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This article completes the more than a half a century old problem of finding the
equivalences between generalized Riemann derivatives. The real functions case is
studied in a recent paper by the authors. The complex functions case developed
here is more general and comes with numerous applications.

We say that a complex generalized Riemann derivative A implies another com-
plex generalized Riemann derivative B if whenever a measurable complex function
is A-differentiable at z then it is B-differentiable at z. We characterize all pairs
(A4, AR) of complex generalized Riemann differences of any orders for which A-
differentiability implies B-differentiability, and those for which .A-differentiability
is equivalent to B-differentiability. We show that all m points based generalized
Riemann difference quotients of order n that Taylor approximate the ordinary nth
derivative to highest rank form a projective variety of dimension m — n for which
an explicit parametrization is given.

One application provides an infinite number of equivalent ways to define analyticity.
For example, a function f is analytic on a region €2 if and only if at each z in €,
the limit

lim f(z+h)+ f(z+1ih) — f(z — h) + f(z —ih) — 2f(2)
h—0 2h

exists and is a finite number. Four more applications relate the classification of
complex generalized Riemann derivatives to analyticity and the Cauchy-Riemann
equations, and to the theory of best approximations.

© 2021 Elsevier Inc. All rights reserved.

A complex function f is n times Peano differentiable at z if there exist complex numbers fy(z), f1(2),. ..,

fn(2) such that, as h tends to 0,

hn

F+R) = fo(2) + Fi(Dh+ -+ ful2) o+ olh").

Taylor expansion shows that if f is n times ordinary differentiable at z then it is n times Peano differentiable
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at z and the nth Peano derivative f,(z) equals the nth ordinary derivative f(™)(z). The converse is in general
false. Indeed, for n > 2, the function f defined as f(z) = 2"*! for z rational, and f(z) = 0 for any other
complex number z is n times Peano differentiable at 0, with f,,(0) = 0, and is not twice ordinary differentiable
at 0.

Let A={A,...,Ap;a1,...,an} be a 2m-vector of complex numbers such that ay,...,a, are distinct
and satisfy the Vandermonde conditions Y /", Aiag = dpnl, for j =0,1,...,n. A complex function f is n
times generalized Riemann differentiable in the sense of A at z, or f is A-differentiable at z, if the limit

Daf(z) = ;lllg%) A f(z +aih) +A2f(z+zih) + oo A f(z 4 amh)

exists and is a finite number. The numerator A 4f(z,h) is called an nth generalized Riemann difference.
The Vandermonde conditions imply that m > n. Furthermore, if the nth Peano derivative exists at a point,
then every nth generalized Riemann derivative exists and agrees with it.

Real generalized Riemann derivatives were introduced by Denjoy in [22]. Special cases are the nth Rie-
mann derivative that has A4 f(x,h) = Y1 (=1)*(7) f(z + (n — i)h), which is the ordinary derivative when
n = 1; and the nth symmetric Riemann derivative that has A4 f(z,h) = >0 (=1 (7) f(z + (% — i)h),
which is the first symmetric derivative when n = 1, and is the Schwarz derivative when n = 2. Stein and
Zygmund have shown in [47,51] that the generalized Riemann derivatives have numerous applications in the
theory of trigonometric series.

The first classification of real generalized Riemann derivatives is due to Ash in [3], where it was shown
that if f is A-differentiable of order n on a measurable set E, then a.e. on E, f has n Peano derivatives.
This means that all nth generalized Riemann derivatives are a.e. equivalent to the nth Peano derivative,
and consequently to one another. In other words, all generalized Riemann derivatives classify, according
to a.e. equivalence, as only one equivalence class for each order of differentiation. Ash’s result followed an
earlier result of Marcinkiewicz and Zygmund in [37] that the nth Riemann derivative is a.e. equivalent to
the nth Peano derivative. This in turn was preceded by a result of Khintchine in [34] on the a.e. equivalence
between the symmetric and the ordinary first derivatives.

Pointwise results on generalized Riemann derivatives are relatively less common in the literature. Basic
examples like f(z) = |z|, which is symmetrically differentiable but not differentiable at 0, had suggested
until very recently that pointwise generalized Riemann derivatives are far from the ordinary derivatives,
hence from each other. Then, a remarkable phenomenon observed in [12], that the first generalized Riemann
differentiation

DAf(CL‘) :%% Qf(l’Jrh)Jrf(h:E—h),gf(x)

is equivalent to ordinary differentiation, led to the classification of all first order generalized Riemann
derivatives at x that are equivalent to the ordinary first order derivative [12, Theorem 1]. Restated later on
as Theorem 3.4, this theorem provides the equivalence class of the ordinary first order derivative at = under
the relation “A is equivalent to B” if, “for all measurable functions f and points z, f is A-differentiable
at x is equivalent to f is B-differentiable at x”. This equivalence class is much smaller than all first order
generalized Riemann derivatives. The same theorem shows that no generalized Riemann derivative can ever
be pointwise equivalent to any ordinary derivative of order > 1.

Description of results. This article has five main results: Theorems 2.4 and 2.8 on the classification
of complex A-derivatives, Theorem 3.1 on A-differentiation and ¢-grading, Theorem 4.3 on the numerical
analysis of complex A-derivatives, and Theorem 6.6 on the connection between group algebras and A-
derivatives. In addition, there are five applications: Propositions 3.5, 3.8 and 3.9 on A-differentiation and
analyticity, and Theorems 5.2 and 5.3 on best approximations and the classification of complex .A-derivatives.
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We now list general descriptions of the contents of each of the six sections that comprise this paper.

Section 1. The classification of all real generalized Riemann derivatives of all orders according to pointwise
equivalence is given in [13]. A detailed description of the real classification is included in this section. The
classification is given in terms of even and odd components of a generalized Riemann difference, and its
proof involves the group algebra of the multiplicative group of the real numbers over the real field, whose
torsion subgroup, or the subgroup of all elements of finite order, is G; = {£1} = Us.

Section 2. Both the almost everywhere and pointwise classifications of real generalized Riemann deriva-
tives, and their proofs extend naturally to the more complicated complex case. The proof of the pointwise
case uses the group algebra of the multiplicative group G of complex numbers over the complex field. The
torsion subgroup G; of G is the more complicated union G; = | J,—, Uy of subgroups U; = {1,w, ... ,wi
where w = e2™/¢_ Therefore, the Us-grading for the real differences, that is, the writing of every difference
as a unique sum of even and odd differences, will become a Up-grading (or simply an ¢-grading) for all ¢,

that is, every difference A 4f(z,h) is uniquely a sum of ¢-graded components

-1 £—
1 .
Aaf(zh) =S A% f(z h), where AFO f N W HAPD £(2,wih).
af(zh) kEO fzh), w =3 EZO )

This is consistent with the decomposition of a complex function as a sum of ¢-graded components, given
n [16]. As an example, if Agf(z,h) = f(x + h) — f(x) is the difference corresponding to the ordinary first
derivative, then the ¢ = 2-components

AL f(2 ) = SL (4 B) = 27(2) + f(z — 1)} and AZD f(= ) = 2{f(z+B) — f(z ~ W)

are its even and odd components, and the ¢ = 3-components of the same difference are

AL £(2 ) = %{f(z +h) + f(z +wh) + F(z 4+ w?h)} — f(2),
AG P f(zh) = %{f(z +h) +wf(z +wh) + wf(z +w?h)},

AED (1) = S {F (2 + B) + w2 +wh) + w2 (z + 7R},

where w = €2™/3. The first main theorem, Theorem 2.4, classifies all pairs (A4, Ag) of generalized Riemann
differences for which pointwise A-differentiation is equivalent to pointwise B-differentiation, for all measur-
able functions f at z. Specifically, A-differentiation of order n is equivalent to B-differentiation of order v
if and only if n = v and, for a fixed ¢ and variable k = 0,...,¢ — 1, Af’é)f(z, h) = RAgC’E)f(zmh), for
some R,r # 0, depending on k, ¢, that satisfy the normalizing condition Rr™ = 1 when k£ = n mod /. For
example, when ¢ = 2, the generalized Riemann derivatives A equivalent to ordinary differentiation B, that
is Agf(z,h) = f(z+ h) — f(z), are those for which

AQP f(z,h) = R{f(z +rh) — 2f(2) + f(z — r]h)}

.2) 1 , for R,r,s # 0,
AGD f(z,h) = {f(= + sh) — (=~ sh)}
where the right sides are RA%O’Q)f(z7 rh) and %Ag’2)f(z, sh). For £ = 3 and the same B,

ALY f(z.h) = R (= +rh) + f(= +wrh) + f(z +w’rh) = 3f(2)},

AGP f(z,h) = é{ﬂz +sh) + 6 f(z + wsh) + wf(z +w?sh)},
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ACD (2 h) = T{f(z + th) + wf(z + wth) + W f(z + w’th)},

where R, T,r,s,t # 0 and the right sides are RAg)’g)f(z,rh), %A(Bl’?))f(z, sh) and TAg’3)f(z,th), respec-
tively.

A similar description is given in the second main theorem, Theorem 2.8, to characterize all pairs of
generalized Riemann differences (A 4, Ap) for which A-differentiation implies B-differentiation.

Section 3. There are many meanings of the notion of smoothness in analysis. The most common is that
a function f is smooth at z if its derivative f’ is continuous at z. A. Zygmund defines a different kind
of smoothness on Page 43 of his book [51]. This is related to the notions of modulus of continuity and
generalized Lipschitz conditions, and can be rephrased as follows: f is Z-smooth at z if

i S —20() + 2= D)

=0.
h—0 h

Note that the difference in the numerator is a second difference, while the denominator is degree one.
Moreover, Z-smoothness does not change when the numerator in its defining limit is replaced by any non-
zero scalar multiple of itself.

The notion of Z-smoothness extends naturally to generalized Riemann Z-smoothness. Throughout this
paper, smooth means Z-smooth. If A is the data vector of a difference A 4, which is a scalar multiple of a
generalized Riemann difference of order > n, then a function f is n times A-smooth at z if

1 Aaf(h)

h—0 h™ =0

Section 3 is about A-differentiability and A-smoothness and their relation with ¢-grading and analyticity.
The third main theorem, Theorem 3.1, relates the A-differentiability and A-smoothness with the ¢-grading.
For the earlier example with ¢ = 2 and B-differentiation is the first ordinary differentiation, Theorem 3.1
says in Corollary 3.2 that a function f is first order ordinary differentiable at z if and only if there exists a
complex number L such that the following two limit equations hold at z:

o JEER) =2+ f=h) L feth) —fe—h)
h—0 2h h—0 2h

In other words, if A; = {1/2,-1,1/2;1,0,—1} and Ay = {1/2,—1/2;1,—1}, the even part of f is 1 time A;-
smooth, while the odd part of f is As-differentiable of order 1. (A; can be replaced with {1,-2,1;1,0, -1}
or any other rescale of the first three entries; whereas because of the definition of generalized Riemann
differentiation, the first two entries in A2 cannot be rescaled.)

In the case when ¢ = 3 and the same B, the same theorem says that f is differentiable at z if and only if
there exists a complex number L such that the following three limit equations hold at z:

f(z+h)+ f(z4+wh) + f(z+w?h) —3f(2)

e 3h =0
2 2

lim fz4+h)+w*f(z+wh)+wf(z+ w?h) _1

h—0 3h

. flz+h)+wf(z+wh)+w?f(z+w?h)

lim =0.

h—0 3h

These amount to two conditions of first order smoothness and one condition of first order generalized
Riemann differentiability. Since these two systems are equivalent to the same B-differentiation, Remark 3.3
says that the two systems must be equivalent via elementary row operations and h +— rh dilations. The
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direct proof of this equivalence is left as an exercise to the reader. The case £ = 2 vs. £ = 4 is worked out
completely within the same remark.

Section 3.1 ends with an application of the classification Theorem 2.4 to analytic functions: Proposition 3.5
provides infinitely many definitions of analyticity.

Section 3.2 has two applications of Theorem 3.1 to analytic functions: by expressing the fundamental
theorem on analytic functions and Cauchy-Riemann in terms of the symmetric Cauchy-Riemann relations
in Proposition 3.8, or the generalized Cauchy-Riemann relations in Proposition 3.9. These involve either
symmetric partial derivatives or generalized partial derivatives in place of ordinary partial derivatives of the
real and imaginary parts of an analytic function.

Section 4. This is devoted to the numerical analysis of generalized Riemann derivatives. For example,
Taylor expansion around z of the Schwarz second symmetric difference A1 f(z,h) = f(z+h)—=2f(2)+f(z—h)
yields

OO O IO

Aif(z,h) = [f(2) + TR e Ol +o] = 2f(2)
'), | f'(2) f"(2) f(2)
+[f(2) — TR h? — 3 R3 + T Rt — ]
f”( )h2+2f( (2 )h4
41

and division by h? in the equality of the first and last terms produces

e
4!

Alf(zv h)

3 ...

= ') +2

Read this as saying that the second difference quotient A f(z,h)/h? approximates f”(z) with error of
magnitude O(h?). Similar work done for the three points based second difference, Aaf (2, h) = 2[f(z+h) +
wf(z+ wh) + w?f(z + w?h)], where w = e>™/3  yields

AQf(Z, h)

=3 RS+

= () + 2!

)
5!

so the second difference quotient Asf(z,h)/h? approximates f”(z) with an error of magnitude O(h3). In
particular, this approximation is better than the Schwarz approximation.

In general, an m points based generalized difference quotient of order n approximates the nth deriva-
tive f(™(z) with an error of magnitude O(h"), where r is the rank of the first non-zero term in the Taylor
approximation. Theorem 4.1 says that, for all such approximations, r < m = the number of base points and,
for some, equality is attained. Those m points based generalized Riemann difference quotients of order n
for which » = m are called highest rank approximations.

The fourth main theorem, Theorem 4.3, shows that these highest rank approximations form a symmetric
projective variety of dimension m—mn for which an explicit parametrization is given. Back to our last example,
all three points based generalized Riemann difference quotients that approximate the second derivative f”(z)
to highest rank m = 3 form a variety of dimension m —n = 3 — 2 = 1. These are all rescales ;A f(z,th)
of Asf(z,h), for a non-zero complex parameter t.

Section 5. The main classification theorems, Theorems 2.4 and 2.8, are applied in this section to the
theory of highest rank approximations developed in Section 4. Specifically, for any two A-derivatives that
are either equivalent or imply each other (hence they have the same order n), and at least one of them is a
highest rank approximation of the nth ordinary derivative, we relate the expressions of the error terms in
their corresponding approximations.
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Section 6. This contains the proofs of the first two main theorems, Theorem 2.4 and Theorem 2.8. These
are based on a fifth main theorem, Theorem 6.6, which translates the implication and equivalence of A-
derivatives into the containment and equality of principal ideals of the group algebra of the multiplicative
group of complex numbers over the field of complex numbers. The properties of this group algebra, which
is a more complicated object of abstract algebra than its real analog, are outlined in the first half of the
section. Other instances where the abstract algebra theory of ideals is applied to (functional) analysis are
provided in [20,33,42,46].

The present paper is not the first instance where complex A-derivatives have been investigated. For
example, the nth roots of unity derivative of Section 4.1 first appeared in [36]. In the real case, an appli-
cation to continuity of the classification of real A-derivatives in [13] is given in [2]. Equivalences between
Peano and sets of generalized Riemann derivatives are studied in [7,14,15,21,29]. Some general properties
of ordinary differentiation, such as the mean value theorem, convexity or monotonicity, have been shown
to hold to a certain extent for A-differentiation; see [9,28,31,32,38,44,48-50]. Quantum Riemann derivatives
were investigated in [11] and [5], and multidimensional Riemann derivatives in [6]. Sufficient conditions that
make certain first order A-differentiations imply the ordinary first order differentiation appeared in [17] and
[43]. Best approximations real A-derivatives of orders n = 1,2 have been investigated in [8,10] and [45]. For
more on Peano derivatives, see [19,24-27,30,35,40]. Reviews on generalized Riemann and Peano derivatives
are found in [4] and [23].

1. Previous work: the real case

This section outlines the results in [13] on the classification of real generalized Riemann derivatives. These
will be extended to the complex domain in Section 2.

1.1. Even and odd functions and differences

Recall that a real function f is even if f(—h) = f(h), for all h, and is odd if f(—h) = —f(h), for all h.
In addition, every function f is expressed uniquely as a sum

f=fo+h
of an even function fy and an odd function f;. The unique expressions of fy and f; are

f(x) + f(==)
2

f@) = f(=2)

fo(x) = 5

and  fi(z) =
A difference A s f(x,h) =Y it Aif(z+a;h) is evenif Ay f(z, —h) = Aaf(x, h) and is odd if A4 f(x, —h) =
—AAf(ZU7 h)

The following property is proved within text in [13, Section 2].

Proposition 1.1. Let A 4f(x, h) be a generalized Riemann difference of order n.
(i) If Aaf(x,h) is an even difference, then n must be even.
(ii) If Aaf(x,h) is an odd difference, then n must be odd.

Every difference A 4f(z,h) is expressed uniquely as a sum
AAf(Q?, h) = Ai{)f(l‘, h’) + AO_Addf(xv h)

of an even difference A% f(z,h) and an odd difference A% f(x, h). Their expressions are
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Aaf(w,h) + Aaf(z,—h) | A% f (g ) = Aaf(z,h) = Aaf(z, —h).

A () = . .

Proposition 1.2. [13, Theorem 4] Let Aaf(x,h) be a generalized Riemann difference of order n and let
‘f(x,h) and Af:lf(gc, h) be the odd/even components of Aaf(x,h) that have the same or opposite parity
as n. Then
(i) A f(x, h) is a generalized Riemann difference of order n;
(ii) A;/‘f(x7 h) is a scalar multiple of a generalized Riemann difference of order > n.

1.2. The classification of real generalized Riemann derivatives

A rescale by r of an nth generalized Riemann difference A 4 f(x,h) = >, Aif(x + a;h) of a function f
at x is the difference Ay, f(x,h) = r=" >, A;f(x + a;rh). This is an nth generalized Riemann difference
with data vector A, = {r~"A;;a;r}. One can easily check that a measurable function f is A-differentiable
at z if and only if it is A,-differentiable at x and, if this is the case, then D4 f(x) = D4, f(x).

The following theorem is a rephrase of [13, Theorem 2|. It classifies all pairs (A4, Ap) of generalized
Riemann differences for which pointwise A-differentiability is equivalent to pointwise B-differentiability for
measurable functions f.

Theorem 1.3 (The equivalence of real generalized Riemann derivatives). Let A and B be data vectors corre-
sponding to generalized Riemann differences of orders m and n. For measurable functions f, the following
are equivalent:

(i) f is A-differentiable at x if and only if f is B-differentiable at x;

(if) m =n and

Agf(z,h) =r "AS f(z,rh) + AAAf(x sh),
for some non-zero real numbers A,r, s.

Part (ii) of the above theorem says that the components of A 4f(z,h) and Agf(x,h) satisfy the system
of identities

sf(x,h) = A% f(z, h) up to a nonzero rescale, and
%/f(:c, h) = AAf:lf(x, h), A # 0, up to a nonzero dilate.
The following theorem classifies all pairs (A 4, Ap) of generalized Riemann differences for which pointwise

A-differentiability implies pointwise B-differentiability for measurable functions f. It is a rephrase of [13,
Theorem 3].

Theorem 1.4. Let A and B be data vectors of generalized Riemann differences of orders m and n. For
measurable functions f, the following statements are equivalent:

(i) f is A-differentiable at © = [ is B-differentiable at x;
(if) m = n and the component differences A% f(x,h) and AB f(z,h) are finite linear combinations

Sf(z, h) = ZUAAfzuZ ) and A f(z, h) = ZVAAfxvz )

of non-zero u;-dilates of A% f(x, h) and v;-dilates of Af:\f(x, h).
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2. The classification of complex generalized Riemann derivatives

Theorem 1.3 above can be easily modified to also give a classification of complex generalized Riemann
derivatives into equivalence classes for pointwise differentiations: Simply allow the nonzero numbers A, r
and s to be complex. This is the £ = 2 case of our main theorem, Theorem 2.4, below.

What is interesting about Theorem 2.4 is that it gives an infinite number of ways to obtain the same
equivalence class decomposition. These classifications, corresponding to the £ = 3,4, ... cases of Theorem 2.4,
allow us to begin to understand how the symmetries of the much larger torsion subgroup of the multiplicative
group of nonzero complex numbers leads to new interesting generalized Riemann derivatives. For example, as
we shall show in Section 5 below, some of these new derivatives have a role in complex approximation theory.

2.1. Generalized even and odd functions and differences

The notions of even and odd functions were generalized in [16]. Fix an integer £ > 1, and let w = e27/¢

be a primitive £th root of unity. A complex function f is type (k,¥¢), for k =0,1,. —1,if
fwz) = Wk f(2), for all 2.

Each complex function f is expressed uniquely as a sum

/—1
=3 ful2)
k=0

of type (k,¢) functions fx, for k =0,1,...,¢ — 1. The component function fj has the expression
—

() = %Z ().

When z = z and £ = 2, w = —1 and the two terms fo(z) and fi(z) are the even and odd components
of f(x) that were discussed at the beginning of the previous section.
By analogy with the previous section, a difference A 4 f(z, k) is a type (k, £) difference, for k =0,1,...,{—
1, if
Aaf(z,wh) = w*A4f(z, h), for all z and h.

The following is the extension to complex numbers of the result of Proposition 1.1.

Proposition 2.1. If an nth complex generalized Riemann difference A 4f(z,h) is a type (k,£) difference, for
some k=0,1,...,0—1, then k=n mod /.

Proof. Suppose A4f(z,h) = > A;f(z + a;h) and recall that this is a generalized Riemann difference if
S Aai = dpsn!, for s =0,1,...,n. The condition making A 4f(z,h) a type (k, £) difference is

ZAif(z—kaiwh) = wkZAif(z—l—aih).

The equality of the nth Vandermonde expressions in both sides,

Z Ai(aw)” = WP Z Ajal,
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when simplified by the nonzero factor Y. A;a? = n!, leads to w™ = wk, which is equivalent to k =
mod /. O

Each difference A 4f(z,h) is expressed uniquely as a sum

1

Aaf(zn) =3 A% f(zn),
0

0—
k=

where Aff’g)f(z, h) is a type (k,¢) difference, for k = 0,...,¢ — 1. The type (k,¢) component Ayf’z)f(z, h)
of A4 f(z,h) has the expression

£—
1 , .
AL f(zh) = ZE: WM ALf (2w h).
7=0

The following is the extension to complex numbers of the result of Proposition 1.2.

Proposition 2.2. Let A 4f(z,h) be an nth complex generalized Riemann difference and let Agf’e)f(x, h) be
its type (k,£) component, for some k=0,1,...,0—1.

(i) If k =n mod ¢, then A(k’é)f(z, h) is an nth generalized Riemann difference.

(ii) If k #n mod ¢, then Aj’l)f(z, h) is a scalar multiple of a generalized Riemann difference of order
>n.

Proof. The type (k,¢) component of Af(z,h) =>" A;f(z + a;h) is

=
Ayf’z)f(z EZw KIAAf(z,w'h) = gZZAlw_kjf 2+ a;w’h).
Jj=0 it j=0

Its sth Vandermonde condition is

-1
- ZZAW‘} azwj ZA a Zw*kaJS — 5snnlz(ws—k)j
7=0

1 7=0

This equals zero when s < n, and is %n! Zﬁ;é(w"_k)j when s = n. The last expression is n! when &k =n

mod /¢, making AEZ\C’Z) f(z,h) an nth generalized Riemann difference, and is zero when k # n mod ¢, making
A(kvl)

4 f(z,h) a scalar multiple of a generalized Riemann difference of order > n. O

Let A be the data vector of any difference A 4f(z,h) and let A%9 be the data vector of A f( v h),
for £>2and k=0,1,...,¢— 1. Note that A®% = & when A(ke)f( h)=0.

Corollary 2.3. Fix positive integers £ and n, with £ > 2. The following statements are equivalent:
(i) A={A;;a;} satisfies Y A;al =0, for j =0,1,...,n.
(i) A®D = {Agk’e); agk’e)} satisfies ZAEk’Z)(aEk’o)j =0, forj=0,1,...,n

Proof. The hypothesis (i) means that A4f(z,h) is a scalar multiple of a generalized Riemann difference
of order > n. By Proposition 2.2, so are the component differences Agf’e)f(z, h), for k = 0,1,...,¢ — 1,
hence (ii). Conversely, for each j, the jth condition in (i) is obtained by adding the jth conditions in (ii)
fork=0,1,...,4—1. O
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2.2. The classification of complex generalized Riemann derivatives

In this section we extend the classification of real generalized Riemann derivatives in Theorems 1.3 and 1.4
to the classification of complex generalized Riemann derivatives. This is given in Theorems 2.4 and 2.8. We
shall see that the complex results are much more involved.

The first complex classification theorem generalizes the real result of Theorem 1.3 to the complex domain:
it characterizes the pairs (A4, Ag) of complex generalized Riemann differences for which A-differentiation
is equivalent to B-differentiation.

Theorem 2.4 (The equivalence of complex generalized Riemann derivatives). Let A and B be the data vectors
of complex generalized Riemann differences of orders m and n. For measurable complex functions f, the
following statements are equivalent:

(i) f is A-differentiable at z < f is B-differentiable at z;

(ii) m = n and, for each £ > 2 and k = 0,...,0 —1, there exist non-zero constants Ry, vy, with Ry =r; /"
when k =n mod ¢, such that

AFO £z h) = ReARD £z, rih).

The proof, given in Section 6, uses a tool from abstract algebra: the group algebra of the multiplicative
group C* of complex numbers over the base field C.

The simplest possible example of a pair of equivalent generalized Riemann derivatives is one where
A={Aj;a;} and B = {s7™"A;; sa;} is an s-rescale of A. In this case, both parts of Theorem 2.4 easily hold:

n

(i) by change of variable h — sh; and (ii) happens with every Ry being s™".

Example 2.5. Fix ¢ > 1 and let A be the ordinary first order differentiation, i.e. A4 f(z,h) = f(z+h)— f(2).
For each K =0,...,£—1, let

IS s fz+wih) — f(2) it k=0,
Apf(z,h) = o |
IS ow k f(z+wih)  ifk>0.

Then k!Agf(z,h) is a generalized Riemann difference of order k& when k # 0, and of order ¢ when k = 0.
Moreover, for each k, Ay f(z,h) is a type (k, £) difference and

-1
Fz+h) = f(z) = Auf(zh).
k=0

The uniqueness of the decomposition of a difference as a sum of type (k, £) differences makes Aff’[) f(z,h) =
Arf(z,h), for k=0,...,£ — 1, a fact that we could have also checked directly. By the main classification
Theorem 2.4, the complex generalized Riemann derivatives B equivalent to A are those with

-1
Apf(z,h) = Z RpAyf(z,rih),

k=0

for some non-zero constants Ry, 1y, for k=0,...,/ — 1, with Ry = 7"1_1.
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Example 2.6. Set £ = 3 and w = €2™"/3. Then

Aof(z,h) = —{fz+h)+f(z+wh)+fz+w )} = f(z
Ay f(z,h) =< {f z+h)+ W f(z+wh) +wf(z+w’h)},
Aof(z,h) == {f (z4 h) +wf(z +wh) + W f(z + w?h) },
are generalized Riemann differences of respective orders 3,1,2. By Theorem 2.4, the differences of the form
AAof(z,7h) + %Alf(z, sh) + BAsf(z,th),
for nonzero constants A, B, r, s, t, are those equivalent to ordinary differentiation.

Example 2.7. Let B be the first order generalized derivative with

Apf(z,h) = A1 f(z,h) = —{f z+h) +w’f(z+wh) +wf(z+w’h)}

as mentioned above. Then Ag is a type (1,3) difference. In particular, both its type (0,3) and type (2,3)
components are zero, so by the previous example, B-differentiation is not equivalent to ordinary differenti-
ation.

The second main classification theorem characterizes the pointwise implication relation between complex
generalized Riemann derivatives.

Theorem 2.8 (The implication relation on complex generalized Riemann derivatives). Let £, m,n be positive
integers, with £ > 2, and let A and B be complex generalized Riemann derivatives of orders m and n,
respectively. Then the following statements are equivalent for all measurable functions f and points z:

(i) f is A-differentiable at z = f is B-differentiable at z;

(ii) m = n and, for each k =0,1,...,0—1, Ag’e)f(z7 h) is a linear combination
A(k Z)f ZR(k Z)A(kl (2 ,rz(k’l)h),

of r5k7€)—dilates of Ayf’e)f(z, h) such that )", ngl) (rgk’e))n =1 when k=n mod £.

Remark 2.9. (i) Part (i) in Theorem 2.8 is independent of ¢, while part (ii) is /~-dependent. This means that
when part (ii) holds true for an ¢, it holds true for all ¢, ¢ > 2.

(ii) If £ = 2 then w = —1. In this case, the type (0,2) differences are the even differences, and the type
(1,2) differences are the odd differences. Moreover, when ¢ = 2, the complex classification Theorems 2.4
and 2.8 are obtained from the real classification Theorems 1.3 and 1.4 by extending scalars. On the other
hand, by looking at the cases when ¢ > 2, it is clear that the complex classification is more than just scalar
extending the real classification.

Since any equivalence is the compound of two implications, it is quite clear how Part (i) of Theorem 2.8
can be used to prove Part (i) of Theorem 2.4. However, when extrapolating this to Parts (ii), it is not obvious
how the compound of two complicated expressions has a very easy expression. Indeed, this is achieved using
a powerful theorem of group algebras, Lemma 6.4, which is a significant extension of the following basic
abstract algebra property of polynomials in one indeterminate over any field.
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It is well known that the algebra F[z] of polynomials in one indeterminate z and with coefficients in a
field F is a principal ideal domain. Let f(z) and g(x) be two polynomials in F[z]. Then the inclusion of
ideals (f(z)) C (g(z)), means that f(x) = g(x)p(z) for some p(z) € F[z]. On the other hand, by abstract
algebra, the equality of ideals (f(z)) = (g(x)) amounts to f(x) = Ag(z), for some nonzero scalar A. This
is a much easier expression than the equivalent compound of f(x) = g(z)p(z) and g(z) = f(x)q(x) coming
from the double inclusion of ideals.

3. Graded generalized Riemann differentiation and Cauchy-Riemann

By Proposition 2.2, the property of a difference A 4f(z,h) of a function f at z that makes it an nth
generalized Riemann difference is not a graded property relative to the standard ¢-grading

N

Auf(zh) =§: ALY

This means that the difference A 4f(z,h) being an nth generalized Riemann difference is not equivalent
to all Ayf’e)f(z,h), k = 0,1,...,¢, being nth generalized Riemann differences. Instead, this is graded-
intertwined with being a scalar multiple of a higher order generalized Riemann difference, for some of
the graded components Aff’é) f(z,h). Nevertheless, it is an easy exercise to prove that the property of a
difference that makes it a scalar multiple of a generalized Riemann difference of order > n is graded, and so
is the compound notion of either an nth generalized Riemann or a scalar multiple of a generalized Riemann
difference of order > n.

Dividing by A™ and taking limit as A — 0, the main result of the section, Theorem 3.1 implicitly says
that the existence of the difference quotient limit is graded, i.e.,

lim
h—0 hm™

Aaf(zh) = ALY
— L = Z lim 44—~
Pt h—0 h"

for each difference A 4f(z,h) of order at least n. Using the concept of generalized Riemann smoothness,
which was defined in the Introduction and will be made explicit in Section 3.1 below, Theorem 3.1(i) says
that the notion of nth generalized Riemann differentiability of a function f at z gets graded-intertwined
with the one of nth generalized Riemann smoothness of f at z. In addition, the nth generalized Riemann
smoothness of f at z is a graded property (Theorem 3.1(ii)), and the same is true about the compound
notion of either nth generalized Riemann differentiability or nth generalized Riemann smoothness of f at z
(both parts of the theorem).

As a consequence of Theorem 3.1, we show in Corollary 3.2 that the ordinary first order differentiability
of f at z is equivalent to both symmetric differentiability and Z-smoothness of f at z. This applied to an
analytic function f on a region £ (resp. to the real components of an analytic function f on Q) in Proposi-
tion 3.5 (resp. Propositions 3.8 and 3.9) produces infinitely many equivalent ways to define analyticity.

3.1. Grading generalized Riemann differentiation and smoothness

Suppose a difference A 4f(z, h) of a function f at z and h is a scalar multiple of a generalized Riemann
difference of order > n. Recall that f is n times A-smooth at z if

lim AAf(Zv h)

h—0 hn =0
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In this way, higher order A-smoothness of a function f at z implies any lower order A-smoothness of f
at z. This is in general not true for A-differentiability. On the other hand, if m > n and f is m times
A-differentiable at z, then f is n times A-smooth at z. Indeed,

m
i 2afzh) L Aaf(zh) BT

h—0 hn h—0 hm B Daf(2)-0=0.

Thus higher order A-differentiability of f at z implies any lower order A-smoothness of f at z and, as a
consequence, higher order compound notion of either 4-differentiability or .A-smoothness of f at z implies
any lower order of the same compound notion of f at z.

The following theorem characterizes the pointwise notions of nth A-differentiability and n times A-
smoothness of a function f at z in terms of the f-grading. The component vector A% of A, for k =
0,1,...,¢ — 1, is the data vector of the component difference Ayf’e)f(z,h) defined in Section 2.1. The
vector A in Part (i) of the theorem corresponds to an nth generalized Riemann difference, and in Part (ii)
corresponds to a scalar multiple of a generalized Riemann difference of order > n.

Theorem 3.1. Let f be a measurable function, let £,n be positive integers with £ > 2, and let A = {A;;a;}
be a vector of 2m complex numbers, with the A; non-zero and the a; distinct. The following statements hold
true at z:

(i) f is nth A-differentiable <= f is nth A%9_differentiable, for k = n mod £, and is n times AF)-
smooth, for every other k, with k =0,1,...,¢ — 1. In addition,

A Jx, h
Dl 1) o= Jim D400

= 6k:,n mod ED.Af(Z)
(i) f is n times A-smooth <= f is n times A9 -smooth, for k =0,1,...,0— 1.

Proof. (i) Suppose f is n times A-differentiable at z, and let k, ¢ be integers with £ > 2 and 0 < k < .
Then

8_1 —k' .
n L Auwnf(zh) o g2i—ow M ALf(z,wih)
Do f(2) = %IL% T }ILIL% o
—1

£—1 i
1 Z ; A J o1 ,
— Z w—k] hm .Af(zyw h) .wn] — Z E (n—k)]DAf(Z>
Jj=0

h—0 W™ ;
7=0
= 5k,n mod ZD.Af(Z)

The equality of the first and last terms in the above chain of equalities proves the desired identity and the
direct implication. The reverse implication is clear.

(ii) Recall from Corollary 2.3 that n times .A-smoothness makes sense if and only if so does n times
A% _smoothness, for k = 0,1,...,¢ — 1. Working as in the proof of Part (i), we deduce D:jl(,cybf(z) =
Ok,n mod ¢DY f (z). The desired equivalence follows from here, since f is n times .A-smooth at z means
D% f(z) =0, and f is n times A®8)_smooth at z means D% f(z,h)=0. O

Theorem 3.1(i) says that f is A-differentiable at z if and only if there exists a complex number L such
that the system of ¢ limit equations

lim AA<k,z)nf(Z7 h)

h—0 h =0kn mod (L, for k=0,....0—1, (3.1)
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holds true at z. When this happens, then L = D 4 f(z). All these limit equations are smoothness conditions
of order n for f at z, except for the one corresponding to k = n mod ¢, which is an nth generalized Riemann
differentiation condition for f at z.

The next corollary writes the above system of limits explicitly in the case when ¢ = 2 and A corresponds
to the first order ordinary differentiation of f at z.

Corollary 3.2. A complex function f is ordinary differentiable at z if and only if the following two conditions

) ~2f(2) 4z~ b
o1 z+n)— )+ f(z—h)
(@) fimy 2h =0
(ii) lim feth) = flz=h) exists and is a complex number.
h—0 2h

Proof 1. This comes from Theorem 3.1(i) withn =1, £ =2and A = {1,—1;1,0}, that is A4 f(z,h) = f(z+
h) = f(2)- Tndeed, AQ™ f(z,h) = §[f(=+h) + f(z= 1)) = f() and AL > (2, h) = 3[f(z+1) = f(z=D)]. O

Proof 2. Suppose f is differentiable at z. Then the limit in (i) is

flz+h) = f(z)  fz=h)—f(z)

lim — =
h

1 1
2 h—0 h —h 2

and the limit in (ii) is

fleth) = f(z)  flz=h) = f(2)

! i C2P) E @ e =)

Conversely, if both (i) and (ii) hold, then the addition of the two limits makes the ordinary derivative f’(z)
exist as a finite number. O

Recall that a function f satisfying the condition in Part (i) of Corollary 3.2 is Z-smooth at z, and one
satisfying only the condition in Part (ii) is symmetric differentiable at z; in this case, the value of the limit,
or the symmetric derivative of f at z, is denoted by f(z). Corollary 3.2 says that f is differentiable at z if
and only if it is both Z-smooth and symmetrically differentiable at z. If this is the case, then f'(z) = fl(z).

Remark 3.3. Corollary 3.2 makes the ordinary differentiation equivalent to a system of two limits. It reflects

the result of Theorem 3.1(i) for £ = 2. Working in the same way for £ = 4, ordinary differentiation of f at z
is equivalent to the following system of limits

fG+h)+ f(z+ih)+ f(z—h)+ f(z —ih) —4f(z)

e 4h =0

lim fz+h)—if(z+ih) — f(z—h)+if(z —ih) _ L < oo,

h—0 4h (3 2)
g JEHD) = [z +ih) + f(z = h) — (= — ih) o '
h—0 4h

y fz+h)+if(z+ih) — f(z—h) —if(z —ih) _0

50 4h -

We expect this system to be equivalent to the one of Corollary 3.2. Indeed, by taking sums and differences
of the same parity equations, the system (3.2) is reduced to
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fz+h)+ f(z—h) = 2f(2) flz+h) = fz=h)

lim =0, lim =L < o0,
h—0 " 2h -~ h—0 _h2h ) "

b JEH ) £ FG i) =20() (L ib = if G ih)
h—0 2h h—0 2ih

As the second row limits are equivalent to rescales h — ih of the first row limits, the system is reduced to
only the first row equations, which is the result of Corollary 3.2.

In general, the result of Theorem 3.1(i) makes the system of limits (3.1) for general ¢ equivalent to
the same system for ¢ = 2. Since the limit operator is linear and invariant under dilations h — rh, our
observation is that the same equivalence is also achieved by elementary row operations and dilations. In
particular, for each A, the system of limits (3.1) for general ¢ has row-rank < 2, up to dilations. It has
rank 1 precisely when A corresponds to either an even or an odd difference.

Corollary 3.2 also holds true for real functions instead of complex functions. We leave as an exercise to
the reader proving that the real version of Corollary 3.2 implies Part A of the theorem we state below. This
theorem is the main motivation for the classification of real generalized Riemann derivatives in [13], and
implicitly for the classification of complex generalized Riemann derivatives in this article. We revisit this in
Example 6.7 where a second proof of the whole theorem is provided.

Theorem 3.4. [12, Theorem 1] A: The first order real A-derivatives which are dilates (h — sh, for some
s#0) of

lim Alf(x+rh)+ f(x —rh) = 2f(x)]+ f(x + h) — f(z — h)
h—0 2h

)

where Ar # 0, are equivalent to ordinary differentiation.
B: Given any other A-derivative of any order n = 1,2, ..., there is a measurable function f(x) such that
D 4f(0) exists, but the Peano derivative f,(0) does not.

Theorem 3.4 is also true in the complex case. This is the particular case of Theorem 2.4 where A =
{41 =1,A2 = —1;a1 = 1, a2 = 0} corresponds to ordinary first order differentiation.

A region Q in the complex plane is an open connected set. A function f(z) is analytic on Q if f'(z) exists
at each point z = z 4 iy on (.

The following proposition is our first application of the classification of generalized Riemann derivatives
to analytic functions. It provides an infinite number of equivalent definitions of analyticity.

Proposition 3.5. The following statements are equivalent for a complex function f defined on a region S:
(i) f is analytic on Q;
(ii) for each z in 2, there exist non-zero complex numbers A, and r, such that the limit

i AL G rah) + 7 (2 = rah) =20 (] + fz + 1) = f(z = D)
h—0 2h

exists and is a finite number.
Proof. Simply apply the complex version of Theorem 3.4 at each point z in 2. O
The example provided in the Abstract is obtained by taking A, = 1 and r, = i at each point z in .

We close this section with a lemma concerning the behavior of generalized Riemann differentiations under
taking linear combinations of dilates.
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Lemma 3.6. (i) If A4, f(2,h), forj =1,...,s, are extended nth generalized Riemann differences, then so is
Zj RjA 4, f(z,75h), for any nonzero complex numbers Rj,r;.

(ii) If Aa,; f(2,h), for j =1,2,...,s, are nth generalized Riemann differences, then a linear combination
of dilates Zj R;jA 4, f(z,rjh), where the Rjr; # 0 for all j, is an nth generalized Riemann difference if and
only if >, R;ri = 1.

Proof. This follows from the explicit writing of the Vandermonde conditions. O
3.2. Cauchy-Riemann equations and generalized Riemann derivatives

For a complex function f of variable z = z + iy, we denote u(z) = u(x,y) and v(z) = v(x,y) as the real
and imaginary parts of f(z), so that f(z) = u(z,y) + iv(zx,y).

The following is a fundamental theorem on analyticity and the Cauchy-Riemann equations; see Ahlfors
[1, p.68].

Theorem 3.7 (Analyticity and Cauchy-Riemann equations). The following statements are equivalent for a
complex function f defined on a region §2:

(i) f is analytic on Q;

(ii) the components u and v admit continuous partial derivatives on § that satisfy the Cauchy-Riemann
differential equations

ou Ov ou ov

dx 9y’ dy  Ox

Its proof is based on first showing that the component functions v and v are harmonic, that is, Au =
0 = Aw. Ahlfors moves on to comment in Chapter IT of his book that while the continuity of the partial
derivatives is a strong condition, basic complex analysis “is not the place to discuss the weakest conditions of
regularity which can be imposed to harmonic functions.” The goal of this section is to see whether generalized
Riemann differentiation can be used in weakening the regularity conditions on « and v in Theorem 3.7(ii).

The components u and v of the function f(z) are partially Z-smooth (resp. partially symmetric differen-
tiable) at (x,y) if the partial real maps = — u(z,y), y — u(z,y),  — v(z,y) and y — v(z,y) are Z-smooth
(resp. symmetric differentiable) at (z,y). The symmetric partial derivatives of u at (x,y) are defined by the
real limits

or = flzlg%) 2h ’
asu — lim U(I,y + h) - U(JZ, Yy— h’) ]
Jy h—0 2h

Similar definitions are given for the symmetric partial derivatives of v.

The existence of the symmetric partial derivatives is strictly weaker than the existence of the ordinary
partial derivatives. For example, the function u(z,y) = max(|z|, |y|) has both symmetric partial derivatives
at (0,0) equal to 0, while both ordinary partial derivatives at the origin do not exist.

Our second application of the classification of generalized Riemann derivatives characterizes analyticity
in terms of the symmetric Cauchy-Riemann equations. It is a translation of Theorem 3.7 in the language
of symmetric partial derivatives and partial Z-smoothness. Weaker conditions such as the existence of
the symmetric partial derivatives or the symmetric Cauchy-Riemann equations are balanced by stronger
conditions such as the continuity of the symmetric partial derivatives.
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Proposition 3.8 (Analyticity and symmetric Cauchy-Riemann equations). The following statements are
equivalent for a complex function f defined on a region €:

(i) f 4s analytic on Q;

(ii) the components u and v are both partially Z-smooth and admit continuous symmetric partial deriva-
tives on ) that satisfy the symmetric Cauchy-Riemann equations

Osu  Osv Ou _851}
oxr Oy’ oy Oz’

Proof. Tt suffices to show that Part (ii) is equivalent to Theorem 3.7(ii). Indeed, by Corollary 3.2, u and v
are partially differentiable at (z,y) if and only if u and v are both Z-smooth and partially symmetric
differentiable at the same point. If this is the case, the symmetric partial derivatives of u and v are equal
to the ordinary ones. This in turn identifies the two continuity conditions and the two Cauchy-Riemann
systems. O

Let A be the data vector of a first order real generalized Riemann differentiation. A two-variable real
function g(x,y) is partially A-differentiable with respect to « (resp. y) at (z,y) if the partial map g, : z —
g(z,y) (resp. g, : y — g(x,y)) is A-differentiable at = (resp. y). If this is the case, then

049 a Oag o
o (z,y) := Dagy(x) and 9y (z,y) = Dag.(y)

are the A-partial derivatives of g at (z,y).
Recall from Theorem 3.4 that the real generalized Riemann differentiations equivalent to ordinary

differentiation are those for which the data vector A is of the form A = A(A,r), where A(A,r) =
A A _ 41 1
2°2) “h 2T 3
The following proposition is the third application of the classification of generalized Riemann derivatives

;r,—r,0,1,—1}, for some nonzero real numbers A and 7.

to analyticity. It provides infinitely many equivalent ways of defining analyticity of a complex function f(z) =
u(z,y) + iv(z,y) in terms of the partial generalized Riemann differentiabilities of the real components u
and v and the generalized Cauchy-Riemann equations satisfied by them.

Proposition 3.9 (Analyticity and generalized Cauchy-Riemann equations). The following statements are
equivalent for a complex function f defined on a region S:

(i) f 4s analytic on Q;

(ii) There exist non-zero real numbers Ay, Ag, Az, Ag,r1,72,73,74 Such that the partial generalized Rie-
mann deritvatives

OA(Ay,r)U OA(An,ra)U OA(Ag,r5)V OA(Agra)V
ox '’ oy = oz Oy

of u and v exist on , are continuous, and satisfy the generalized Cauchy-Riemann equations

aA(Al,’r‘l)u — aA(A4,T4)U 8./4(142,1"2)’” _ _aA(A;:,,’l"g)v

Ox oy Oy Ox

Proof. This follows from Theorem 3.7 and Theorem 3.4 applied to the partial functions uy, uy, vy, v,. O
4. Numerical analysis of complex generalized Riemann derivatives

The main result here is Theorem 4.3 of Section 4.3, providing an explicit parametrization for the m —n
dimensional symmetric projective variety of highest rank generalized Riemann derivatives of order n based
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at m points. The main theorem is preceded by the computation of the highest rank in Theorem 4.1 of
Section 4.1, and a discussion on best numerical estimates in Section 4.2. The last notable result, Theorem 4.7
of Section 4.4 computes the first significant term in the Taylor approximation of the nth derivative by a
highest rank generalized Riemann difference quotient of order n based at m points. This is followed by a
discussion on normalizing the same significant term.

4.1. The rank of an m points based generalized Riemann derivative of order n

Fix an order of differentiation n and an integer m, with m > n + 1. Let w = €2™/™ be a primitive mth
root of 1. The linear system

m—1 0 1fk:O,,n—1
Ajw’* =8 nl  ifk=n (4.1)
J=0 0 iftk=n+1,....m—1
whose coefficient matrix (w?*) is non-singular has a unique solution Ag, Ay, ..., Ap—1. Then A = {A;;w'}

corresponds to an nth generalized Riemann derivative. We call it the mth roots of unity derivative of order n.
Observe that if k=m,m+1,...,m+n —1, then

m—1
At = Z A Mt = Z Ajwimuit, (4.2)

7=0 7=0

where ¢ runs from 0 to n — 1. But wi™ = (w™)’ =1, so by the first n equations of the system (4.1), all the
n quantities

m—1
Ajwjk, fork=m,m+1,....m+n—1,
j=0
are also 0. Similarly,
m—1 m—1 ] m—1
AjuimEn) = Z Aj (W) W™ = Z AW’ =nl,
7=0 j=0 =0

so if f has m 4+ n Peano derivatives, then
m—1 m—1 m+n

Ajf (z4w'h) = Aijjkfkk—(z)hk +o (™) (4.3)

=0 §=0 k=0

o (hmn)

Il
L[]}
=
<.
<
Ea
;‘*
D‘
o

fnn('z) o {Z;:y_l (2 )) B o (R

Divide the equation of the above first and last terms by A™ and get

Z;':()l Ajf (z+wih)
hn

= fu(2)+n %hm o(h™). (4.4)
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This gives a clear picture of how the mth roots of unity derivative of order n approximates the nth Peano
derivative. Observe that there are m — 1 “missing” terms, those of order h',h2,..., ™!, and any one of
these terms not being 0 would have resulted in a main error term that would have been infinitely large
asymptotically as h — 0 when compared with the actual main error term n!smte=2 ! ’”*" hm The identities

m—1 1 m—1 2 m—1
n+ n+
Aj A]

j=0 j=0 j=0

Aj (w =0 (4.5)

are the reason for the missing terms.

Motivated by this example, we create a scale for ranking m points based generalized Riemann derivatives
of order n by saying that the rank of B = {Bj;b;} is the natural number r, if Z;n:_ol ij?'H" # 0 and
Z;.”:_Ol Bt = Z;n:_ol Bibit? = .. = Z;n:_ol B;bi "t = 0. If By, By are m points based generalized
Riemann derivatives of order n whose ranks rq,ry satisfy r1 < ro, then Bs is a better approximation of the
nth Peano derivative than B; is. This means that the difference quotient Ag, f(z, h)/h™ approximates f,(z)
to higher h-order when compared to Ag, f(z,h)/h"™.

An m points based generalized Riemann derivative of order n is a highest rank approximation of the
nth Peano derivative if its rank r(m,n) is the largest among the ranks of all m points based generalized
Riemann derivatives of order n. The above work shows that the mth roots of unity derivative of order n
has rank r = m, so r(m,n) > m. The next theorem shows that r(m,n) = m; that is, the largest possible
rank of an m points based generalized Riemann derivative of order n is m.

Theorem 4.1. If an nth generalized Riemann derivative is a highest rank approximation, then its rank coin-
ctdes with the number m of base points.

Proof. Suppose an m points based generalized derivative B = {Bj;b;} of order n, has rank > m. This would
mean that

m—1
Bbi =0, fori=1,2,...,m. (4.6)
3=0

If all b; # 0, then det (b;?“) =bptho L det (bé')izo e 1ij=0....m—1 # 0 since det (b') is a Van-
dermonde determinant. Thus the matrix (b"“) is non-singular, so that the system (4.6) has the unique

solution of all B; = 0, contradicting zm ! B;b} = nl.
If some b; = 0, say by,—1 = 0, then the system (4.6) can be written in matrix block form as

0 By 0

prtr o w2 0/ \ By 0

m—

where B, the m — 1 x m — 1 block matrix (b§)i:n+1,...,n+m—1;j:0,...,m—2’
By 0
cation gives in particular that B : = | : |, whence as above By = --- = B,;,_2 = 0. But since
Bp—o 0
Z;”:_Ol B; =0, also By,—1 =0 and we arrive at the same contradiction. O

is non-singular. Block multipli-
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4.2. A first refinement of the classification by rank

Next we present a method of determining the relative merits for numerical approximation of m points
based generalized derivatives of different orders n and highest rank m. Let B = {B;;b;} be such a rank m
derivative and compute the number s = min;»; |b; — b;|. If s = 1, then B is normalized. In general, we assign
to B a scaled version of itself, B = {B;, bj} where B} = s"B; and b; = b; /s, for each j, and observe that
B’ is normalized, since s’ = min;«; |bl b;| = 1. Call B’ the normalized version of B. Finally, Taylor expand
the numerical estimate for f,, (z) given by B’ arriving at

z;";ol Bl f (z+b;h)

B — fa(2)+ B(B) Iy o g,

(m +n)!

where

[

m— m—
E(B) = Z Bj (b)) m+n = Lm Z B, where s = rggl |b; — b;|.
j= j=0
The smaller FE is, the better the estimate for f,, (z). If there is a rank m derivative with smallest F, then
we say that derivative provides the best numerical estimate for f, (z). This method is given, together with
some justification, in reference [8]. Keep in mind, however, that since the rank of the error term in a
Taylor approximation is much more important than the exact value of its scalar factor, all m points based
generalized derivatives of order n and rank m are quite good approximations for the nth Peano derivative.
We illustrate the above method by deriving the normalized version of the nth order, mth roots of

unity derivative A = {A;;w’} we studied in Section 4.1. This has s = min;; |wi - wj| = |w0 w1| =
1-— eQm/m| = 2sin Z. The normalized nth order, mth roots of unity derivative is A" = {A;, %}7 where

wO wl wmfl
S

s = 2sin - and each A; = A;s™. This has base points {?, N } so that the adjacent ones are

distance 1 apart. To compute E(A’), start from equation (4.4) and replace each A; by A’s™" to get

ALf <z+ %J (sh)) = ﬁfn (2) (sh)" 22 S (2 ), (sh)™*" + o (R

s7 5™ (m+n)!

Note that as h — 0, the variable sh also tends to 0 and o (R™") = o ((sh)m+n), so after division by h™
and replacement of sh by h we have

S A (2 + £h)
h'n,

_ e n! fern() m m
= a0+ S S o (1), @)

where s = 2sin -, so that E (A’) = m

the normalized version (4.7) differs by a factor of 1/s™ when compared with the original version (4.4).

A glance at the approximations in (4.7) and (4.4) shows that

In [8], the case of m = 3,n =1 is worked out completely. The normalized first order, cube roots of unity
derivative is the best possible approximating derivative. It has s = 2sin § = =+3and F = ( \/1%) 3 = @, which

is the smallest possible value of E. Furthermore, there are also real—valued generalized Riemann derivatives
(this means that the {b;}, and consequently also the {B;}, are real) of order 1 and rank 3 and the best of
these has £ =2 - @.
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4.2.1. Questions

We close this discussion on best approximations with a list of seven questions, of which the first two give
insight into the material in Sections 4.3 and 4.4, and the last five remain open.

1. Is the mth roots of unity derivative of order n always the unique highest rank complex generalized
Riemann derivative? The answer to this question is YES when n = m — 1 and NO when n < m — 1; see
Examples 4.5 and 4.6 below. When all base points have modulus one, the answer to the same question is
YES, for each n, n=1,2,...,m — 1; see Theorem 4.10.

2. Since all best numerical estimates are among all rank m generalized Riemann derivatives based at m
points, what do all rank m generalized Riemann derivatives based at m points look like? This question is
answered in Theorem 4.3.

3. What do the best numerical estimates look like in all cases when the answer to Question 2 is NO?

The same examples mentioned in Question 1 show that the highest rank of a real m points based
generalized Riemann derivative of order n sometimes is m and some other times is < m. The next four
questions refer to real generalized Riemann derivatives.

4. Given m and n, what is the highest rank of a real generalized Riemann derivative of order n based at
m points?

5. Given m and n, what do all highest rank real generalized Riemann derivatives of order n based at m
points look like? In other words, what is the variety of real highest rank approximations?

6. In particular, what do all m points based real Generalized Riemann derivatives of order n and rank m
look like? These are the real generalized Riemann derivatives that count as highest rank complex generalized
Riemann derivatives.

7. What are the best numerical estimates real generalized Riemann derivatives of order n and based at
m points?

4.8. Explicit parametrization for the variety of all highest rank approximations

The main result, Theorem 4.3, shows that all rank m generalized Riemann derivatives of order n based
at m points form a symmetric projective variety that is explicitly given by m — n parameters.

Let Wy, = Wy, (aq,...,am) be the determinant of the m x m Vandermonde matrix (ajfl), for1<i<m
and 1 < j < m. For each k = 1,...,m — 1, denote wy, y = Wy k(a1,...,an) as the determinant of the
k-shifted m x m Vandermonde matrix (5;;), where

5. — a7t ifi=1,...k,
Yl a ifi=k+1,...,m.

In particular, this is (—1)™+1%+1 times the (k4 1, m + 1)-cofactor of the m + 1 Vandermonde determinant
Wint1(@1, ..., am+1). This interpretation allows the definition of wy, ; to extend naturally to k = m and
k = 0 by setting wp, m = Wy, and wp, 0 = a1a2 - - - am Wi, If Wy; is the determinant of the matrix obtained
from the one of W, by removing the ¢th row and j-th column, then

ng = wm_lyg_l(al, . .,aj_l,aj+1, . .,am) = wm_l,g_l(al, e ,aj, e ,am).

The following lemma establishes the relationship between the k-shifted Vandermonde determinant and the
regular Vandermonde determinant. Thomas Muir in [39, Vol.1, Chapt.XII] attributes it to Prony (1795),
despite a general consensus that this result marked Cauchy’s (1812) invention of alternating symmetric
functions. Its proof is omitted.
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Lemma 4.2. If 0 < k < m, then

Wi k(@15 -y Gm) = €m—k(@1, ..., am) - Wi(a1,...,am),
where e.(a1,...,am), for 1 <r < m, is the rth elementary symmetric polynomial in variables aq,...,am
and eg = 1.
The goal for this section is to determine all 2m-vectors A = {A;;a; | j = 1,...,m} for which the

difference quotient A 4f(x,h)/h™ approximates the nth derivative f,(z) with error of magnitude O(h™).
This condition is accounted in the Vandermonde system

- - 0 ifi#£n+1
A-a* 1_ ’
> A {n! fi=n+1,

fori=1,2,...,m+ n. The system of the first m equations has an m x m Vandermonde coefficient matrix,
hence it can be solved uniquely for variables A;. Cramer’s rule yields

A
Aj:Kj, forj=1,...,m,

where A = W,,, and A; = (—=1)" T . nl - W,, 4, ;. Consequently,

A = (=)l Wy _ (=)l we g (@, .Gy Q)
J W W
= (—1)”+1+j -t em—n—l(al, c ’aj’ s 7a”m) . WnL—l(ah cee 7aj7 ey CLnL)
Wi
(D)™ -nl-emon_1(at,...,a;,...,an)

11z, (ai = aj)

We regard the system of the last m — 1 Vandermonde equations
ZAjaé_le, fori=n+2,....,n+m

as the linear homogeneous system

m
E Aja;_lzj:(), fori=1,....m—1
=1

n+1

in variables z; = a;™", for j = 1,...,m. Passing the z,,-terms to the right side, the remaining left side of

the system has a non-singular coefficient matrix, hence it can be solved by Cramer’s rule as

Al )
Tj = R forj=1,...,m—1,
where
Ay Az o A

Ara; Azay e Ap1Gmo
. :Al"'Amflwmm

m—2 m—2 m—2
Alal A2a2 cee Am_1&m_1
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and
A coe = ApTm e A
A Aiaq oo —ALamTm e Ap1Gm A A —
i=1. . ) . = A—(_ ) mj-
: : .o j
m—2 -2 m—2
Alal B _Amaz Tm “ee Am—lam_l
This makes
A AT _1\ym—j .
R Aj ( 1) ng _ ( 1)m—j AmLEm ij
;= = (— . .
Ay A aWom Aj Winm
1
_ (71)m7j. (_1)n+ +mWn+1’m‘CEm . ij _ Wn+1,mxm ) ij
(—1)n+1+JWn+1,j Wom Wn+17j Wom
 Wmeia(an, 0 1) T, Winoa(ag, .., GG, a)
wm_l’n(al,...,aj,...,am) Wm_l(al,...,am_l)
- em_n_l(al, ceey am_l)Wm_l(al, . ,am_l)xm . Wm_l(al, ey aj, ceey am)
em—n—1(a1,..., @, ..., 0m)Win—1(a1, ..., G, ooy am) - Wi—i1(a1, ..., Gm—1)
Thus
n+1 emfn71<a17 ceey amfl) n+1 .
a;" = = apt, forj=1,...,m—1. (4.8)
em—n—l(ala sy gy aam)

A condition that makes m complex numbers aq,...,a, distinct is that the discriminant D =
Hl§i<j§m(a‘j — ai)2 of the degree m equation =™ 4+ a12™ ' 4+ -+ + o, = 0 that has aq,...,a,, as its
roots is non-zero. This expression D is symmetric in variables aq, ..., a,, and can be written in terms of the
elementary symmetric polynomials in the same variables, or in terms of the coefficients aq, ..., a,, of the

above equation. The expression of D can be made more explicit as D = (det W,,,)(det W) = det(W,, W) =

1 1 1 1 a - a{”‘l m t1 o e
ay az 0 am 1 ay --- ay ! t to  -e- tm
: =] . . (4.9)
Gl gmel L gmel 1 L me1 ¢ bt
1 2 m QA A, m—1 m 2m—2

where ¢, = af + a5+ ---+aj,, for r > 1, are Newton’s polynomials. These are expressed in terms of the
elementary symmetric polynomials e, ..., e, using Newton’s identities

(4.10)

. ertr—1 — estr_o+ -+ (=1)"2e,_1ty + (=1)""tre, if r <m,
" e1tr_1 —estp_o+ -+ (—l)m_lemtr,m if r>m.

The next theorem shows that all m points based generalized Riemann derivatives of order n and rank m,
the highest rank approximates of the ordinary (Peano) nth derivative, form a projective variety parametrized
by m —n complex numbers a, ..., Qm—n—1, Qm-

Theorem 4.3 (Parametrizing the variety of highest rank approzimations). Let m,n be integers with 0 < n <
m and A= {A1,...,Ap;a1,...,an} is a vector of 2m complex numbers, where the A; are non-zero and
the a; are distinct. The following statements are equivalent:

(i) A corresponds to a highest rank approximation generalized Riemann derivative of order n, that is, A
satisfies the Vandermonde system of m 4+ n equations
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m ep -
25314'ai'_ { 0 Uﬁ #in,
755 | ifi=
= n!  ifi=mn,

fori=0,1,....m+n—1.

(ii) The numbers ai,...,a, are all m roots of the family of degree m monic equations
s+ o™ a2+ ay, =0 (4.11)
parametrized by complex numbers ai,...,Qm—n_1,0y, that satisfy the condition D # 0, where D =
[licicjcmla; — a;)? is expressed in terms of the coefficients oj = (—1)7e; using relations (4.9) and (4.10).
The numbers Ay, ..., A, are uniquely expressed in terms of ai,. .., an as follows:
0T
Ay :
s =W, am) | 0! | (4.12)
A :
L 0 -

where the nonzero entry of the last column vector is in the n + 1st row.

Proof. (i) = (ii): Suppose A satisfies the Vandermonde system of m + n equations. Multiplication of (4.8)

by em—n—1(a1,...,a;,...,an) clears the denominator. The identity
m
~ k—n—1 k—n—1
em—n—1(A1,...,@j,...,0m) = E (=~ — "
k=n+1

applied to the resulting equation leads to

m m
S (=D lepgal = D (1) e gal,. (4.13)
k=n+1 k=n+1

When divided by (—1)™ " leg = (—1)™ "1, this equation says that ai,...,a,, are roots of the degree m
equation

2+ o™ a2 =0,

(k=n—1)—(m-n-1)g  fork=n+1,...,m—1and (=1)™ "™q,, is the common value of

where a,,— = (—1)
both sides in (4.13). The numbers Ay, ..., A, are computed using the first m equations of the Vandermonde
system.

(i) = (i): Suppose (ii) is satisfied. Then multiplication of (4.12) by the Vandermonde matrix
W(ai,...,ay) is the system of the first m Vandermonde equations in matrix form. Then, inductively,
it suffices to show that for ¢ = 1,...,n the system of the first m +4 — 1 Vandermonde equations implies the
m + ith Vandermonde equation. To see this, multiply equation (4.11) for = = ay by Akafc_l and sum up
over k. The resulting equation,

Z Aga™ oy Z Apa 2 Z Aral™ + am, Z Agay t =0,

has the terms ) Akakmﬂ;z, ey AkaZH, > Aka;;l all equal to zero by the system of the first m +4 — 1
Vandermonde equations. The leftover equation ZA;CaZ”Fl = 0 is the needed m + ith Vandermonde

equation. O



J.M. Ash et al. / J. Math. Anal. Appl. 502 (2021) 125270 25

Corollary 4.4. Suppose A= {A1,...,Apn;a1,...,an} is the data vector of a highest rank approzimation m
points based generalized Riemann derivative of order m, where m,n are positive integers. Then each of
a1y, 0y 18 @ non-zero number.

Proof. Assuming the contrary, we have (—1)™a; - - a,, = 0, so equation (4.11), whose roots are ay, ..., an,
has no constant term. The hypothesis n > 0 makes m —n —1 < m — 1, and the same equation has no
degree 1 term either. Then the equation has x = 0 as a multiple root, a contradiction with the hypothesis
that aq,...,a,, are distinct. O

Example 4.5. When n = m — 1 in Theorem 4.3, equation (4.11) becomes =™ + a,, = 0. Since ay,...,amn
are distinct, without loss, we may assume that a, # 0, hence a,, = —ajr # 0. Then (a;/a,)" =
(—am)/(—am) = 1, for all j, and the distinct numbers a1/am,...,am/a, are precisely all mth roots
of unity. We may further assume without loss that, up to a dilation by 1/ay,, a; = w?, for j = 1,...,m,
where w = €2™/™ is a primitive mth root of unity. Theorem 4.3(ii) computes the A;’s by inverting the
Vandermonde system

0] [0 ] 1 1
Ay L . | w™ "
- -m
: = Wél(w’ . ’QJ7”> n'| = Wm(w ’ v ) n' | = w2
: m m
Am : : :
0 0 w(lfm)n

We conclude that, when n = m — 1, the mth roots of unity derivative, as a highest rank approximation of
the nth derivative, is unique up to a rescaling and a permutation of base points.

Example 4.6. When n < m—1, the mth roots of unity derivative is not a unique highest rank approximation
of the nth derivative. For example, when m = 3 and n = 1, the cubic 2 — 722 + 36 = 0 has roots a; = 3,

as = —2 and ag = 6. By Theorem 4.3(ii), we compute 4; = Ay = —% and A3 = —2—14. The difference

4
15°

quotient

7= f(z+3h) — 5 f(z — 2h) — 35 f (2 + 6h)
h

approximates the first Peano derivative fi(z) to highest rank without being a rescale of the third roots of
unity first derivative. This derivative was considered in [8].

4.4. Error estimation and normalizing the highest rank approximations

We are now ready to generalize the error estimation given in (4.4) for the mth roots of unity derivative
of order n. For any m points based difference quotient A 4 f(x,h)/h™ of order n that approximates the nth
derivative f,(x) to highest rank, the next theorem computes exactly the first significant term in the Taylor
approximation.

Theorem 4.7 (Error estimation). Suppose A ={A1,..., Amn;a1,...,am} is the data vector corresponding to
a difference quotient A4 f(x,h)/h™ that approxzimates fy(z) to highest rank, for any m + n times (Peano)
differentiable function f. Then

AAf(Z’ h)

hn _fn(z) - (_l)erlal"'am'n! ' Jcm—FTn(nZ).hero(hm)'
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Proof. Using Taylor expansion and the m + n Vandermonde relations, we compute

A h m m—+n
‘A*Z% hanAfZ'Fa] )—%;AJ(Z fkk(!z)(ajh)k_i_o(hm—&-n))

k=0
m—+n m
1
e (2 el | e oy
k=0 7j=1

*fn(z)‘{’ jZIAJaj+ (m+n)'h +O(h )

To finish the proof, it suffices to show that Y7, A;a}"™™ = (=1)"*'a; - - ay,. Indeed, the equation (4.11)

L,
allows the replacement of al" by — > 71" ™" a;a]' ™" — ay, as follows:
m m—n—1
m+n om—i
E Aja’ E Aja] E a;a} Q)
j=1 i=1
m—n—1 m m
_ . omAn—i on
= E o; g Ajaj A, g A]aj
i=1 j=1 j=1
m—n—1

= - Z a;-0—ay, -nl=—a,  n!
i=1

=(=1)""a;---am,-n!. O

JS(z+h/2)—f(z—h/2)
h

Example 4.8. The symmetric derivative Dsf(2z) = limp_0 is a first generalized Riemann
derivative. Its data vector A = {1,—1;1/2,—1/2} satisfies the m + n Vandermonde relations (1)(1/2)* +
(—=1)(=1/2)t =6, -n),i=0,1,...,m+n— 1, for m = 2 and n = 1, where m is the number of base points
in A. Then the associated first difference quotient is a highest rank approximation of the first derivative of
any three times differentiable function f at z. Theorem 4.7 provides the error term in this approximation:

fe+2) - fz—%)
h

— f1(2) = (=1)%a1ay - 1! - %iﬁ +o(h?) = f3(4 2 pa | o(h?).

Let A ={Aj;a; | j =1,...,m} be the data vector of a nth generalized Riemann difference A 4. This
means that for an n times differentiable function f the difference quotient A 4f(z,h)/h™ approximates the
nth Peano derivative f,(z). When this is a highest rank approximation, Theorem 4.7 provides the error for
each m + n times differentiable function f. Recall that the rescale of A4 by a nonzero complex number s
is the difference A 4, where As = {s%4;;a;/s|j=1,...,m}.

The next corollary studies the behavior of the estimate given in Theorem 4.7 under rescaling the corre-
sponding highest rank generalized Riemann difference.

Corollary 4.9. Let A4 be a generalized Riemann difference of order n based at m points aq, ..., am, and let
Ay, be its rescale by a non-zero complex number s. Then

(i) A4, s also a generalized Riemann difference of order n.

(ii) If Aqf(z,h)/h™ approzimates f,(z) to highest rank for any m + n times differentiable function f,
then so does A4, f(z,h)/h™ and

A.As f(Z, h)

o — fu(z)=s5"™. (—1)7"“@1 gy Mhm o(h™).

(m +n)!
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Proof. Part (i) and the first half in Part (ii) is standard Vandermonde computation. The error estimation
comes from Theorem 4.7 applied to As. O

In particular, a rescale by an mth root of unity s leaves the error term unchanged, and one by a complex
number s of modulus one leaves the magnitude of the error term unchanged. The best numerical estimate
(m points based generalized Riemann derivative of order n) in Section 4.2 is then unique up to a rescale
by a complex number s on the unit circle. By the results in this section, the problem of finding the best
numerical estimate derivative translates into the following formal problem:

(P1) For all m-tuplets (ai,...,an) of complex numbers satisfying Theorem 4.3(ii), minimize |ay - --am
subject to min;«; |a; — a;| = 1.

This is equivalent to the problem

(P2) For all m-tuplets (a1, ..., an) of complex numbers satisfying Theorem 4.3(ii), maximize min;-; |a; —a;|
subject to |aj - - am| = 1.

It is not hard to prove that the additional condition that (a,...,a.,) is closest to the origin, coupled with
lay -+ - am| = 1, makes |a1| = -+ = |am| = 1. Problem (P2) is then reduced to the following easier problem:
(P2") For all m-tuplets (ay,...,a) of complex numbers of modulus one satisfying Theorem 4.3(ii), maxi-

mize min;; |a; — ajl.

Solution to Problem (P2’). The minimum distance between any two of m points on the unit circle is the
minimum distance between two consecutive points. This corresponds to the minimum of the m central
angles corresponding to consecutive points on the circle. The largest such minimum is attained when the
points aq, ..., a, determine a regular polygon, that is, when they are base points of a scale of an mth roots
of unity derivative. By Section 4.1, this is a highest rank approximation, so aq, ..., a,, satisfy the conditions
in Theorem 4.3(ii). The maximum of 2sin(7/m) is computed in Section 4.2. 0O

We have then proved the following theorem, which gives a different answer to the second question in
Section 4.2.1 when the base points are required to be on the unit circle.

Theorem 4.10. When the base points are required to be on the unit circle, for eachm =1,2,...,m — 1, the
mth roots of unity derivative of order n is the best numerical estimate m points based derivative of order n.
This is unique up to a rescale and a permutation of base points.

5. Numerical analysis and the classification of generalized Riemann derivatives

In this section we put together the classification of generalized Riemann derivatives of Section 2 and
the numerical analysis of generalized Riemann derivatives of Section 4. Specifically, given any two nth
generalized Riemann differentiations A and B that are either equivalent or imply each other, one obviously
suspects that the first significant terms in the approximations of the nth derivative by the nth difference
quotients corresponding to A and B are related to each other. This question has a nice answer, given in
Theorems 5.2 and 5.3, in the case when either A or both A and B correspond to highest rank approximations.

By Theorem 4.7, if A is the data vector of a highest rank m points based nth generalized Riemann
difference then, for an m + n times differentiable function f,
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_ n _ (_1ym+1 | fern(Z) m+n m+n
Aaf(z,h) — fo(z)h" =(=1)"""ay -+ am -n!- ——=h +o(h™TM). (5.1)

Fix a positive integer ¢, and recall that A 4f(z, h) is expressed uniquely as the sum
Auf(z,h) Z A0

of -components Aff’@f(z, h), for k=0,1,...,£ — 1, where

£—
1 ; .
A%”f@ﬁ)=z§: WM A LS (2,07 h)
7=0

is a type (k, ) difference of f at z and h. We average the products of the form w™"/ times (5.1) evaluated
at z and w/h, for j =0,1,...,¢ — 1, to deduce that

A(k é)f Z w(n k)j fn Z)hn
" (5.2)
1« iy fmin(2)
. (m+n—k)j —_1)yntl,, ... .yl dmAne) pmn m+n
= ngow (=)™ ay - am - n! (m+n)!h +o(h™T™).
Basic complex roots of unity computation show that
= . = ‘
7 Zw(”fk)j = 00,n—k mod ¢ and 7 Zw(”””*k)] = 00,m+n—k mod £- (5.3)
7=0 =0

The following lemma adds numerical perspective to the result of Theorem 3.1.

Lemma 5.1. Let A4f(z,h)/h™ be an m points based nth generalized Riemann difference quotient that ap-
proximates fn(z) to highest rank, for each m 4+ n times (Peano) differentiable function f. Then
(i) Ifn mod ¢ =k =m+n mod ¢, then

A f(z,h)

hn _f”(z) = (_1)m+1a1"'am 77,' Mhm—FO(hm)

(m +n)!

(ii) If n mod £ =k #m +n mod ¢, then

AGOf(z,h)

o — fu(z) = o(h™).

(iif) If n mod £ # k =m +n mod ¢, then

ALY f (. h) 4 fonn(2)
—A TN 7 (1) .nl. m m
o (=)™ ay - am - n! (m—l—n)'h + o(h™)
(iv) If n mod £ # k #m +n mod ¢, then
(k,0)
AA f(Z,h) — O(hm)

hn
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Proof. All parts follow from (5.2) and (5.3). O

Recall that each n times differentiable function f is A-differentiable, for each generalized Riemann deriva-
tive A of order n. In particular, the difference quotient A 4 f(z, h)/h™ approximates the ordinary nth (Peano)
derivative f,(z). Higher order of differentiability for f allows the computation of the error by Taylor ex-
pansion. For highest rank approximations, this error is computed in Theorem 4.7.

The next theorem is the numerical application of Theorem 2.4. It relates the error terms of any two gener-
alized Riemann derivatives A and B of order n for which A-differentiation is equivalent to B-differentiation,
when at least one of A and B corresponds to a highest rank approximation.

Theorem 5.2. Let A= {A1,...,Am,a1,...,an}, B={B1,...,B,,b1,...,b,} be the data vectors of two nth
generalized Riemann derivatives, for 1 <n < min{m, u}. Suppose A-differentiability <= B-differentiability,
and A is a highest rank approzimation, or

Aaf(zh)

FED)  fa(e) = (17t 222 g o,

for each m 4+ n times (Peano) differentiable function f. Then

(i) There exists a nonzero constant C' such that

ABf(Z7 h)

o — fu(z) =C(=1)™ay ---ay, -n! - L"Sj)'hm +o(h™),

for each m + n times differentiable function f.
(ii) If B is also of highest rank, then u =m and b1bs ...b,, = Caras ... any,.

Proof. (i) Let k, ¢ be integers with 0 < k < ¢. By Theorem 2.4,

Al h) ifk= s
A(Bw)f(% h) = e (1;4@) S ) v (5.4)
Ry A f(z,mxh)  otherwise.
When m mod ¢ =0 and k£ =n mod ¢, the above expression and Lemma 5.1(i) yield
Ag" (=) _ AL G
— fn(z) = ) fn(2)
4§ (5.5)
_ (_1)m+1a1 ey ) fm-‘rn( ) (Tkh)m + O(hm)
(m+n)!
When m mod £ =0 and k # n mod ¢, the same expression and Lemma 5.1(iv) yield
A fah) _ o ARG
The desired relation with C' = r* ., is obtained by adding (5.5) and all £—1 (5.6)s. When m mod £ # 0
and k =n mod ¢, the expression (5.5) and Lemma 5.1(ii) yield
AYY f(zh AWY f(z, b "
A f(zh) Fal2) = A frih) fa(2) = o(h™) (5.7)

h™ (’I"kh)n

When m mod ¢ # 0 and k # n mod ¢, the expression (5.4) and Lemma 5.1(iii)(iv) yield
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AP f(z,n)

AED h
o _ erg . A f(za’rk ) —

(rih)"
(5.8)
R (—=1)m+lgy .. amn!%’ﬁ(rkh)m +o(h™) ifk=m+n mod/,
o(h™) otherwise.
The desired relation with C = Ryr*™™ and k = m +n mod £ is obtained by adding (5.7) and all £ — 1
(5.8)s.
(ii) The hypothesis that B is a highest rank approximation translates into

1. fn+u(z)
- (ntp)!

ABf(Zv h)

hn — falz) = (=) by -2 by n h* + o(h*).
The result comes by identifying the rank and magnitude of the error term on the right side here and the

one on the right side in Part (i). O

The hypothesis in Theorem 5.2 does not imply the hypothesis in its Part (ii). This means A-
differentiability equivalent to B-differentiability and A is a highest rank approximation do not imply
that B is also a highest rank approximation. Indeed, suppose A = {A;;a;|i = 1,...,m} corresponds
to a highest rank approximation nth generalized Riemann derivative, and take B = (A + A;)/2, where
A ={s"A;;sa;|i=1,...,m} is the s-rescale of A. More explicitly, B is the 4m-vector

B={A4;/2;a;]i=1,... m}U{s "A4;/2;sa;|i=1,...,m}, (5.9)
subject to the reduction
{Ai/2;a;} U{s™"A;/2;sa;} = {(A; + s "A;)/2;a;} when sa; = a;. (5.10)

Since A-differentiation is equivalent to A-differentiation (see the paragraph following Theorem 2.4),
this clearly implies A-differentiation equivalent to B-differentiation. The choice ajas...a, # 0 and
s > (max |a;|)/(min|a;|) makes B precisely the 4m-vector given by (5.9), with no reductions (5.10). By
Theorem 5.2(i) and its proof, the rank of the approximation of f,(z) by the nth difference quotient deter-
mined B is m. Since B is based at 2m > m points, this is not a highest rank approximation generalized
Riemann derivative of order n.

The next theorem is the numerical application of Theorem 2.8.

Theorem 5.3. Let A = {A1,...,Am,a1,...,an}, B={B1,...,B,,b1,...,b.} be the data vectors of two nth
generalized Riemann derivatives, for 1 < n < min{m, u}. Suppose A-differentiability = B-differentiability,
and A is a highest rank approximation, or

AAf(Z7 h)
hn

fern(Z)

— fa(z) = (=1)" a1+ am -l (m+n)!

h’ﬂl +0(h7n)’
for each m 4+ n times (Peano) differentiable function f. Then
(i) There exists a nonzero constant C' such that

ABf(Zv h)

2 fa(z) = O™ ay - ag -l fm*i"ff)_’“” +o(h™),

for each m + n times differentiable function f.
(ii) If B is also a highest rank approximation and p > m, then either p > m and Cay...a,m = 0 or
pw=mand Cay...am =b1...by.
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Proof. (i) Let k, ¢ be integers with 0 < k < ¢. By Theorem 2.8,

AG S ) = 3O RIIAL f ), (511)

of r*9_dilates of AGY (2, k) such that 3, R*9(r%9)" = 1 when k = n mod £. When m mod £ = 0
and kK =n mod ¢, the above expression and Lemma 5.1(i) yield

AT f(z,h AR £z, n
Ba SNy o) = 3 REOkOy (24 ( (,f@h; ) 1)

- r n

! ! (5.12)
- Z RED (Oyn (_1ym+lg gl M(rgkv@)h)m + o(h™)

(m+n)!

When m mod ¢ =0 and k # n mod ¢, the same expression and Lemma 5.1(iv) yield

k.€) ke k¢
A( f 2, h ZR(kl (k E) AE4 )f(Z,TZ( )h) _ O(hm) (5 13)
(r(k’e)h)" .
The desired relation with C = 3, R*9 (7("ym+n and k = n mod ¢ is obtained by adding (5.12) and all
£—1 (5.13)s.
When m mod ¢ # 0 and kK =n mod ¢, the expression (5.11) and Lemma 5.1(ii) yield

(k,0) (k,0) (k,£)
Lo JEN 1) = 3 mEOpEOp (24 (T{,fi)’,:;n M (@) = o) (5.14)

When m mod ¢ # 0 and k # n mod ¢, the equation (5.11) and Lemma 5.1(iii)(iv) yield

AY g)f (z,h) R (kO Af’”f(z,ri’“’”h)
Z EOpyn
- (5.15)
Gyt (ri T h)™ - o(R™) i Llm +n — k,

{Zi RO (B yn(—1)mHlay - aynt o)

o(h™) otherwise.

The desired relation with C' = )", R(k Z)( (k, Z))"H‘" and k = m+n mod ¢ is obtained by adding (5.14) and
all £ —1 (5.15)s.
(ii) The hypothesis that B is a highest rank approximation translates into

ABf(Zv h)

o~ Fn(z) = (1) by byl S

The result comes by identifying the rank and magnitude of the error term on the right side here and the
ones on the right side in Part (i). O

6. Divisible groups, group algebras, and the proof of the main classification results
The proofs of the main classification theorems, Theorems 2.4 and 2.8 of Section 2, are given in Section 6.5.

These are based on Theorem 6.6 of Section 6.4, which reduces the equivalence and implication relations on
generalized Riemann differentiations to equality and containment of principal ideals of the group algebra of
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the multiplicative group of complex numbers over the complex field. Properties of divisible groups, a class
of groups related to the multiplicative group of complex numbers, are reviewed in Section 6.1, and those of
group algebras are studied in Sections 6.2 and 6.3.

6.1. Divisible groups

The standard way of writing the operation in an abelian group is additive. An abelian group G is divisible
if for any g € G and any positive integer n, there exists h € GG such that nh = g. For example, the additive
groups Q, R and C are divisible, and the same is true about the factor group Q/Z and its quasicyclic
subgroup

Cpoo—{%+Z:t20,a—0,1,...,pt1},
P

where p is a prime number. Multiplicative examples of divisible groups include the group C* of non-zero
complex numbers and its subgroup U = {z € C : |z| = 1}. If U, is the group of all nth complex roots of
unity, then both U, = Uy~ U, = {€*™" : ¢ € Q} and Up~ = (g, Upr are divisible groups. The map
q — €™ : Q — C* induces isomorphisms Q/Z = Ug, and Cpe = Upe. The multiplicative group R*
of non-zero real numbers is not divisible, since —1 is not the square of any real number. By contrast,
the multiplicative group R of positive real numbers is a divisible group, since it is isomorphic to R via
exponentiation.

An abelian group is indecomposable if it is not the direct sum (product) of two non-trivial subgroups. For
example, Zs is indecomposable, while Zg = 3Z¢ @ 2Z¢ = Z2 X Z3 is not. Divisible groups have the property
that they are injective Z-modules. Equivalently, they are direct summands in all abelian groups that contain
them. The fundamental theorem of divisible groups says that an indecomposable divisible group is either
isomorphic to Q or to Cpe for some p, and each divisible group is a direct sum of indecomposable divisible
subgroups. In particular, each divisible group G is the direct sum

G =G ®Gs

of two characteristic divisible subgroups: G; is the torsion subgroup of G and consists of all elements of G
of finite order; it is the sum of all indecomposable divisible subgroups of G that are isomorphic to Cpe for
some p. Gy is torsion free; it is the sum of all indecomposable divisible subgroups of G that are isomorphic

to Q.
Example 6.1. (i) Let G = (R, +). Then G; = (0) and G = Q(®) where ¢ = 2%. This means that R = G is
the direct sum of continuum many copies of Q.

(ii) Let G = U. Then Gy = Usn(= Q/Z = @, ,yime Cp) and Gy = Q) (= R).

(iii) Let G = C*. Then G = U x R*, hence G} = Ug, and Gy = Q).

Note that each type Cp indecomposable summand of G; in Parts (ii) and (iii) of the above example
has multiplicity one.

6.2. Group algebras

Let k be a field and G is a group. The group algebra kG is the vector space

kG = span, G = Z agq9 : ag € k, all but finitely many non-zero
geG
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of basis G, where the multiplication is given by the multiplication of basis elements, which is the multipli-
cation in G. When G is a semigroup or a monoid, the same definition makes kG a semigroup algebra or a
monoid algebra. For example, the monoid algebra kM of the multiplicative monoid M = {1, z,22,...} = N
of nonnegative powers of a variable x is nothing but the polynomial algebra k[z]. Since (M, ) = (N, +), we
have kN 2 k[z]. In the same way, the group algebra kZ 2 k[2%] is isomorphic to the Laurent polynomial al-
gebra k[z,z~ '], and the group algebra kQ is isomorphic to the generalized polynomial algebra k[z2] in one
variable, where rational exponents are allowed. Based on these observations, for an abelian group G whose
operation is written additively, we shall prefer its isomorphic multiplicative copy . The group algebra of
a direct sum of groups is the tensor product of the group algebras of the individual terms. The same is true
for semigroups or monoids. For example, k[N x N| 2 k[zNyN] = k[z, y] = k[z] ®k k[y] = k[N] @ k[N].

An element e of a ring R is an idempotent if €2 = e. The elements 0 and 1 are always idempotents. An
idempotent is primitive if it cannot be written as a sum of non-zero idempotents. A complete system of
primitive idempotents of R is a set of primitive idempotents that add up to 1. It is the set consisting of
the identity elements of the summands in a decomposition of R as a direct sum of indecomposable ideals.
For example, a complete set of primitive idempotents in Zg is {e; = 3,ea = 4}. They correspond to the
decomposition Zg = 3Zg @ 4Z¢ = Zo X Z3 of Zg as a direct sum of indecomposable ideals. A ring R is
indecomposable if and only if 0 and 1 are its only idempotents; equivalently, if and only if 1 is a primitive
idempotent. The ring Z,, is indecomposable if and only if n is a power of a prime. If n = p{* - - p%r, then
Z,, has 2" idempotents and r primitive idempotents; in this case Z,, is a direct sum of r indecomposable
ideals.

For the remaining of the section, k = C is the field of complex numbers and G = C* is the multiplicative
group of non-zero complex numbers. To avoid confusion with complex numbers being both scalars and group
elements, we denote the field elements a, b, ... € k and the group elements z,, s, ... € G. The group algebra
kG is the k-algebra generated by elements x, with a € G and subject to the relations z,x, = 24, for all
a,b € C*. Recall that the group G decomposes as the direct sum G = G & G2 of its torsion subgroup

Gi=Un=|JUn2 @ Upe=Q/22 P Cp
n=1

p prime p prime

and the torsion-free subgroup Gy = Q(©) = (xQ)(C). This in turn gives the tensor product decomposition
kG = H{G1 ®]k kGQ
The algebraic structure of kGy is quite clear: this is a tensor product of continuum many factors all
isomorphic to ]k[x@], or a generalized polynomial algebra over k in continuum many indeterminates where
rational exponents are allowed.
Turning to the factor kG; = Q)

turn yields kU, C kU,. If w,, = €*™/™ is a primitive nth root of unity, then w;

kU, , we first notice that m|n is equivalent to U, C U,, which in
/m

p prime
= wy,. The cyclic group
U,, = (wy) has order n and the group algebra kU, is n-dimensional over k.

The following proposition gives information about the idempotents of kU,,.

Proposition 6.2. (i) The elements

1nfl
= M i k=0,1 1
ek’n.—ﬁ Wp'Tyi,  fork=0,1,....,n—1,
i=0

form a complete set of primitive idempotents and a k-basis of the group algebra kU,.
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(ii) If n=4m and t =0,1,...,m — 1, then
-1
Ct,m = Zemj+t,n~
§=0

In particular, the group algebra kU,~ =k [Uzozl Upn] has no primitive idempotents.

Proof. (i) It is routine computation checking that the ey, are orthogonal idempotents. In particular, they
form a linearly independent subset, hence a basis, of the n-dimensional group algebra kU,,. (ii) We have

-1 -1 1 n—1 1 n—1 [£-1
)i .. ”
E emjt+tn = E ﬁ § w§LMJ+ )waz} — E E g w:LnJl wnzl,w%/.

j=0 j=0 i=0 i=0 \j=0

The sum in the last parenthesis is Zf;é wzi. This equals ¢ when £|i, that is, when ¢ = ¢s for some s =

0,1,...,m — 1, and it equals zero in all other cases. Then
-1 1 m—1 1 m—1
§ : tls ts
Emj+t,n = g (f) Wy, xwﬁs = E W%l’wi, = €t,m- O
7=0 s=0 s=0

We let the idempotents in Proposition 6.2(ii) label the vertices of a simple two-level tree graph, with a
parent e;,, and ¢ children e;,j4¢n, for j =0,...,f — 1. For a prime p and various nonnegative integers r,
by taking n = p”, m = p"~! and ¢ = p, these simple trees match together to form an infinite p-splitting tree
of idempotents in kCpe where the sum of the children of each node equals the node. The tree is rooted at 1
and has p" nodes at the rth level, corresponding to the p” primitive idempotents in kC),-. The figure below
shows this graph when p = 2.

The next corollary gives a surprising expression of the group algebra kC* as a tensor product of a group
algebra of a torsion group and a group algebra of a torsion-free group.

Corollary 6.3. For each prime p, we have kC* = kUp~ @ kR™.

Proof. Recall from earlier in the section that kUg, = ®p prime kUp~. By Proposition 6.2, both algebras
kUsn and kUp~ have countable dimensions over k, are generated by idempotents, and do not have any
primitive idempotents. A theorem of D. Berman (see [41, Chapter 14, Theorem 3.8]) makes them isomorphic.
The rest comes from the isomorphism kC* = kU, ® kRT deduced earlier. O

6.8. The group algebra A = kC* and the monoid algebra B = kC

Let A be the group algebra over k of the multiplicative group of non-zero complex numbers introduced
in the previous section and let B denote the k-monoid algebra of the multiplicative monoid of all complex
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numbers. Then B is obtained from A by adjoining the absorbing basis element xy. As in real case, see [13],
we show that the questions of implication or equivalence of complex generalized Riemann differentiation
translate into principal ideals in A or B.

Adding to the properties of A deduced in Section 6.2, here are a few more basic facts about the algebras
A CB:

e The identity element in both A and B is ;.

o The basis elements x,, for r € C*, are units (invertible elements) of A, but these are not the only ones.
We call them the trivial units of A.

o If r is a complex nth root of unity, then z; — z,. is a zero-divisor of A; we have (z1 — z,.)(x1 + 2, + 22 +
vt =2 — 2 =32 — 2 =21 — 21 = 0.

o Let V=3 i ka,. Then the dual k-space V* is isomorphic to the k-space of functions k — k via
peV*s fik =k, f(r)=o(z).

e The element o = z_; is the unique element of B of order 2.

o The sets w(A) = {d Ajz,, € A:> A, =0} and w(B), defined in a similar manner, are ideals of
codimension one in A and B, called the augmentation ideals of these algebras.

The following lemma gives an expression of all units in A as linear combinations of trivial units of the
indecomposable summands of A determined by the idempotents e ,,. These trivial units are expressed as

n—1
_ 1 ki
€Ty = — W' T i s
n “ n
1=0
where n and k are integers with 0 < k <n — 1, and r is a positive real number.

Lemma 6.4. For each unit u of the group algebra A = kC*, there exists a positive integer n such that u is
expressed as the linear combination

n—1

u= E ApernTr,,
k=0

where the coefficients Ay are non-zero complex numbers and ry, are positive real numbers, for all k.

Proof. Recall that A = kUs, ®x kRT = J 2, (kU, @k kR™") and let A,, be the subalgebra of A that cor-
responds to kU,, ® kR™* under this isomorphism. Then u € A,,, for some n. The primitive idempotents ey ,,
give rise to a direct sum decomposition A, = @Z;éek,nAn of indecomposable ideals ey ,A,,. In particular,
u = Z;é ug, where uy, is a unit in e , A, = ej kU, ®x kR*. Since e ,kU,, is one-dimensional and kR*
is a torsion free group, a theorem of Bovdi in [18] (see also Passman [41, Chapter 13, Theorem 1.11]) makes
all units in ey , A, trivial, that is, non-zero scalar multiples of group elements. Then uy = Agex nr,, for a

non-zero complex number Ay and a positive real number r,. O
6.4. Group algebras and generalized Riemann derivatives

For a complex function f, each element a@ = Y A;z,, of B corresponds uniquely to the difference
Ao f(z,h) =3, A f (4 a;h). If this is an nth generalized Riemann difference, then A, f(z,h) = A4 f(z, h),
where A = {4;;q;| for all i}, and the a-derivative of f at z, given by

D, f(z):= lim Baflzh)

h—0 hn ’
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is nothing but the generalized Riemann derivative D 4f(z).

For each non-zero r in k*, define d, = %(mr —z_,) and e, = %(l’r + x_,). Then a = d; corresponds to
the first symmetric difference A, f(z,h) = 3{f(z+h) — f(z — h)}; @ = 1 — o corresponds to the ordinary
first difference A, f(z,h) = f(z + h) — f(2); and when k = R, a« = dy + A(e, — ), where A,r € k*,
corresponds to the first order generalized Riemann difference

flw+h)— f(x—h)+ Alf(x+7rh) + f(x —rh) — 2f(z)]
2

Aaf(z,h) =

considered in [12]. Note that d, does not correspond to a generalized Riemann derivative, for r # 1, and
the same is true about e,., for each complex number r.

The following lemma relates generalized Riemann differences to elements of the augmentation ideal w(B).
In this way, it provides the tool for separating the a-differences that are scalar multiples of generalized
Riemann differences from those that are not.

Lemma 6.5. Let o« = > A;zq, be a non-zero element of B and let A, f(z,h) be the difference corresponding
to it. Then

(i) If Ao f(2z,h) is a generalized Riemann difference, then o € w(B).

(ii) If @ € w(B), then there exists a unique nonzero complex number a such that a *A.f(z,h) is a
generalized Riemann difference.

Proof. (i) If A,f(z,h) is a generalized Riemann difference, then o € w(B) by the first Vandermonde
condition.

(ii) Suppose « is a non-zero element of w(B). Then by the linear algebra of Vandermonde systems, there
exists a positive integer n such that Aja? is a non-zero number a. If n is taken minimal with this property,
then a=*A, f(z,h) is a generalized Riemann difference. 0O

Suppose «a, § € w(B) and z is a complex number. We will write o 8 if for each measurable function f,
D, f(z) exists = Dgf(z) exists, and § ~ « if the converse also holds. The ideal of B generated by «
is denoted by («). Write o = > A;z,, and let o, = ax, = Y A4, be the dilate of a by r € k*. Note
especially that («) = () is the span of the dilates of «, i.e., dilates are associate. For each r € k, a function f
is a-differentiable at z if and only if it is «,-differentiable at z. This means that the equality of some
principal ideals of B corresponds to the equivalence of the generalized differentiations corresponding to their
generators. We shall see that the same is true in general. The support of « is the set supp(a) = {a; | A; # 0}.

The following theorem writes the implication and equivalence of complex generalized Riemann differen-
tiations in terms of inclusion and equality of principal ideals of the algebra B = kC of the multiplicative
monoid C.

Theorem 6.6. Let A, B be data vectors of complex generalized Riemann derivatives of orders m and n, and
let a, B be the elements of w(B) corresponding to them. Then

(i) at B if and only if m =n and () 2 (B);

(ii) a ~ B if and only if m =n and (o)) = (B).

Proof. Part (ii) is a consequence of Part (i). We first prove Part (i) under the assumption m = n, and then
show that the remaining cases m > n and m < n of the direct implication are impossible.
Suppose m = n. When («) 2 (8), write 8 =a ), Ayx, = > Ay, as a linear combination of translates
of a. If a function f is a-differentiable at z then f is S-differentiable at z and Dgf(z) = >, A, Da, f(2).
Conversely, we assume (o) 2 (8) and construct a function f such that D, f(0) exists but Dgf(0) does
not exist. Let G be the subgroup of k* generated by all nonzero a;’s and b;’s. Then G is countable while
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the factor group k* /G is not. Then there exists a sequence {s,,},>1 of representatives of cosets of G in k*
such that lim,_, s, = 0. Since z,, is a (trivial) unit in B, we have (5 := Sz, ¢ («), for all n. We claim
that the Sy, ’s are linearly independent modulo («). Indeed, if > A\, 5, € (@), with A, € k, then this can be
expressed as Y A\pfBs, = &> 4Ty, for u; € k and r; € k*. For each n, let o, be the sum of all terms p;x,,
with r; € Gsy,. Then >_ A\, 0s, = ad 0, =Y, aos, . Since the supports of o and 3 are contained in G, the
supports of 35, and ao,, are included in Gs,. By the uniqueness of expression of a group algebra element
as a sum of elements with supports in distinct cosets of a subgroup, we deduce A\, 3;, = aos, for each n. If
A # 0 for some n, then B;, = A\, 'ac,, € (a), a contradiction, and the claim is proved.

Let V = Zrek kz,, and recall that the dual space V* = Homy (V, k) is linearly isomorphic to the space
of functions Func(k) = {f|f : k — k} via the map 0 € V* maps to f € Func(k) such that f(r) = 6(z,), for
all € k. Let W be a complement of the subspace (a) @Y kfs, in V, and let § : V' — k be the linear map
defined as zero on both (a) and W, and (S, ) = 1, for all n. Then the complex function f that corresponds
to 6 under the above isomorphism has A, f(0,h) = > A;f(ah) = > Aib(xa,n) = 0 (> Aixa,n) = 0(ap).
As ap, = axp, € (@), the last term of the above chain is zero, so D, f(0) = limp 0 Ay f(0,h)/A™ = 0. Also,
Agf(0,8,) = > Bif(bisn) = >, Bifl(xp,s,) = 0 (> Bixp,s,,) = 0(Bs,,) = 1, for all n, implies that the limit
lim,, 00 Agf(0, 5,) /80 = limy, 00 1/5] is not a finite number, and so Dgf(0) does not exist.

Suppose m > n and « - 8. Let F be the subfield of C generated over the rationals by all a;’s and all
b;’s. Define a function f by f(z) = 2™x(z), where x is the characteristic function of the subset F of C.
Then f(h) = o(h™) as h — 0, making f is n times Peano differentiable at 0, hence g-differentiable at 0 and
Dsf(0) = fn(0) = 0. On the other hand, taking h € F makes D, f(0) = m! and taking h € C \ F makes
D, f(0) =0. Then f is not a-differentiable at 0, a contradiction with the hypothesis (i).

Suppose m < n and « - 3. Then the mth Vandermonde conditions, Y A;af = m! for o and > B;b* =0
for 8, show that « is not a linear combination of dilates of 5. This means that (8) 2 («) and, as we did in
the first part of the proof, this leads to contradiction by constructing a function f such that Dgf(0) exists
but D, f(0) does not exist. O

6.5. Proof of the main classification theorems

Before we proceed with the proofs of the Theorems 2.4 and 2.8, the following two examples both illustrate
the result of Theorem 6.6 and give insight on how this is going to be used in the above mentioned proofs.
Given an element « in w(B), both examples classify all elements 5 in w(B) for which S-differentiation
is equivalent to a-differentiation. Recall from Lemma 6.5 that for each § in w(B), there exists a unique
nonzero scalar multiple of 8 that corresponds to a generalized Riemann derivative. Also, if a corresponds
to a generalized Riemann derivative, then so too does %owcr = %ar, for r € k.

Example 6.7. Consider the cyclic subgroup Us; = {£1} of k*. Pick £ = 2 and observe that the primitive
idempotents

1 1
€0 = €2 = 5(961 +2_1)=e and e =e 2= 5(331 —r_1)=d;

of the group algebra kU, extend to orthogonal idempotents of B that add up to 1.

Let o = 21 — xo be the element of B corresponding to the first difference A, f(z,h) = f(z + h) — f(2).
Then a-differentiation is the same as ordinary differentiation. We compute

1 1
g0 = 5(551 +z-1)(r1 — 20) = §(x1 +21) = xo = €1 — o,

g1 = 5(:61 —z_1)(z1 — 20) = 5(551 —ro1)=d
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to deduce that (a) = (g9a) ® (e10) = (€1 — o) ® (d1) = (e1 — o, d1).
An element 5 of B = Beg @ Be; has the expression § =¢g¢f +¢18 = (O Arar)er + (O Bsas)dy + Cxo,
where r, s # 0. The condition 5 € w(B) makes > A, + C =0, so

B = (Z Arzy)(er — o) + (Z Bgxs)d;.

This leads to g8 = (> Ay, )(e1 — x0) and €18 = (> Bsws)dy, which in turn yields (8) = (3 Aray)(er —
20)) ® (> Bsxs)dy). By Theorem 6.6(ii), a-differentiation equivalent to S-differentiation translates into the
equality of ideals () = (8). This is the same as the equality of their components

(ex —x0) = (O Aray)(e1 — m0)) and (dy) = (O Baws)da).

It follows that > A,x, and Y Bsx, are units in B, so by Lemma 6.4 they are sums of trivial units of the
indecomposable components of B. Writing > Az, = Az, (e1 — x¢) + Bx,d, for complex numbers u and v,
allows a recalculation of the first component of 8: (> A,x,)(e; — zo) = (Azy(e1 — xg) + Baydy)(e1 — xp) =
Az, (e1 —xg) = A(ey, — o). A similar computation simplifies the second component of 3 as (> Bsxs)dy =
Bd,,. Thus 8 = A(e, — x0) + Bd,. It corresponds to a first generalized Riemann difference precisely when
the first Vandermonde condition A(% + 5%) + B(% — 52) = 1, or B = 1, is satisfied. It follows that the first

2
order derivatives Dg, for

1
8= A(eu - xO) + ;dva

are all possible generalized Riemann differentiations of a function f at z that are equivalent to ordinary
differentiation. When k = R, we recover the result of [12, Theorem 1].

The next example shows that the symmetric derivative is implied by many generalized Riemann deriva-
tives, but it implies only rescales of it.

Example 6.8. Let « = dy and let 8 = (3. Ayx,)(e1 — xo) + (O Bsxs)dy be a generic element of w(B)
equivalent to a. As in Example 6.7, we first deduce (8) = (3] Arar)(e1 — x)) ® (3. Bsxs)dy), and then
write the equality of ideals (8) = («) implied by Theorem 6.6, componentwise, as

(3" A1 — 20)) = (0) and (3 Bo)dy) = (dy).

The first equality makes > A2, = 0; the second makes > Bsxs a unit in B, hence by Lemma 6.4, it is a sum
> Bszs = Ayxy(e1 — xg) + Byaydy of trivial units of the indecomposable components of B. Multiplication
by d; yields (> Bsxs)dy = Byxydy = B,d,. All these simplify the expression of 8 as 8 = B,d,. Finally, the
first Vandermonde condition, B, (%) — B,(5%) = 1 or B, = 1, makes 8 = 1d,. In conclusion, the generalized
Riemann derivatives equivalent to the symmetric derivative are all its rescales.

We are now ready to give the proofs of the Theorems 2.4 and 2.8. Both proofs rely on the result of
Theorem 6.6 and the decomposition B = @ﬁ;ﬁek,gB of the algebra B as a direct sum of ideals. This
decomposition is inherited from a similar decomposition in A, which in turn comes from the decomposition
of kUy. If o is an element of B, then o = Zf;t ek, ¢ is the unique decomposition of o as a sum a = Zi;}) ag,
with oy, € e ¢B. The term oy = ey ¢ is the kth component of o.

Proof of Theorem 2.4. Let «, 8 be the elements of w(B) corresponding to A and B. Theorem 6.6(ii) trans-
lates the equivalence of A-differentiation and B-differentiation into m = n and the equality («) = (8) of
principal ideals of B. This in turn says that 8 = wua, for some unit v of B. By Lemma 6.4, u is expressed
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as u = Zf;_:h Agek oy, , with Ay € k* and 7, € RT. It follows that 8 = Zi;% Agey oz, . By taking the
kth components of o and 3, this reads as 8, = Ager ¢xr, 0 = Apxy, o, Or fi is a nonzero scalar multiple of
the ri-dilate of ay, for each k. Since m = n, Proposition 2.2 makes the components ay and S, when k =n
mod ¢, correspond to nth generalized Riemann derivatives, so 8y = r, "ap®y,. O

Proof of Theorem 2.8. By ring theory, each ideal I of B = @i;geMB has a unique decomposition I =
Di_per,el as a direct sum of ideals of the components of B. In particular, () = @{_{(ax) and (8) =
@4_o(Br). By Theorem 6.6(i), the assertion in Part (i) translates into m = n and (a) 2 (8). Basic ideal
theory makes this is equivalent to (ax) 2 (B%), for all k. In particular, S is a linear combination Sy =
> Riogxy, of dilates of ay. This is equivalent to the first identity in Part (ii). The second identity comes
from Lemma 3.6(ii). O
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