m6=0

cm
jmj2 e

ihx;mi:

Since

lim
r!1

X
0<jmj�r

cme
ihx;mi = 0 for all x 2 T d;

the series de�ning F (x) is convergent everywhere spherically in T d by simply ob-
serving that

F (x) = �
X
k�1

1

k

X
jmj2=k

cme
ihx;mi = �

X
k�1

0@ X
jmj2�k

cme
ihx;mi

1A�1
k
� 1

k + 1

�
:

Moreover, based on Theorem 2.6, F (x) is in L2(T d) since

(4.5)

������
������
X
m6=0

cm
jmj2 e

ihx;mi

������
������
2

2

=
X
k�1

1

k2

X
jmj2=k

jcmj2 �
X
k�1

1

k2
"2p

k
:
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Thus, the series is also the Fourier series of F (x).
The goal is to show that F (x) is harmonic in Rd. Once this is true, then

by periodicity, F (x) is bounded in Rd. Thus, F (x) is a constant K because it is
bounded and harmonic. Compare the Fourier coe�cients of function g(x) = K
with F (x), we get cm = 0 for all m 6= 0. This will complete the proof.

In order to show that F (x) is harmonic, the �rst step is to introduce the
generalized Laplacian for L1 functions. Let B(x; �) be an open ball in Rd centered
at x 2 T d with radius � > 0 and m(B(x; �)) be the volume of B(x; �). Then
m(B(x; �)) = vd�

d, where vd is the volume of unit ball in R
d. For an L1 function

F (x), designate A�F (x) =
1

vd�d

R
B(x;�)

F (y) dy to be the average of F over B(x; �).

Let I(x) = 1
vd
IB(0;1)(x) be the normalized indicator function of the unit ball. Then

the Fourier transform Î(m) of I(x) satis�es the following

(4.6) lim
�!0

Î(�m)� 1
�2jmj2 = �1

2

Z
B(0;1)

x21I(x) dx = �d < 0;

and for jmj = 1

(4.7)

Z 1

0

�����@r
"
Î(�rm)� 1
�2r2

#����� dr =
Z 1

0

�����@r
"
Î(rm)� 1

r2

#����� dr < c:
Note that the constant c in (4.7)is independent of �. The above two equations can
be veri�ed easily by calculus.

We now de�ne the generalized Laplacian operator for a L1 function f(x) to be

~�f(x) = lim
�!0

A�f(x)� f(x)
�2

if such a limit exists. For F (x) de�ned by (4.4), by (4.6) and (4.7),

A�F (x)� F (x)
�2

= �
X
m6=0

cm
jmj2

Î(�m)� 1
�2

eihx;mi

= �
X
k�1

Î(�
p
k)� 1
�2k

X
jmj2=k

cme
ihx;mi(4.8)

= �
X
k�1

0@ X
jmj2�k

cme
ihx;mi

1A Î(�pk)� 1
�2k

� Î(�
p
k + 1)� 1

�2(k + 1)

!
�! 0 as � �! 0

we have for all x 2 T d. Thus, we have for all x 2 Rd

(4.9) ~�F (x) = 0:

A theorem of Rado and (4.9) imply that F (x) is harmonic once it is continuous
everywhere in Rd. By periodicity, it is enough to show that F (x) is continuous
everywhere in T d. Let

(4.10) Z" =

8><>:x 2 T d : sup
jx�xij<�

xi2Td;i=1;2

jF (x1)� F (x2)j > " for all � > 0

9>=>; :
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It is easy to see that Z" is a closed set. The discontinuity set of F (x) in T
d is

Z =
[
">0

Z":

We will show that Z = ;.
Assume Z 6= ;. By assumption,

P
jmj�r

cme
ihx;mi is uniformly bounded in r at

each point x of T d, thus

[
n�1

\
k�1

8<:x 2 Z :
������
X

jmj2�k

cme
ihx;mi

������ � n
9=; = Z:

By Baire's category theorem, for some n � 1,

\
k�1

8<:x 2 Z :
������
X

jmj2�k

cme
ihx;mi

������ � n
9=;

has a nonempty interior relative to Z. Namely, there exists an open ballB(p; �0); p 2
Z such that

(4.11) max
k

max
x2B(p;�0)\Z

������
X

jmj2�k

cme
ihx;mi

������ � n <1:
Consequently,

F (x) = �
X
k�1

1

k

X
jmj2=k

cme
ihx;mi = �

X
k�1

�
1

k
� 1

k + 1

� X
jmj2�k

cme
ihx;mi

is convergent uniformly on B(p; �0) \ Z. Thus, when restricted to B(p; �0) \ Z,
F (x) is continuous. In addition, the arguments given in (4.8) combined with (4.11)
show that

(4.12) jF (x)�A�F (x)j � C�2

uniformly on B(p; �0) \ Z.
We need the following three theorems to show that this will lead to a contra-

diction.
The �rst theorem generalizes a result of Rado.

Theorem 4.6. Let F be a bounded function de�ned on ball B(p; r) and Z be
the set of discontinuity of F in B(p; r). Suppose for each x 2 B(p; r),
(4.13) ~�F (x) = 0:

If for all x 2 B(p; r) n Z, the harmonic measure
(4.14) !(B(p; r) n Z; @Z; x) = 0;
then F is harmonic on B(p; r) provided that F is continuous when restricted on Z.

For an open set G, the harmonic measure of F � @G related to G at x 2 G,
!(G;F; x), is closely related to Brownian motion. Let fXtgt�0 be the standard
Brownian motion in Rd and (
;F ; P x) the be corresponding probability space
such that P x(X0 = x) = 1. Denote T be the stopping time of Xt hitting @G:
T = infft � 0 : Xt 2 @Gg. We use the convention that inf ; = 0. Then the
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harmonic measure on @G at x 2 G is the distribution of XT under P x. That is, for
F � @G,

!(G;F; x) = P x(XT 2 F ) = ExIF (XT );
where Ex is the expectation operator under P x. If f(x) is a bounded measurable
function de�ned on @G, then

(4.15) Hf (x) = E
xf(XT ) =

Z
@G

f(z)P x(XT 2 dz) =
Z
@G

f(z)!(G; dx; z)

is a harmonic function in G. Moreover, if f is continuous on @G and @G satis�es
the exterior cone condition, for example, then Hf is continuous in G and converges
to f at every point of @G. See Helms, for example, for details.

An important property regarding harmonic measure is summarized in the fol-
lowing lemma. It follows almost immediately from the continuity of Brownian
motion paths.

Lemma 4.7. Let G be an open set and let the closed set F be contained in G.
Suppose Gk is a sequence of nested open sets containing F such that F =

T
k�1
Gk,

then for x 2 G nG1,
!(G nGk; @(G \Gk); x) # !(G n F; @F; x) as k �!1:

The second theorem, which is Bourgain's key contribution, is the following
inequality.

Theorem 4.8. Let F;B(p; �0) and Z be the objects described in the discussion
preceding Theorem 4.6. If p1 2 Z;B(p1; �1) � B(p; 12�0) and p2 2 B(p1;

1
2�1), then,

jF (p1)� F (p2)j

� c
�h
jF (p1)j+ �

� 3
4 (d�1)

1

i
[1� !(B(p1; �1) n Z; @(Z \B(p1; �1)); p2)]

1
4(4.16)

+ sup
q2B(p1;2�1)\Z

jF (p1)� F (q)j
!
:

The last theorem is concerned with general harmonic measure again.

Theorem 4.9. Let B(p0; r) be a ball in R
d and F a closed set such that

B(p0; r) \ F 6= ;. Suppose for some x 2 B(p0; r) n F ,
!(B(p0; r) n F ; @(B(p0; r) \ F ); x) > 0:

Then there exists p1 2 B(p0; r) \ F , such that
inf
�1>0

lim inf
�2!0

inf
x2B(p1;�2)

!(B(p1; �1) n F; @(B(p1; �1) \ F ); x) = 1:

We will not prove these three theorems. Interested readers can read the survey
paper written by Ash and Wang for details. Now we �nish the proof of Theorem
4.5.

If for all " > 0,

!(B(p; �0) n Z"; @(B(p; �0) \ Z"); x) = 0
for all x 2 B(p; �0) n Z", then
!(B(p; �0) n Z; @(B(p; �0) \ Z"); x) � !(B(p; �0) n Z"; @(B(p; �0) \ Z"); x) = 0;
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for all x 2 B(p; �0) n Z by the maximum principle. Thus,

!(B(p; �0) n Z; @(B(p; �0) \ Z"); x) = 0
for all x 2 B(p; �0) n Z and all " > 0. Since Z =

S
">0

Z", we have

!(B(p; �0) n Z; @(B(p; �0) \ Z); x) = 0:
Let p1 = p and �1 =

1
2�0 in (4.16) to see that F is bounded on B(p; �04 ). Since it

is also continuous when restricted to B(p; �0) \ Z; (4.9) and the above imply that
the hypotheses of Theorem 4.6 hold. Thus, F is harmonic and hence continuous on
B(p; �04 ), which is a contradiction.

Therefore, for some " > 0, we must have

!(B(p; �0) n Z"; @(B(p; �0) \ Z"); x) > 0
for some x 2 B(p; �0) n Z". By Theorem 4.9, there exists p1 2 Z" \ B(p; �08 ) such
that

(4.17) inf
�1>0

lim inf
�2!0

inf
x2B(p1;�2)

!(B(p1; �1) n Z"; @(B(p1; �1) \ Z"); x) = 1:

Because F restricted to Z \B(p; �08 ) is continuous, there exists 0 < �1 such that

(4.18) jF (y)� F (p1)j �
"

10
for all y 2 B(p1; 2�1) \ Z:

Let � > 0 be any positive number. By (4.17), there exists 0 < �2 = �2(�) such that

(4.19) !(B(p1; �1) n Z; @(B(p1; �1) \ Z); y) > 1� � for all y 2 B(p1; �2):
Since p1 2 Z", by de�nition, there exists p2 2 B(p1; �2), such that

jF (p1)� F (p2)j �
"

2
:

Applying Theorem 4.8 with �1 = �1, by (4.18)-(4.19) and the above inequality, we
have

"

2
� jF (p1)� F (p2)j � [jF (p1)j+ �

� 3
4 (d�1)

1 ]�1=4 +
"

10
:

This is also seen to be a contradiction by letting � ! 0. Thus we completes the
proof given the above three theorems are true.

5. Sets of Uniqueness under Spherical Summation

This section exposites work we have done in two papers.[AW5, AW6] One
motivation for studying spherical uniqueness under Abel summability is to study
the set of uniqueness question.

Definition 5.1 (Set of Uniqueness). A set E � T d is called a set of uniqueness,
or U -set, if every multiple trigonometric series spherically convergent to 0 outside
E vanishes identically. That is, if S (x) =

P
cne

ihn;xi converges spherically to zero
for all x 2 T d n E; implies that cn = 0 for all n � 0; we say set E is a set of
uniqueness, or U�set.

Thus, by Theorem 4.2, we know the empty set ; is an U�set. Interesting
questions are: Can an U�set be nonempty? Can it be countable? Can it be
uncountable? Can it have positive measure? And more can be asked. To study
sets of uniqueness is to investigate if one can weaken the hypothesis of Theorem
4.2 while achieving the same conclusion.
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Historically, the major tool for studying sets of uniqueness is formal multipli-
cation.

Definition 5.2 (Formal Multiplication). Let S1 (x) =
P
c1ne

ihn;xi and S2 (x) =P
c2ne

ihn;xi be two multiple trigonometric series. The formal multiplication of S1

and S2 is another multiple trigonometric series S (x) =
P
cne

ihn;xi; where

cn =
X

c1n�vc
2
v

if such sum converges for each n and the summation method is the same method
used in the original series.

In general, we formally multiply a convergent series by the Fourier series of
a smooth function. Thus, the growth rate of the second series coe�cients c2n are
rapidly decreasing to ensure the converges of the coe�cients cn given in the de�-
nition. When d = 1, formal multiplication by a smooth function preserves conver-
gence. In higher dimensions, we only know that formal multiplication by a smooth
function transforms convergence to Bochner-Riesz summability of a certain order.

Definition 5.3 (Bochner-Riesz Summability). We say a multiple series
P

n an
is Bochner-Riesz summable to A of order  � 0, denoted by summable (B � R; )
to A; if

lim
r!1

X
jnj�r

an(1� jnj2=R2) = A:

Remark 5.1. It is easy to see that if
P

n an is summable (B�R; ) to A, thenP
n an is summable (B�R; +") to A for any " � 0, and

P
n an is also spherically

Abel summable to A.

Since Abel summability has its natural connection to formal multiplication,
it is useful to give a de�nition for set of Abel uniqueness. To give a reasonable
de�nition of set of Abel uniqueness, we need to pose certain conditions on the
growth rate of the trigonometric series. Recall when d = 1, the example of �0(x) =P
n sinnx shows that condition cn = o(jnj) is necessary for the empty set to be

a set of Abel uniqueness. But, a more restrictive condition than cn = o(jnj) is
needed to avoid the empty set being the only set of Abel uniqueness. Consider
�(x) = 1=2+

P
n>0 cosnx. Note that � is Abel summable to 0 except at the origin.

Thus, for d = 1, we need a growth rate condition like

(5.1) cn = o(1) as jnj ! 1
in order to include singletons as sets of Abel uniqueness. We therefore give the
following de�nition.

Definition 5.4 (Set of Abel Uniqueness). A set E � T d is called a set of
Abel uniqueness, or UA-set, if every multiple trigonometric series

P
cne

ihn;xi with
coe�cients satisfying

(5.2)
X

r=2�jnj<r

jcnj2 = o(r2) as r !1; and cn = o(1) as jnj ! 1;

and spherically Abel summable to 0 outside E is necessarily identically 0.

Remark 5.2. By Connes' Theorem, Theorem 2.6, if the set where a multiple
trigonometric series spherically converges contains a nonempty open ball, its coef-
�cients satisfy Connes' condition (2.9). Therefore condition (5.2) is also satis�ed.
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Also a good property that (5.2) possess is that condition (5.2) is preserved under
formal multiplication by a smooth function.

There is a rich one dimensional theory of sets of uniqueness, even though there
is no simple classi�cation of sets of uniqueness. See, for example, the book of
Kechris and Louveau.[KL] There remain a large number of interesting questions
involving sets of uniqueness with respect to spherical uniqueness. Even the most
well known and straightforward one dimensional results seem di�cult here. Here is
a dramatic example of how little we know in higher dimensions: since localization
fails for multiple Fourier series, it is not known if it is possible for a set of positive
measure to be a set of uniqueness when d � 2. However, as a consequence of
Theorem 4.4, we do know that a set of Abel uniqueness must have measure 0.

Theorem 5.1. If E � T d is a UA-set, then E has measure 0.

To see the theorem, assume that jEj > 0. Since every positive measure set
has a closed subset of positive measure, we may assume that E� =

S
�[E + 2��]

is closed in d. Note that the indicator function of E, �E , is in L
2(T d). Thus, the

coe�cients cn of the Fourier series of �E satisfy condition (5.2) since

(5.3)
X
n

jcnj2 = jj�E jj2 = jEj <1:

Because E� is closed, the Fourier series of �E is spherically Abel summable to
0 o� E by a Theorem of Shapiro. Thus, cn = 0 for all n since E is a UA-set.
Consequently, jEj = 0 by (5.3), which is a contradiction.

Early works of Shapiro are the only strong multi-dimensional results on sets of
uniqueness. Using Theorem 4.4, we can generalize these results to higher dimen-
sions. We �rst show any singleton is a set of Abel uniqueness.

Theorem 5.2. Let q be a point in T d and f be a integrable function which is
everywhere �nite except possible at q: If a multiple (d � 2) trigonometric seriesP
cne

ihx;ni is spherically Abel summable everywhere to f except possibly at q; and
if the coe�cients fcng satisfy condition (5.2), then

P
cne

ihx;ni is the Fourier series
of f(x).

Note the theorem is false when d = 1 since the trigonometric series
P
einx is

Abel convergent to 0 everywhere in T n f0g. Since spherically convergent implies
spherically Abel convergent, we have the following corollary.

Corollary 5.3. Let q be a point on T d and f be a integrable function which
is everywhere �nite except possibly at q: If a multiple (d � 2) trigonometric se-
ries

P
cne

ihx;ni is spherically convergent everywhere to f except possibly at q; thenP
cne

ihx;ni is the Fourier series of f(x).

Therefore, any singleton is also a set of uniqueness. We now extend sets of
uniqueness from singletons to countable and uncountable sets. Using Theorem 4.4
and formal multiplication of trigonometric series, it can be shown that

Theorem 5.4. For any d, HJ sets are UA-sets.

Theorem 5.5. Suppose that fEkgk�1 is a sequence of UA-sets, and for each
k, Ek is closed in the sense that E

�
k =

S
�[Ek + 2��] is closed in T

d. Then E =S
k�1Ek is a UA-set.
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The de�nition of an HJ set is quite complicated.

Definition 5.5. For any J � 1, we say that fnkgk�1 =
�
(n1k; � � � ; nJk )

	
k�1

is a one dimensional normal sequence of degree of freedom J if for every h =
(h1; � � � ; hJ) 2 ZJ n f0g, there holds

(5.4) lim
k!1

��h1n1k + � � �+ hJnJk �� = lim
k!1

jhh; nkij =1:

Say that

fn1k; � � � ; ndkgk�1 = f(n11k; � � � ; nJ1k; n12k; � � � ; nJ2k; � � � ; n1dk; � � � ; nJdk)gk�1
is a d dimensional normal sequence of degree of freedom J if each of the d sequences
fn1kgk�1; � � � , and fndkgk�1 is a one dimensional normal sequence of degree of
freedom J . Say a set E � T d is a set of type HJ if there exists a d dimensional
normal sequence � = f�kgk�1 of degree of freedom J and a nonempty domain
D � T dJ such that �k 
 x =2 D mod 2� for all k � 1, where

� 
 x = f�k 
 xgk�1
= f(n11kx1; � � � ; nJdkx1; n12kx2; � � � ; nJ2kx2; � � � ; n1dkxd; � � � ; nJdkxd)gk�1
= fx1n1k; x2n2k; � � � ; xdndkgk�1:

For example, the Cantor set is an H1 set in d = 1 corresponding to � = f3kg
and D = (1=3; 2=3). The d-th power of the Cantor set is also an H1 set. Moreover
HJ sets are strictly increasing sets. That is, there is a set E which belongs to
HJ+1; but is not in any of the lower HK sets for K � J .

It can be shown that in general the complement of an HJ set is dense in T d,
hence has full measure and is of the second category in the sense of Baire. Therefore,
by Remark 2.1, we get the following corollary.

Corollary 5.6. For any d, HJ sets are U -sets.

Theorem 5.4 and Corollary 5.6 answer a question raised by Shapiro more than
twenty years ago.

Combining Theorem 5.2, Theorem 5.5 and Remark 2.1, we have the following
corollary for set of uniqueness and set of Abel uniqueness:

Corollary 5.7. Any countable set is a UA-set and a U -set.

Since the product of the one dimensional Cantor set with the d�1 dimensional
torus is an H1 set in dimension d, by Theorem 5.4 and Corollary 5.6, there exist
uncountable UA-sets and uncountable U -sets.

We now outline briey how Theorem 5.4 is proved. Let H be a HJ set. Its geo-
metric structure allows us to construct a sequence of C1(T d) functions f�k(x)gk�1,
of period 2� in each variable, having the following properties:

(1) For each k � 1, there exists a set D�
k =

S
�[Dk + 2��] open in T

d such

that H� =
S
�[H + 2��] � D�

k and �k vanishes on D
�
k;

(2) For each k, the Fourier coe�cients of �k, f�kngn, satis�es �kn = o(jnj�(8d+4))
as jnj ! 1;

(3) There exists a �nite constant C such that
P

n j�knj � C for all k � 1
(4) limk!1 �

k
n = 0 for n 6= 0;

(5) limk!1 �
k
0 = 1
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This was proved by Shapiro. Now suppose that

(5.5) lim
t!0+

X
cne

ihn;xi�jnjt = 0

for all x 2 T d nH and that fcng satis�es condition (5.2). Form the formal multi-
plication of

P
cne

ihn;xi with the Fourier series of �k (x) : If we let f�kng to be the
Fourier coe�cients of �k (x), then the formal multiplication has coe�cients A

k
n =P

� c��
k
n��. Since �k (x) vanishes on Dk � H and limt!0+

P
cne

ihn;xi�jnjt = 0 for

all x 2 T d nH , it is plausible to have

(5.6) lim
t!0+

X
n

Akne
ihn;xi�jnjt = 0 for all k � 1 and all x 2 T d:

In fact, this can be shown rigorously.
Next, since the formal multiplication by smooth functions like �k preserve the

condition (5.2), for each k � 1; coe�cients Akn also satisfy Bourgain's condition.
Now apply Theorem 4.4, we have

(5.7) Akn = 0

for all k � 1 and all n 2 T d. We show this leads to
(5.8) cn = 0

for all n 2 T d.
Fix n. Condition (5.2) implies that cm = o(1) as jmj ! 1. So, for any " > 0,

there exists n0 > 1 such that jcmj < "=C for all jmj � n0=2 and jm � nj � jnj=2
whenever jmj � n0, where C is the constant given in property (3) of the above list.
Then, condition (5.7) and property (4) above imply that

j�k0cnj � "+
X

1�jmj�n0

jcn�mjj�kmj:

Let k !1. By properties (4) and (5), we have jcnj � ". This proves the theorem.
In the next section, we will discuss what we know about the uniqueness question for
square and restrictedly rectangular convergence and then pose some open questions.

6. Questions about Square and Restricted Rectangular Uniqueness

Uniqueness questions for multiple trigonometric series under square and re-
stricted rectangular convergence have been of interest for only some 30 years. It
could have been longer. In 1918, a general uniqueness result on rectangular con-
vergence was announced. It seemed to have a routine inductive proof, so interest
in the subject died out. About 1970, Ash and Welland realized that the proof was
incorrect. The rectangular problem then became interesting again. But, people
also realized the problem was a hard one, as we have seen in the earlier sections.
The problem for square or restricted rectangular convergence is still open even for
dimension d = 2: A major reason why this is so hard is because, as shown in Sec-
tion 2.2 and 2.1, Cantor-Lebesgue type theorems fail. Without this condition, the
Riemann function will not converge in general, so we fail at the analogues of the
very �rst step of all the established proofs of uniqueness. One may try to construct
counter examples to show the uniqueness theorem here may be in fact false. But
this also seems to be very di�cult. We will explain in the following the several leads
that we have tried for this problem and some interesting questions arising from our
investigation.
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We note �rst that restrictedly rectangular convergence implies square conver-
gence. So when trying to prove a uniqueness theorem it is better to assume restrict-
edly rectangular convergence; while when trying to construct a counterexample, it
may very well be easier to �nd a non trivial series that is square convergent to zero
everywhere. At the very least, a contradiction to square uniqueness is a necessary
step on the way to �nding a counterexample for restricted rectangular convergence.

The counter example we constructed in Section 2.1 for Cantor-Lebesgue type
of theorem is not a counter example for square uniqueness. The reason is the limit
function is not in L1: If it were, then this would have disproved the L1 uniqueness
theorem. To see why the limit function is not in L1; note that the series is a
\buttery" shaped one, namely the non zero indices of the series lie on a \buttery"
region. We know for any \buttery" shaped series, square convergence means
iterated convergence, which would give uniqueness results by induction. This means
Cantor-Lebesgue type of results would hold true. So any counter example for
square convergence has to be a one which does not converges iteratively. But
we cannot �nd such one yet even to counter the Cantor-Lebesgue theorem. The
example we constructed is really a one dimensional one. It is very hard to construct
interesting purely multi-dimensional convergent multiple trigonometric series other
than Fourier series. Lack of examples is what makes this �eld so mysterious.

6.1. Three weak theorems. We'll begin with three weak square uniqueness
theorems. The �rst two theorems hold in a much more general setting and have
quite easy proofs. None of the three theorems amounts to very much, but better
results have yet to be found.

Theorem 6.1. Suppose

Sm =
X
n2Zd

cne
2�ihn;xi

converges to 0 uniformly on T d. Then

cn = 0 for every n 2 Zd.

Proof. For each n 2 Zd, we have

cn = (2�)
�d
Z
Td
Sm (x) e

�2�ihn;xidx

as soon as

m � max fjnij : i = 1; 2; : : : ; dg .
Thus, interchanging limit and integral, we see that for each n 2 Zd,

cn = lim
m!1

(2�)
�d
Z
Td
Sm (x) e

�2�ihn;xidx

= (2�)
�d
Z
Td

lim
m!1

Sm (x) e
�2�ihn;xidx

= 0:

�

Theorem 6.2. Suppose

S =
X
n2Zd

cne
2�ihn;xi
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is square convergent almost everywhere, for almost every x 2 Zd,
Sm (x)! 0 as m!1,

and furthermore that X
Zd
jcnj2 <1.

Then

cn = 0 for every n 2 Zd.

Proof. Say E is the subset of Td of full measure so that whenever x 2 E,
Sm (x)! 0 as m!1.

By the Riesz-Fischer Theorem, there is a function

f 2 L2
�
Td
�

so that the Fourier coe�cients of f ,

f̂ (n) = (2�)
�d
Z
Td
f (x) e�2�ihn;xidx

satisfy

f̂ (n) = cn for all n 2 Zd.
As m!1, we haveSm [f ]� fL2(Td) = X

fn2Zd:some jnij>mg

���f̂ (n)���2
=

X
fn2Zd:some jnij>mg

jcnj2 ! 0,

where Sm [f ] denotes the square partial sum of the multiple Fourier series of f .
This implies that there is a subsequence of positive integers

m1 < m2 < � � � < mj < : : :

so that

Sm [f ] (x)! f (x) for every x 2 F � Td

where F is of full measure. Then E \ F is also of full measure and for x 2 E \ F ,
f (x) = 0, so that for all n 2 Zd,

cn = f̂ (n) = (2�)
�d
Z
Td
0 � e�2�ihn;xidx = 0.

�

Remark 6.1. Note that this proof is quite general, being valid for more general
orthonormal functions and modes of convergence.

A third result which deserves mentioning only because all the tough results
are presently unreachable involves rearrangements. The follow theorem appears
as Corollary 1 in a paper of Ash and Tetunashvili.[AT] This theorem is a bit
stronger than it looks because only rearrangements that keep all blocks of the formP

fjn1j=m1;:::;jndj=mdg ane
ihn;xi (such blocks may have as many as 2d terms) intact

are considered.
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Theorem 6.3. If a multiple trigonometric series has the property that for every
point of a set of positive measure and for each rearrangement the set of square partial
sums of the rearranged series is bounded and if the original series square converges
to 0 on a dense set, then every coe�cient is 0.

6.2. Some conjectures. It is logically possible that everywhere square con-
vergence to zero is di�erent than everywhere convergence to �nite values, but this
would involve a completely new and much more delicate type of Cantor-Lebesgue
type theorem. So the method of proof used by Cantor, Shapiro, and Bourgain,
which involves forming a Riemann function or second integral of the original series
by dividing by jnj2 is not very likely to have an analogue here. Let Rd be d dimen-
sional Euclidean space and let D be a symmetric (if n 2 D; then for all 2d possible
choices of signs, (�n1; � � � ;�nd) also belongs to D) bounded convex subset of Rd
containing 0 as an interior point. Let

` = inf

�
jnj =

qX
n 2
i : n = (n1; � � � ; nd) 2 D \ Zd n f0g

�
and m = sup

�
jnj : n 2 D \ Zd n f0g

	
: Let T =

P
m2Zd ame

im�x; where x 2 Td =
[0; 2�)d; and for each multi-index m; am is a complex number and m � x = m1x1 +
� � � + mdxd; be a multiple trigonometric series and for every real R � 1; let
SR (T; x) =

P
m2RD ame

im�x; where RD =
�
Rn : n 2 D \ Zd

	
; be the R-th partial

sum of T: De�ne k�k by kmk = R if m is on the boundary of D:
The generalized Shapiro condition is

(GSC)
X

R�kmk<R+1

jamj = o (R)

and the generalized Connes condition is

(GCC)
X

kmk=R

jamj2 = o (1) :

Say that T is D-convergent to s at x if lim
R!1

SR (T; x) = s:

Conjecture 6.1. If T has GSC and if T is D-convergent to 0 at every x;
then all am are 0:

Conjecture 6.2. If T has GCC and if T is D-convergent to 0 at every x;
then all am are 0:

Some special cases of the conjectures are known. If d = 1; both conditions
GSC and GCC reduce to am ! 0 as jmj ! 1; and the desired result is an imme-
diate consequence of Cantor's original 1870 uniqueness theorem for one dimensional
trigonometric series.(See Theorem 1.1.)

Notice that Cantor's Theorem is stronger than either conjecture, because it is
not necessary to assume that am ! 0; because of the Cantor Lebesgue Theorem
which allows us to derive this condition from the hypothesis.

For d � 2; both conjectures are modeled on the case of spherical convergence
where D = fx : jxj � 1g: The case of Conjecture 6.1 is Theorem 3.2 of Victor
Shapiro, while the case of Conjecture 6.2 was solved by Bourgain.(See Theorem
4.2.) Again, Bourgain's Theorem in all dimensions as well as Shapiro's Theorem in
dimension 2 are stronger than the corresponding conjectures for general D in the
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sense that the conditions GCC and GSC can be derived from the assumption of
everywhere convergence.

Consider now the cases when D is a square. Here Conjecture 6.1 (respectively
Conjecture 6.2) asserts that everywhere square convergence to zero and condition
GSC (respectively GCC) implies that all coe�cients are zero. Despite our earlier
remarks about the crucial role played by the non existence of a Cantor Lebesgue
type theorem in this context, even the special two dimensional cases of Conjectures
6.1 and 6.2 when D is a square are still open.

One could make stronger conjectures by completely removing any reference to
the size of the coe�cients in the hypotheses, but such conjectures, if true, would
lie much deeper.

6.3. Towards a counterexample. With all e�orts to prove something posi-
tive at a standstill, it seems natural to wonder if there might be a counterexample.
Since at a �xed point restricted rectangular convergence implies square conver-
gence, proving a uniqueness theorem should be easier for restricted rectangular
convergence, while �nding a counterexample to uniqueness should be easier for
square convergence. So we will move in the direction of trying to �nd a counterex-
ample to square uniqueness; that is, of trying to construct a double trigonometric
series that is square convergent to 0 everywhere.

We start with an example of a one dimensional trigonometric series that has a
subsequence of partial sums that converges to zero everywhere. Such a series was
discovered by Kozlov.[Koz] This example is explained further in the next section.
The basic fact used amounts to this.

FACT.Given any trigonometric polynomial f =
NX
n=1

an sinnx; any " > 0;

any � > 0; and any integer M > N; there can be found a trigonometric poly-

nomial p =
M+RX
n=M

an sinnx such that for all x 2 T n (�"; ") ; jf (x) + p (x)j < �:

We will construct two one dimensional trigonometric series, P (x) = p1 (x)+p2 (x)+
� � � ; and Q (y) = q1 (y) + q2 (y) + � � �where every p and q is a linear combination
of sine functions, the lowest frequency of each pn+1 is greater than the highest
frequency of pn; and the q's have the same property. We will then consider the
resulting double trigonometric series

T (x; y) = P (x)Q (y) :

The n-th square partial sum of T is exactly the product of the n-th partial sum of
P and the n-th partial sum of Q;

Tnn (x; y) = Pn (x)Qn (y) :

The plan is to design P and Q is such a way that for (x; y) �xed, for a certain
subsequence of n, Pn tends to zero and Qn is not too big, while for the subsequence
consisting of the remaining n; Pn is not too big and Qn tends to zero.

Let f"ig be a sequence of positive numbers tending monotonically to 0: Then
the intervals f(�"i; "i)g shrink to 0; so the complementary subintervals of T, Ii =
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[��;�"i] [ ["i; �] increase monotonically to T n f0g : Also let f�ng be another se-
quence of positive numbers tending monotonically to 0: Start with p1 (x) = �1 sinx
so that

sup
x2I1

jp1 (x)j � �1

and let m1 = deg p1 = 1: Then use the FACT to pick p2 of degree m2 with frequen-
cies starting at m1 + 1 = 2 so that p2 satis�es

sup
x2I2

jp1 (x) + p2 (x)j � �2

This creates a �rst \bad x zone," [2;m2 � 1] ; bad in the sense that for n in this
interval, the n-th partial sum of P may not be small. So, let q1 be a nontrivial
trigonometric polynomial in y of degree n1 = 1 satisfying

sup
y2I1

jq1 (y)j � �1;

in particular q1 (y) = �1 sin y: Next use the FACT to pick q2 (y) to have frequencies
starting with m2; to be of degree n2; and to satisfy

sup
y2I2

jq1 (y) + q2 (y)j � �2:

We have
T11 (x; y) = p1 (x) q1 (y) = �

2
1 sinx sin y

and if n is in the �rst bad x zone,

Tnn (x; y) = (p1 (x) + p
�
2 (x)) (q1 (y)) ;

where p�2 is a partial sum of p2:This creates a �rst bad y zone; for n 2 [m2; n2 � 1] ;
the n-th partial sum of Q may not be small. For n in the �rst bad y zone,

Tnn (x; y) = (p1 (x) + p2 (x)) (q1 (y) + q
�
2 (y)) ;

where p�2 is a partial sum of p2:
Now use the FACT to pick p3 to have frequencies starting with n2; to be of

degree m3; and to satisfy

sup
x2I3

jp1 (x) + p2 (x) + p3 (x)j � �3:

The second bad x zone is [n2;m3 � 1] and for n in this zone, we have
Tnn (x; y) = (p1 (x) + p2 (x) + p

�
3 (x)) (q1 (y) + q2 (y)) ;

where p�3 is a partial sum of p3: So use the FACT to pick q3 to have frequencies
starting with m3; to be of degree n3; and to satisfy

sup
y2I3

jq1 (y) + q2 (y) + q3 (y)j � �3

This creates a second bad y zone, [m3; n3 � 1] on which the n-th partial sum of Q
may not be small.

We continue inductively. Having chosen pk�1 with frequencies belonging to
[nk�2;mk�1] and satisfying

sup
x2Ik�1

jp1 (x) + � � �+ pk�1 (x)j � �k�1

and also qk�1 with frequencies belonging to [mk�1; nk�1] and satisfying

sup
x2Ik�1

jq1 (y) + � � �+ qk�1 (y)j � �k�1;
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use the FACT to choose �rst pk with frequencies belonging to [nk�1;mk] and sat-
isfying

sup
x2Ik

jp1 (x) + � � �+ pk (x)j � �k

and then use the FACT to choose qk with frequencies belonging to [mk; nk] and
satisfying

sup
x2Ik

jq1 (y) + � � �+ qk (y)j � �k:

Notice that if n is in the (k � 1)-th bad x zone [nk�1;mk � 1] ; then
(6.1) Tnn (x; y) = (p1 (x) + � � �+ p�k (x)) (q1 (y) + � � �+ qk�1 (y)) ;
where p�k (x) is a partial sum of pk (x) , while if n is in the (k � 1)-th bad y zone
[mk; nk � 1] ; then
(6.2) Tnn (x; y) = (p1 (x) + � � �+ pk (x)) (q1 (y) + � � �+ q�k (y)) ;
where p�k (x) is a partial sum of pk (x) :

We remark that this construction has been carried out in such a way that the
partial sums of

P (x) = p1 (x) + � � �+ pk (x) + � � �
have the constant value

Pm(x) = p1 (x) + � � �+ pk (x)
for m = mk;mk + 1; � � � ; nk � 1; and the partial sums of Q (y) have the constant
value

Qn(y) = q1 (y) + � � �+ qk (y)
for n = nk; nk + 1; � � � ;mk+1 � 1:

Let (x; y) be any point of T2: If x = 0; then Pn (x) = 0 for all n; so that
lim
n!1

Tnn (0; y) = lim
n!1

0 �Qn (y) = 0:

Similarly,
lim
n!1

Tnn (x; 0) = lim
n!1

Pn (x) � 0 = 0:

The question is whether the polynomials fpmg and fqng can be chosen in such a
way that for every other pair (x; y) 2 T2;

lim
n!1

Tnn (x; y) = 0:

The basic idea of the construction is that every square partial sum of the double
series T is a product of two terms and one of these two terms is always very small.
The hope for constructing a counterexample to square uniqueness lies in trying to
control the other term.

Conjecture 6.3. In the above construction it is possible to pick the sequence
f�ng & 0 and the trigonometric polynomials fpmg and fqng in such a way that for
�xed nonzero x and y;

lim
k!1

�
sup
`
jpk;` (x)j

�
�k�1 = 0

and also

lim
k!1

�
sup
`
jqk;` (y)j

�
�k = 0;
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where pk;` and qk;` denote the `th partial sums of pk and qk:

Notice that the process of picking the mi's and ni's is such that

1 = m1 = n1 < m2 < n2 < m3 < n3 < � � � < nk�1 < mk < nk < � � �
so that every index n � 2 is either in a bad x zone(when nk�1 � n � mk � 1 for
some k) or a bad y zone(when mk � n � nk � 1 for some k). Now �x (x; y) with
both x and y not zero. If n is su�ciently large, either it is in [nk�1;mk � 1] or
[mk; nk � 1] for a k with the property that both x and y are in Ik: In the former
case, from equation (6.1) we have the estimate

jTnn (x; y)j = jp1 (x) + � � �+ p�k (x) jjq1 (y) + � � �+ qk�1 (y)j

�
�
�k�1 + sup

`
jpk;` (x)j

�
�k�1

= o (1) +

�
sup
`
jpk;` (x)j

�
�k�1;

while in the latter case from equation (6.2) we have the similar estimate

jTnn (x; y)j = jp1 (x) + � � �+ pk (x) jjq1 (y) + � � �+ q�k (y)j

� �k
�
�k�1 + sup

`
jqk;` (x)j

�
= o (1) +

�
sup
`
jqk;` (y)j

�
�k:

From these two estimates it is immediate that if the conjecture can be satis�ed,
then the double trigonometric series

T (x; y) =
1X
m=1

1X
n=1

bmcn sinmx sinny

is everywhere on T2 square convergent to zero. This would violate uniqueness for
square convergence. Unfortunately, both proofs of the FACT, while potentially
constructive, have so far only been carried out in a nonconstructive way, so that
while it is clear what has to be done to test the conjecture, we have not had the
courage to try it.

7. Orthogonal Trigonometric Polynomials

We return to the thought of trying to assert the square uniqueness conjecture
positively. We may view the problem from the point of view that uniqueness ques-
tions could hold true even in a broader class of orthogonal series. First observe the
square partial sum of multiple trigonometric series is the sum of An, where An is
the sum of terms on the surface of a cube of size 2n: Since the An are orthogonal
to each other and are trigonometric polynomials in T d, square uniqueness would
follow from this general case:

Conjecture 7.1. Let d � 1; and fA1 (x) ; A2 (x) ; � � � g be a sequence of or-
thogonal trigonometric polynomials in T d; if

1X
i=1

Ai (x) = 0

for all x 2 Tn; then Ai (x) = 0 for all i � 1:
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However, this conjecture turns out to be false even when d = 1: Kozlov con-
structed a counter example in 1950.[Koz] See example 2.2 on pages 187{190 of
[AW4] for two di�erent ways to construct such a sequence. Here is another con-
struction which relies on Mergelyan's Theorem:

Theorem 7.1 (Mergelyan). If K is a compact set in the plane whose comple-
ment is connected, if f is a continuous complex function on K which is holomor-
phic in the interior of K, and if � > 0; then there exists a polynomial P such that
jf (z)� P (z)j < � for all z 2 K:

To construct an example which contradicts Conjecture 7.1, we identify the one
dimensional torus T = [0; 2�) with the edge of the unit circle in the complex plane
via the mapping x! z = eix: For each positive integer j, decompose the torus into
Fj =

�
eix : 1=j < x < 2=j

	
and its complement Kj : Then for each j � 1; the set

Kj is compact and has no interior, and the complement of Kj is fz : jzj 6= 1g [ Fj ,
which is connected.

Let n0 = 0 and let function f1 (x) = 0; which is continuous on K1: So by
Mergelyan's Theorem, there is a polynomial

Q1 (x) =

n1�1X
k=0

c1ke
ikx

satis�es

sup
x2K1

jQ1 (x)j < 1:

Let f2 = �Q1(x)
zn1 : Then applying Mergelyan's theorem to f2; we can �nd a polyno-

mial

Q2 (x) =

n2�1X
k=n1

c2ke
i(k�n1)x

sup
x2K2

�����Q1 (x)zn1
�Q2 (x)

���� < 1

2
or

sup
x2K2

jQ1 (x) + zn1Q2 (x)j <
1

2
:

Let fj+1 (x) = �
�Pj�1

i=0 z
niQi+1 (x)

�
=znj : Applying Mergelyan's theorem to fj+1;

we can �nd a polynomial

Qj+1 (x) =

nj+1�1X
k=nj

cj+1k ei(k�nj)x

sup
x2Kj+1

������
 
j�1X
i=0

zniQi+1 (x)

!
=znj �Qj+1 (x)

����� < 1

j + 1

or

sup
x2Kj+1

�����
jX
i=0

zniQi+1 (x)

����� < 1

j + 1
:

Let Aj (x) = znj�1Qj (x) : Then fAj (x)g is a sequence of orthogonal polynomial
which adds up to 0 everywhere in T:



MULTIPLE TRIGONOMETRIC SERIES 33

Remark 7.1. This example shows if a regrouping of a trigonometric series is
everywhere convergent to zero, the series may not necessary zero.

The falsity of Conjecture 7.1 destroys the hope of proving square uniqueness
using an easy general argument. Neither does it seem to enable us to easily construct
a counter-example from this for the square uniqueness question. Nevertheless, this
example opens many interesting questions for one dimensional trigonometric series.
Here is one such example. Prove or disprove

Conjecture 7.2. There is a not identically zero trigonometric series which is
everywhere convergent to zero or an everywhere �nite L1 function after regrouping,
whose coe�cients satis�es the Cantor-Lebesgue condition (1.1).

Here is another open question asked by Stechkin and Ulyanov. Prove or dis-
prove

Conjecture 7.3 (Stechkin and Ulyanov). If a rearrangement of trigonometric
series is everywhere convergent to zero , then the trigonometric series is necessarily
zero.

Remark 7.2. Mushegyan (1989) has constructed an example of a trigonometric
series which after a rearrangement converges everywhere to an everywhere �nite
function f in Lp; 1 � p < 2; but the series is not the Fourier series of f: In
addition, the coe�cients of the trigonometric series goes to zero.

The method given in Section 1 to prove Theorem 1.2 shows that the coe�cients
satisfy the Cantor-Lebesgue condition (1.1). However, the proof of Theorem 1.1 in
Section 1 breaks down since we can not show that the generalized Laplacian of the
Riemann function is zero. Uniform convergence of that series can not be proved as
the way they were.

For a given series, there is no unique way for regrouping or rearrangement.
Here are some negative results on the uniqueness question if we consider two or
more ways of doing regrouping or rearrangement for a given trigonometric series.

Theorem 7.2 (Mushegyan and Saakyan). There exists seriesX�
c1�ne

�inx + c1ne
inx
�

and
X�

c2�ne
�inx + c2ne

inx
�

and rearrangements �i =
�
�i (n)

	
n�0 ; i = 1; 2 such that

(1) limn!1 c
i
n = 0; i = 1; 2;

P1
n=�1

��c1n � c2n�� > 0;
(2) The rearrangement seriesX�

c1��1(n)e
�i�1(n)x + c1�1(n)e

i�1(n)x
�

andX�
c2��2(n)e

�i�2(n)x + c2�2(n)e
i�2(n)x

�
converge everywhere on T to the same everywhere �nite function f (x) ; f (x) 2
Lp (T ) for all 1 � p < 2:

Theorem 7.3 (Mushegyan and Saakyan). There exists seriesX�
c1�ne

�inx + c1ne
inx
�

and
X�

c2�ne
�inx + c2ne

inx
�

satisfy limn!1 c
i
n = 0; i = 1; 2;

P1
n=�1

��c1n � c2n�� > 0; such that a regrouping of the
�rst series and a regrouping of the second series converge everywhere on T to the
same everywhere �nite function.
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In particular, we know the index sequence fnkg to form sequence of the partial
sums

�
S1nk

	
of the �rst series and index sequence fmkg to form that of

�
S2mk

	
of

the second series must be di�erent for in�nitely many terms.

Remark 7.3. The above theorems are true even for any orthonormal basis of
C (T ) or the Walsh system as showed by Mushegyan and Saakyan in the same paper.

Going back to the false Conjecture 7.1, if we relax the orthogonal trigonomet-
ric polynomials to arbitrary orthogonal continuous functions but require they are
bounded and form a orthonormal base, one might think the conjecture is true. But
it is not.

Theorem 7.4 (Mushegyan and Ovsepjan). There exists an complete orthonor-
mal L1 (T ) system f�n (x)g of continuous, uniformly bounded functions such that

1X
n=1

bn�n (x) = 0

everywhere on T for a sequence of real numbers fbng satisfying
1X
n=1

b2n =1; bn = O
�

1p
n lnn

�
as n!1:

Without uniformly boundedness, the above theorem was proved �rst by Agnew.
Mushegyan and Hovsepian's construction can be improved somewhat.

Theorem 7.5 (Ash-Wang). There exists a sequence of complete orthonormal
L1 (T ) system f�n (x)g of C1 (T ), and uniformly bounded functions such that

1X
n=1

bn�n (x) = 0

everywhere on T for a sequence of real numbers fbng satisfying
1X
n=1

b2n =1; bn = o (1) as n!1:

This example shows that even if a Cantor Lebesgue type condition holds for
the sequence

P
bn�n (x) :

max
x2T

fbn�n (x)g ! 0;

a uniqueness result still fails for general complete orthonormal systems, even though
the basis elements are smooth (for example, di�erentiable). Based on this result,
we would like to know if the following conjecture is true or not:

Conjecture 7.4. There exists a complete orthonormal L1 (T ) system f�n (x)g
of C1 (T ), uniformly bounded functions such that

1X
n=1

bn�n (x) = 0

everywhere on T for some sequence of not all zero real numbers fbng :
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Remark 7.4. If f�n (x)g is any orthonormal system on T; and
1X
n=1

bn�n (x) = 0

for all x 2 T for some nontrivial sequence of real numbers fbng, then it necessarily
has

1X
n=1

b2n =1:

Otherwise, function

f (x) =
1X
n=1

bn�n (x)

is in L2 (T ) : Since f (x) � 0; we also have
P
b2n = 0 by Parseval's identity. This

implies all bn = 0:

Ash-Wang's Theorem gives further evidence to support the positiveness of Con-
jecture 7.2. If it is true, the following up conjecture is

Conjecture 7.5. There exists a complete orthonormal L1 (T ) system f�n (x)g
of trigonometric polynomials such that

1X
n=1

bn�n (x) = 0

everywhere on T for a sequence of real numbers fbng satisfying bn = o (1) as n!1:

To end this paper, we note if Conjecture 7.2 is true, then based on Remark
7.4 and taking Agnew's construction by Olevskii matrices into account, we can
construct a system of uniformly bounded trigonometric polynomials fPi (x)g such
that X

ciPi (x) = 0

everywhere on T for some sequence of not all zero real numbers fcng : This would
give a positive answer to Conjecture 7.4.

Acknowledgement. The authors thank the referee for pointing out some new
references and also for a constructive comment which improves the quality of the
paper.
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