MIXING RANK-ONE ACTIONS OF
LOCALLY COMPACT ABELIAN GROUPS

ALEXANDRE [. DANILENKO AND CESAR E. Sinva

ABSTRACT. Using techniques related to the (C, F')-actions we construct explicitly
mixing rank-one (by cubes) actions T of G = R x Z% for any pair of non-negative
integers di, da. It is also shown that h(Tg) = 0 for each g € G.

0. INTRODUCTION

Mixing rank-one transformations (and actions of more general groups) have been
of interest in ergodic theory since 1970 when Ornstein constructed an example of
mixing transformation without square root [Or]. His method was used later as the
core of a number of other remarkable constructions (see [Rul], [Ru2], [Ho|, [Ju],
[Ma], [Pr], [Da3|, etc.) Since then the dynamical properties of mixing rank-one
transformations have been deeply investigated. It is now well known that such
transformations are mixing of all orders [Ka], [Ry1] and have minimal self-joinings
of all orders [Ki], [Ryl]. This implies in turn that they are prime and have trivial
centralizer [Ru2]. The results on multiple mixing were extended to rank-one mixing
actions of R? and Z? [Ry1]-[Ry3] and to rank-one mixing actions of a wide class of
discrete countable Abelian groups having an element of infinite order [JuY].

Despite this progress, not so many concrete examples of rank-one mixing ac-
tions are known. Most of them were obtained via stochastic cutting-and-stacking
techniques using “random spacers”. These include the historically first Ornstein’s
family of mixing Z-actions [Or], and the more recent examples of mixing R-actions
[Pr] and actions of infinite sums of finite groups [Da3], as well as del Junco-Madore
actions of Abelian extensions of Z¢ by locally finite groups [Ju], [Ma]. The lat-
ter actions were only shown to be weakly mixing but conjectured to be mixing in
[Ma]. While demonstrating the existence of mixing rank-one actions (which is a
non-trivial problem!), these works do not exhibit a specific such transformation or
action. In 1992 Adams and Friedman [AF] gave a non-random algorithm that leads
to a mixing rank-one construction. Using the ideas from that unpublished manu-
script Adams [Ad] proved in 1998 the old conjecture that the classical staircase is
mixing. That gave the first explicit example of mixing cutting-and-stacking trans-
formation. Higher dimensional mixing staircase Z%actions were later constructed
in [AdS]. We note that the complete proof of the fact that they are mixing was
given there only in dimension d = 2. As one of the consequences of our work, we
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complete the proof for all d > 2 (see Remark 4.12 below). Recently, a more general
family of mixing “polynomial” staircase Z-actions was constructed in [CrS]. An-
other interesting non-random construction appears in a recent work [Fa] devoted
to smooth realizations of mixing rank-one flows on the 3-torus.

Our main purpose here is to construct explicitly a family of mixing rank-one
actions of R“ x Z4% for all non-negative di and do. It seems plausible that Orn-
tein’s stochastic method also can be adapted to produce mixing rank-one actions
of these groups. We note however that our construction is more general and the
‘randomness’ can be incorporated into it (see [CrS] and [Da3] for a detailed discus-
sion on that for Z-actions and actions of infinite sums of finite groups respectively).
Moreover, the main advantage of our approach is that the examples in our family
are ‘absolutely concrete’, i.e., the parameters in the construction are all explicitly
specified—the ‘spacer mappings’ are polynomials with known coefficients.

As a corollary we show that this family includes all the examples of mixing rank-
one Zd-actions constructed previously in [Ad], [AdS] and [CrS]. Our approach is
based on ideas that first appeared in those three works. However, in this paper
we proceed entirely in the framework of (C, F')-actions for locally compact second
countable (l.c.s.c.) Abelian groups, and in fact we develop a large part of the
theory in the more general context of these actions. In particular, we encounter
here some new problems that are specific to higher dimensions and the continuity of
the groups. Recall that the (C, F')-construction of finite measure-preserving actions
of discrete countable amenable groups appeared in [Ju| as an algebraic counterpart
of the “geometrical” cutting-and-stacking method developed for Z-actions. Later it
was used (in a modified form) by the authors in the framework of infinite measure-
preserving and non-singular countable Abelian group actions, as a convenient tool
for modeling examples and counterexamples with various properties of weak mixing
and multiple recurrence (see [Dal], [Da2], [DaS]).

Let G be a non-compact l.c.s.c. Abelian group and 7' = (Ty)4ecc @ measurable
action of G on a standard probability space (X, B, u).

Definition 0.1. T is said to be mizing if for all subsets A, B € B we have

(0-1) lim u(T,AN B) = p(A)u(B).

g—)OO

A sequence g,, — oo in G is called mizing if (0-1) holds along g,, as n — oc.

Notice that an action is mixing whenever each sequence converging to infinity in
G contains a mixing subsequence.

Definition 0.2.

(i) A Rokhlin tower or column for T is a triple (Y, f, F'), where Y € B, F'is a
relatively compact subset of G and f : Y — F'is a measurable mapping such
that for any Borel subset H C F' and an element g € G with ¢+ H C F,
one has f~1(g+ H) =T,f ' (H).

(ii) We say that T is of funny rank-one if there exists a sequence of Rokhlin
towers (Y, fn, Frn) such that lim,, . 1(Y,) = 1 and for any subset B € B,
there is a sequence of Borel subsets H,, C F}, such that

lim pu(BAf; ' (Hy)) = 0.
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(iii) If G = R% x Z9, T is of funny rank-one and, in addition, the subsets F},
from (ii) are as follows

F,={(t1,.. . ta,+t,) €EG|0<t; <a, foralli=1,...,dy + do}

for some a,, € R, n =1,2,..., then we say that T is of rank-one (or rank-one
by cubes).

It is easy to see that any funny rank-one action is ergodic.

Note that what we call funny rank-one is called rank-one by del Junco and
Yassawi in case G is discrete and countable and G # Z [JuY].

The paper is organized as follows. In Section 1 we extend the concept of (C, F)-
action introduced for countable discrete groups (see [Ju], [Dal]) to the class of
l.c.s.c. Abelian ones. It is distinguished a special family of such actions whose mix-
ing properties will be under investigation in subsequent sections. In Section 2 we
introduce a concept of uniformly mixing sequence and prove a fundamental lemma
(Lemma 2.2) linking the uniform mixing along some special sequences with Cesaro
means for the ‘spacer mappings’. Then we find a sufficient condition for the total
ergodicity of the actions under considerations. We also start to check the uniform
mixing property for some special sequences. In particular, we show that if a se-
quence is of ‘moderate growth’ relative to a fixed Fglner sequence in G then (under
some extra conditions on G and the action) it is uniformly mixing (Lemma 2.9).
Section 3 is devoted to the actions with restricted growth—the property which was
phrased explicitly in [CrS] for G = Z but used already in [Ad] and [AdS] in an
implicit form. We note that our definition of restricted growth differs from that
introduced in [CrS] (the latter does not extend from Z- to arbitrary l.c.s.c. Abelian
group actions). However they are equivalent for polynomial staircase actions. Theo-
rem 3.5 provides a sufficient condition for the (C, F')-actions with restricted growth
to be mixing. We also included here a couple of statements (Lemmas 3.9-3.11)
facilitating verification of this condition for the R% x Z?-actions to be constructed
in the next section. Section 4 contains the main results of the paper: Theorems 4.9,
4.10, 4.11 and 4.13 which provide families of mixing rank-one actions of R¢ with
d > 1, R, Z* and R4 x Z% respectively. Every such action is determined com-
pletely by a sequence of positive integers (r,,)52; (corresponding to the sequence of
‘cuts’ in the cutting-and-stacking construction) and a sequence (s,,)5%; of ‘mono-
tonic’ polynomials of dy + ds variables (corresponding to the sequence of ‘spacer’s
maps’ on the n-th step). The sequences are chosen in the following way: (r,)52 is
any sequence of sub-exponential growth with lim,, ., 7, = oo and (s,)52; consists
of some specially selected quadratic polynomials from Example 4.2. Moreover, if
dy # 1 (and only in this case) then (s,)5%; can be chosen constant. If d; =1 then
(8n)5% 4 can be chosen consisting of two alternating polynomials. Furthermore, us-
ing our techniques plus the Hilbertian van der Corput trick we can also treat a more
complicated case where (s,,)5%; consists of polynomials of degree > 2 (see Propo-
sition 4.14). Example 4.15 provides a family of rank-one mixing transformations
including the polynomial staircases from [CrS]. In the final section (Section 5) we
show that the actions constructed in § 4 have ‘very weak’ stochastic properties—the
entropy of any individual transformation from such actions is zero. This fact holds
for any rank-one (by cubes) action. However, it is no longer true for a more general
class of actions of rank-one ‘by rectangles’ (see [Rul] for a counterexample).
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1. (C, F)-ACTIONS OF LOCALLY COMPACT ABELIAN GROUPS

In this section we introduce the (C, F')-actions of l.c.s.c. Abelian groups and
specify a subclass of them (see Definitions 1.2 and 1.4). We explain how the classical
cutting-and-stacking transformations are included into this subclass (Remark 1.6).
The aim of the paper is to show that this subclass contains mixing actions.

Let G be a l.c.s.c. Abelian group. Denote by Ag a (o-finite) Haar measure
on it. Given two subsets FE, F C G, by E + F we mean their algebraic sum, i.e.
E+F={e+ f|ec E,f € F}. The algebraic difference E — F is defined in a
similar way. We hope that the reader will not confuse it with the set theoretical
difference E \ F. If E is a singleton, say £ = {e}, then we will write e + F for
E+F.If (E—E)N(F—F)={0} then E and F' are called independent. For an
element g € G and a subset E C G, we set E(g) = EN(E — g).

To define a (C, F)-action of G we need two sequences (F},),>0 and (Cy,)n>0 of
subsets in G such that the following hold

1) Fy C Fy C Fy C --- is a Fglner sequence in G,
2) C,, is finite and #C,, > 1,

‘3) Fn+Cn+1 - Fn+17

4) F,, and C), 11 are independent.

We put X, := F,, x [[,-,, Ck, endow X,, with the standard product Borel o-
algebra and define a Borel embedding X,, — X,,11 by setting

(1'5) (fnucn+17cn+27 .. ) — (fn + Cn+1,Cn+2,--- )

Then we have X; C Xy C ---. Hence X :=|J,, X;, endowed with the natural Borel
o-algebra, say B, is a standard Borel space. Given a Borel subset A C F;,, we
denote the set

{reX|x=(fn cnt1,Cny2...) € X, and f, € A}

by [A], and call it an n-cylinder. It is clear that the o-algebra 9B is generated by
the family of all cylinders.

Now we are going to define a measure on (X,B). Let k,, stand for the equidis-
tribution on C, and v, := (#Cy---#C,)"*\g | F, on F,,. We define an infinite
product measure u, on X, by setting

Hn = Vn X Kpg1 X Kpgo X000y

n € N. Then the embeddings (1-5) are all measure preserving. Hence a o-finite
measure g on X is well defined by the restrictions u [ X,, = pn, n € N. To put it
in other way, (X, u) = injlim,, (X, 1 ). Since

Vny1(Frt1) (X,) = Ac(Fy1)

n Xn - n n Xn 5
a +1( +1) Vn—l—l(Fn +Cn+1) )\G(Fn)#cn—i—llu ( )
it follows that p is finite if and only if
7 n /\G n+1 F + Cn—|—1))
1-6 +1) < 00, i.e. < 0
(1-6) H )\ #Cn+1 Z )#Cn+1



For the rest of the paper we will assume that (1-6) is satisfied. Moreover, we choose
(i.e. normalize) A\g in such a way that p(X) = 1.

To construct a measure-preserving action of G on (X, u), we fix a filtration
K; C Ky C -+ of G by compact subsets. Thus (J,_, K,, = G. Given n,m € N,
we set

DY = ((F — Km) N Fy) x [] Ck € X, and

k>n
R = ((Fo + Kp) N Fy) x [ Ck € Xon.
k>n

It is easy to verify that
D™ < DM c DY and R™), ¢ RM c RV,
We define a Borel mapping

Ky x DMWY 5 (g, 2) — ”)gx e R

by setting for = (fn, ¢nt1,Cnr2,---),
TS (frs Cntts Cnga - -) = (94 Fas g1, Cngas - )
Now let D,,, :=,—, DI and R,, := U, R Then a Borel mapping
Kp x Dp, 3 (g,2) = Ty g2 € Ry,

is well defined by the restrictions T, 4 | DI — Té{f)g for g € K,,, and n > 1. It
is easy to see that Dy, D D1, Ry D Rppy1 and Ty g | D1 = g1, for all

m. It follows from (1-1) that un(Dgf)) — 1 and p,( %‘)) — 1 as n — oo. Hence

(D) = u(Ry) = 1 for all m € N. Finally we set X := N D N(_; R
and define a Borel mapping

T:Gx)?a(g,a:)ﬁTgme)?

by setting T,z := T}, 4z for some (and hence any) m such that g € K,,. It is clear

that p(X) = 1.
Proposition 1.1. T = (T,),cq is a free Borel measure preserving action of G on
a conull subset of the standard probability space (X, B, ). It is of funny rank-one.

Proof. 1t suffices to verify only the latter claim. According to Definition 0.2 we
have to find a sequence of Rokhlin towers ‘appoximating’ the dynamical system.
Let s,, denote the projection of X,, = F},, x C}, 41 X --- onto the first coordinate. It
is easy to see that the sequence (X, s,, Fy,) is as desired. [

Throughout the paper we will not distinguish between two measurable sets (or
mappings) which agree almost everywhere. It is easy to see that T' does not depend
on the choice of filtration (K,,)%_;.
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Definition 1.2. T is called the (C, F)-action of G associated with (C,, F},)p.

We will often use the following simple properties of (X, u,T): for Borel subsets
A, B CF,,

(1-7) [AN B, =[A], N [B]n,
(1-8) [Aln = [A+ Crqi]nr = |_| [A+ clnt1,
ceChni1
(1-9) TylAl, =[A+gln it A+g CF,,
(1-10) 1([A]n) = #Cnp1 - W([A + c]p41) for every c € Cpy,
Ag(A)
) () < 558

where the sign LI means the union of mutually disjoint sets.
Recall that an action T" of G on (X, B, u) is partially rigid if there exists 6 > 0
with
liminf 4(TyB N B) > ou(B) for all B € 8.

g—)OO

It is clear that partial rigidity is incompatible with the mixing. For the (C, F)-
actions, there is a simple condition that implies the rigidity.

Proposition 1.3. If liminf, .. #C,, < oo then T s partially rigid and hence is
not mixing.

Proof. Let n; < ng < --- be a sequence of indices with #C),, = #C,,, = - --. Select
¢i # ¢, in C; and set g; := ¢; — ¢,. Then g; ¢ F,, — F,,, by (1-4). On the other
hand, it follows from (1-1) that | J;,(F,, — F,,;) = G. Hence g; — o0 as i — oo.
Take a cylinder B € B. We can represent it eventually (i.e. for all large enough 1)
as B = [Bi]n,, where B; is a Borel subset of F,,. If follows from (1-7)—(1-10) that

M(ngB N B) = M(ng [Bifl + Cni]ni N [Bifl + an]nz)

> N(Tgi [Bi—l + Cfi]ni M [Bi—l + Ci]ni)

= W(Bics + ) = g (Bl
1

= Zc. n(B).

Since the cylinders generate a dense subalgebra in B, we are done. [J

Now we isolate a special subfamily of (C, F')-actions to show in the sequel that
it contains mixing actions.

Let H be a discrete countable group, and let ¢, s, and ¢, 1 be three mappings
from H to G such that ¢, is a homomorphism, s,(0) = 0 and ¢,41 := ¢y, + Sn,
n € N. Suppose that

(1-12) (Hy)n>o0 is a Felner sequence in H, 0 € H,, and
(1-13) ¢n(H) is a lattice in G.

Now we define F;,, C G to be a Borel fundamental domain for ¢,,(H) (i.e. a subset
which meets every ¢,,(H)-coset exactly once) and put Cy,41 := ¢pq1(Hy), n > 0.
Assume that (1-1)—(1-4) are all satisfied.
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Definition 1.4. We call the corresponding (C, F')-action T" of G on the probability
space (X,B, u) the action associated with (Hy, ¢n, Sny Fn)n-

In view of Proposition 1.3, we will always assume that lim,, ., #H, = co.

Notice also that if s, are all trivial, i.e. s,(h) = 0 for all h € H,, then the
action of G associated with (H,,, ¢n, Sn, F),) has pure point spectrum with rational
eigenvalues only. This simple fact will not be used in this paper. We leave its proof
to the reader.

In the statements of our main results here it will be assumed that the mappings
s are polynomials of degree > 1.

Definition 1.5 [Le]. For any h € H, the h-derivative of s is a mapping s :
H — G given by 0s(k) = s(k+ h) — s(k). Let d be a nonnegative integer. Then
s is called a polynomial of degree < d if for any hy,...,hqr1 € H \ {0}, we have
Oh, =+ Ohyyy 8 = 0. The minimal d with this property is called the degree of s.

It is easy to see that every polynomial of degree 0 is constant. As was shown
in [Le], a polynomial of degree one is a non-constant affine mapping (i.e. a ho-
momorphism plus a constant). A polynomial from Z¢ to R! is an I-tuple of usual
polynomials in d variables with real coefficients. A polynomial from Z% to Z! is
an [-tuple (p1,...,p;) of usual polynomials in d variables with rational coefficients
such that p;(Z?) C Z for all i = 1,...,1.

Remark 1.6. Here we are going to explain how the (C, F')-construction for Z-actions
is related to the classical cutting-and-stacking construction. Recall that the latter
one defines ergodic measure-preserving transformations on intervals in R (or on
[a, +00)) furnished with Lebesgue measure via an inductive procedure. A column
is an ordered collection of intervals, called levels, of the same length. The number of
levels is called the height of the column. The associated column mapping is defined
by translation of each level to the level above it (i.e. next in the order). Hence
the column mapping is defined from all but the top level onto all but the bottom
level. Suppose now that we are given a sequence (r,)5%; of positive integers and
a sequence of arrays of non-negative integers (0,,(j),7 =0,1,...,7, —1)52 ;. Then
we define inductively a sequence of columns as follows. Let the initial column Yj
consists of one level of length 1. Suppose that on the n-th step we have a column
Y,, consisting of levels I(i,n), 0 < i < a,. Cut every I(i,n) into 7, sublevels
Ix(i,n), 0 < k < ry,, numbered from left to right. Then we obtain r,, subcolumns
Yor ={lk(i,n) |1 =0,...,a, — 1}, 0 < k < ry,, of Y, of the same height. Now
place o, (k) spacers (i.e. the intervals of the same length as Ij(i,n)) above Y, , and
stack the resulting subcolumns with spacers right to the top of left. This yields a
new column Y, 1 of height a,+1 = a,r, + Z’,;":_Ol on(k) and a natural inclusion
of Y,, into Y, 1. Notice that the associated (n + 1)-column mapping restricted
to Y,, coincides with the n-th column mapping. Hence the associated sequence of
column mappings approaches a transformation defined on all but a measure zero
subset of the union of the initial level and the spacers added at each column. It is
easy to see that this transformation corresponds exactly to the (C, F')-action of Z
associated with (H,,, ¢n, Sn, Fr)pn if we put H,, := {0,1,...,7, — 1}, ¢, (t) := ant,
sn(t) = Y5 _gon(k) and F, = {0,1,...,a, — 1}. If we set o,(k) = k for all
0 <k <ry,and n € N then the corresponding cutting-and-stacking transformation
is called a staircase. If, moreover, r, = n for all n € N, we obtain the classical
staircase which is finite measure-preserving. In case the sequence (0,,)52 ; consists
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of polynomials, the corresponding transformations are called polynomial staircases

[CrS].

2. UNIFORMLY MIXING SEQUENCES

For the remaining of the paper (X,B, u, T") will stand for the (C, F')-action of G
associated to a sequence (Hy,, &n, Sny Frn)n-

In this section we prove a fundamental Lemma 2.2 and use it to show that some
special sequences in G are uniformly mixing. As an auxiliary result for that we
exhibit a sufficient condition for the total ergodicity of T. A connection between
the uniform mixing and total ergodicity is established in Corollary 2.6.

Definition 2.1. A sequence (g,,)52; of elements from G is called uniformly mizing
for T if

(2-1) sup |1(Ty, [Aln N B) — p([A]n)u(B)| — 0 as n — oo

for every subset B € ‘B.

It is easy to see that if a sequence is uniformly mixing then it is mixing.

Notice that a somewhat different definition for uniform mixing was given in [CrS]
in case G = Z. To state it precisely we assume that the sequence (Hy,, ¢n, Sny Fn)n
is chosen as described in Remark 1.6. Then a sequence of positive integers (g,,)5% ¢
was called uniformly mixing in [CrS] if

Y (T [flp. 0 B) = ul[flp, )u(B)] — 0

fEFPn

for every subset B € ‘B, where p,, is the unique positive integer such that a, <
gn < ap, +1. We only observe that this implies the uniform mixing in the sense of
Definition 2.1 if p,, > n for all n.

Let L be a finite set and a : L — G a mapping. We define a linear operator
M, in L3(X, i) by setting

1
M L(f) = ﬁZfO a(l)-

leL

Let Py stand for the projection onto the subspace of constant functions, i.e. Py(f) =
[x [ du. The inner product in L?(X, p1) will be denoted by (-, -).

Fix a sequence (hy,),>1 of elements from H. For brevity, we will denote 0y, sy,
by s, n € N.

Lemma 2.2. If the following conditions are satisfied

#Hn(hn)
(2-2) T, L,
1 Ao (Fu \ Fu(spy ()
(2-3) 4H, he};hn) Ac(Fn) ’



then for all n-cylinders A, B C X, we have

Ty, (n,)ANB) =

1 _
Y > wWANT, wB) +0(1)
" heH, (hy)

= <XA7 Ms;l,Hn(hn)(XB» + 5(1)7

where x4 and xp are the indicators of A and B respectively and o(1) denotes a
sequence that tends to 0 and that does not depend on A and B. The same formula
holds as well for

(i) an arbitrary subset B € B and A as above with o(1) depending on B only
and
(ii) arbitrary subsets A, B € B with 6(1) depending on both A and B.

Proof. Let A, and B, be the Borel subsets of F;, such that A = [A,], and B =
[Bp]n. For h € Hy(hy,), we put A, , := A, N F,,(—s,,(h)). Then

(2-4) A — s (h) C Fy,.
We also make a simple but important observation that

Gn(hn) + cng1(h) = dn(hn) + dn(h) + sn(h)
(2-5) = dn(h + ) + sp(h 4 hy,) — 53, (h)
= cot1(h + hy) = s3,(h).

It follows from (1-8), (1-9), (2-4), (1-3), (2-5) and (1-10) that

M(Td)n(hn)A NB) = Z #(Tdm(hn)[An + ¢nt1(R)]nt1 N [Bnln)
heH,

-y (u<T¢n<hn>[An,h T ensr (Wlsr N [Buln)
hEH,, (hn)

£ u([(An\ Aun) + cn+1<h>1n+1>)

+ Z p([Fn + cng1(h)]nt1)

h€ Hy,\Hp (hy)
. (mAn,h (1) + o (e O [Bala)
heHp (hn)
1 #H, (hy)

Notice that for all ¢ € C,41 and h € H,,(hy,), we have by (1-7), (1-8) and (1-11),

(2-6)  [Ann = 55(h) + ¢t N [Buln = [((Ann = 5,,(1)) N By) + clns1 and

@7 (A Anp)l) < 26N Ann)  AclEn A Bl (1))

Ag(Fn) - Ag(Fn)
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Hence it follows from (1-10), (2-2), (2-3), (2-6) and (2-7) that

#To, (AN B) = Y wl((Ann = 5, (h) N Byly) +0(1).

heH, (hn)

1
7 Hy,

Applying (1-7), (1-9) and (2-4) we obtain

,U(qun(hn)A N B) = Z ,U(Tfs;(h) [An,h]n N [Bn]n) + 5(1)

1
7 Hn he€H,, (hy)
1

= > (AN Ty 1 B) £ p([An \ Aniln)) +3(1).
" heH,(hy)

It remains to make use of (2-7), (2-3) and (2-2).
The final claim of Lemma 2.2 follows from the fact that the cylinders generate
a dense subalgebra in 8. [

Corollary 2.3. Let (2-2) and (2-3) hold. Then the following are satisfied:

(i) The sequence (¢n(hn))ply is mizing for T if and only if My m, (n,) — Fo
in the weak operator topology.

(ii) If My H,(h,) — Fo in the strong operator topology then (¢n(hn))ney is
uniformly mixing.

We now examine when 7' is totally ergodic. Recall some standard definitions.

Definition 2.4.

(i) Given a subset B € B, we denote by Gp the stabilizer of B, i.e. Gp :=
{9 € G| T,B = B}.
(ii) T is called totally ergodic if for any co-compact subgroup K C G, the action
(Ty)gex is ergodic.
(iii) T is called weakly mizing if the diagonal action (T, x T,)gsec of G is er-
godic. Equivalently, if there exist a function f € L?(X, ) and a continuous
character x of G such that foT, = x(g)f a.e. then f is constant.

It is easy to see that T is totally ergodic if and only if the stabilizer of any subset
B € B with 0 < pu(B) < 1 is not co-compact. Moreover, if an action is weakly
mixing then it is totally ergodic. The converse is true for G = R but it does not
hold for general groups.

Proposition 2.5. Let (2-2) and (2-3) hold. Let K be a co-compact subgroup of G
and 7 : G — G/K stand for the corresponding quotient map. Denote by k., the
image of the equidistributed probability on H,(h,) under the mapping (7 o s}, )4,
n € N. If k, does not x-weakly converge to a Dirac §-measure on G/K then K is
not the stabilizer of any measurable subset B € B with 0 < u(B) < 1.

Proof. Suppose that the contrary holds, i.e. there exists B € 8 with 0 < u(B) < 1
and K = Gp. Then the quotient compact group G/K acts naturally on the sub-o-

algebra F of (Tj),er-invariant subsets. Denote this action by T. Then TW(Q)A =

T,A for all g € G and A € §. It is clear that T is free. We set ay, := 7(¢n(hy)).
10



Passing to a subsequence, if necessary, we nay assume without loss of generality
that a,, converges to some a € G. Then M(TanBAT B) — 0 as n — oo. Hence

[,L(B) = M(Tqﬁn(hn)B) = M(T(bn(hn)B N TanB) = M(T(ﬁn(h)B N TaB) + 5(1)

We then deduce from this formula and Lemma 2.2(ii) that

u(B) = > wBNTyTuB)+0(1)
" heH, (hn)

1 ~ _
(2-8) = —h) Z :U’(Tﬂ(sgl(h))—kaB N B)+0(1)
" heH,(hn)

:/ 1((To B O B) drip (b) +0(1).
G/K

Since G/K is compact, we may assume (passing to a subsequence, if necessary)
that x, converges x-weakly to a probability x which is not a Dirac J-measure by
the condition of the proposition. Hence passing to a limit in (2-8) we obtain

u(B) = /G T BB ()

Hence ju(B) = u(Tors BN B), i.e. B =T, B, for k-a.a. b€ G/K. Since T is free,
we deduce that Supp x = {—a}. Hence Suppk is a singleton, a contradiction. [

Now we are interested in the following particular case. There exist a non-zero
k € H and a polynomial s : H — G of degree 2 such that h, = k and s,, = s for
all n € N. Then, of course, (2-2) is satisfied. Moreover, for any non-zero t € H, we
have
8ts(h) = I/Jt(h) + ag, atallhe H

for some nontrivial homomorphism v¢; : H — G and an element a; € G (see the
text following Definition 1.5). Hence s/,(h) = ¥y (h) + ay, for all h € H and n € N.

Corollary 2.6. Let the above assumptions and (2-3) hold. Then the following are
satisfied:

(i) If the action (Ty,n))ner is ergodic then the sequence (¢, (k))5=, is uni-
formly mixing.
(i) If the subgroup generated by \J,cp ¥¢(H) is dense in G then T is totally
ergodic.
(iii) If the subgroup generated by \J,cp ¥¢(H) is dense in G and ¥y (H) is a
lattice in G then the sequence (¢, (k)% is uniformly mizing.

Proof. (i) follows from Corollary 2.3 and the von Neumann mean ergodic theorem
for (Ty, (n))nen-

(ii) Suppose that the contrary holds, i.e. there exists a co-compact subgroup
K C G and a subset B C X such that 0 < u(B) < 1 and K = Gp. Fixt € H,
t # 0. Then k, is the translation of (m o v¢).v, by m(a:), where v, stands for
the equidistribution on H,(k), n € N. Denote by G; the closure of the subgroup
(motp)(H) in G/K. Since Hy, (k) is a Folner sequence in H and movy, : H — G/K

11



is a homomorphism, it is easy to verify that (7 o t;).v, converges x-weakly to
the Haar measure A\g, which is considered now as a measure on G/K supported
on (. It follows from Proposition 2.5 that Supp Ag, is a singleton, i.e. Gy = K.
However we deduce from the condition of the corollary that the subgroup generated
by U,cp G¢ is dense in G/K. Hence K = G which contradicts to the ergodicity of
T.
(iii) follows directly from (i) and (ii). O

Remark 2.7. We will also need the following slight extension of Corollary 2.6 which
is proved in a similar way. Assume that (2-3) holds for a constant sequence h,, =
k # 0. Let S be a finite family of polynomials from H to G of degree 2. For all
s € S and t € H, we then have

ats(h) = ?/)f(h) + a;ﬁga h € H7
where ¢f : H — G is a homomorphism and af is an element of G. Let (s,,)22; be a

sequence of elements of S such that every element of S occurs in (s,)52; infinitely

many times. Denote by T the (C, F')-action associated with (H,,, ¢, S, Fr)n. Then
the following are satisfied.
(i) If the action (Tp:(n))nen is ergodic for any s € S then the sequence
(pn (k)52 is uniformly mixing.
(ii) If the subgroup generated by (J,cqU;cpy ¥i(H) is dense in G then T is
totally ergodic.
(iii) If the subgroup generated by (J,c g Uscy ¥f (H) is dense in G and ¢} (H) is
a lattice in G for all s € S then (¢, (k))52; is uniformly mixing.

n=1

Now we return to the general case and prove two lemmas.
Lemma 2.8. Suppose that there exists a finite subset ) C H such that
(2-9) Fo+ F, C ¢,(Q) + F,, for alln € N.
Let g, = ¢n(k)+ frn, for some k € H and f,, € F,,, n € N. If the sequence (¢n (1)),
is uniformly mizing for every t € k + @Q then so is the sequence (g, )52 .

Proof. Since f, + F,, C ¢,(Q) + F,, and F, is a fundamental domain for ¢, (H), a
finite partition of F), is well defined as follows: Fj, = | | o Fn(fn — ¢n(q)). Now let
A be an n-cylinder in X and A = [A,],, for some Borel subset A,, C F,,. Consider
the induced partition |_|qu A, 4 of A, where A, , .= A, N F(f, — ¢n(¢g)). Then
by (1_9)7
1y, [An,q]n = T¢>n(k+q)Tfnf¢n(q) [An,q]n = T¢n(k+q) [fn — ¢nlq) + Aq]n-
Hence for any subset B € 8,
W(T A B) — n(A)u(B) = S (4T, gy [Analn 1 B) — ([ A gl 0 B)).
q€@
It remains to use the uniform mixing of (¢, (¢))22,,t € k+ Q. O

Suppose that—in addition to (2-9)—there is a finite subset Q— C H such that
(2-10) —F, C ¢n(Q-) + F, for all n € N.

For a subset A C G, let A® stand for the difference A — A. Then there exists a
finite subset )+ C H such that

(Ey +Fo)\ Fy C ¢n(Q4) + F), for all n € N.
We will assume that @) is the minimal subset with this property. It is clear that

0¢Qy.
12



Lemma 2.9. Let (2-9) and (2-10) hold and let for any t € H \ {0}, the sequence
(P ()5, be uniformly mizing. Take gy, € (Fr + F2)\ Fr for alln € N. If for an
integer I > 0, we have
L1 N Q@+ Q) =0
l times

then the sequence (1g,)S2 1 is uniformly mizing.

Proof. Since @) is finite, we can partition the sequence g, into finitely many sub-
sequences of the form ¢, (q) + f, for some f, € F,,, n € N, and a fixed ¢ € Q.
Therefore it is enough to assume that g, itself enjoys this property. Then condition
(2-9) applied | — 1 times yields

lgn :¢n(ZQ)+fn+"'+fn :¢n(ZQ)+¢n(Q1+"'+QZ71)+.}?n
—_—

| times

for some ¢1,...,q—1 € @ and fn € F,. Since0 ¢ lg+q +---+q-1 +Q by the
condition of the lemma, we may apply Lemma 2.8 to complete the proof. [

3. RESTRICTED GROWTH CONDITION

In this section we introduce a restricted growth condition for the (C, F')-actions
specified in Section 2. It is an analogue of a concept considered in [CrS] for G = Z.
The concept, in turn, is a counterpart of a sufficient condition introduced in [Ad]
for a staircase to be mixing. The main result here is Theorem 3.5, which pro-
vides a sufficient condition for mixing in the class of (C, F')-actions with restricted
growth. We conclude the section with some technical statements needed to verify
this condition for some special R4 x Z9%-actions that will be constructed in the
next section.

Definition 3.1. We say that T satisfies the restricted growth condition if (2-3)
holds for any sequence h,, € H such that there exists lim,, o #H,(h,)/#H, > 0.

Definition 3.2. Given two sequences A,,, B,, C G, we write A,, ~, B, if

Aq(A,ABy)
Mg (Fr)

— 0 asn — oo.

It follows from (1-11) that wu([An]nA[Bn]n) — 0 whenever A4, ~, B, and
A,, B, CF,.

Lemma 3.3. Suppose that (2-9) and the following hold

— 0 as n — oo.

(3-1)

1 Ac(Fn \ Fr(sn(h)))
#Hn hezf;n . )‘G(Fn)

Let gy, := ¢n(hy) + fn for some hy, € H and f, € F,,, n € N. Then

Fn—l—l(gn) ~n+1 |_| (Cn+1(h) + Fn)
heH,, (hy)

13



Proof. Since

Ag (Fn+1A L] (@n(h) + Fn)) S Ac(Fopr \ (Fo 4 Coya))

heH,

+ Z Ac((eng1(h) + Fo)A(én(h) + F))

= )\G(FnJrl \ (Fn + Cn+1)) + Z )‘G((Sn(h) + FN)AF’R>7
heH,

it follows from (3-1) and (1-6) that F,, 1 ~n11 (¢n(Hy) + Fp). For g € Q, we set
Frq = Fu(fn — ¢n(q) and Fy, , := Fp(—fn + ¢n(q)). Then (2-9) yields

(3-2) |_| Fp,= |_|

qeQ qeQ

It follows that

Fror — o | L] @an hn) = fn 4 Fg)

heH, qeQ
= || ] @n(h—=hn—q)+ Fuy).
qeQ heH,

Therefore
(3-3) FoiinN(Frpgpr — ~n+tl |_| |_| (Pn(h) + Fiq)-

q€Q heH, (hn+q)

Next, since Ag(Fn11) > #H,\g(F,) and

AG(I_lqu UheHyL(hn—i—q)AH,L(h )(¢n(h) + Fn,q))

>\G( n—|—1)
< quQ #(Hn (hn + Q)AHn(hn)))‘G(Fn,q)
B #Hn e (Fn)
#(Hy(hy + q)AH, (hy
oy Hlhlhat AT,

it follows from (3-3) and (3-2) that

Fn—|—1 gn ~n+1 |_| |_| (¢n(h) + Fn,q) = |_| (¢n(h> + Fn)

q€Q heH, (hy) heH, (hy)

It remains to use (3-1) once more to conclude that

L] @nm) + F) ~nr || (s (h) + F).

heH,, (hy) heH,, (hy)

14



Corollary 3.4. If (2-9) and (3-1) are satisfied then

(A + Cn—H) N Fn—H(gn) ~ngp1 A+ Cn—H(Hn(hn))

uniformly in A C F,,. Hence

Asélll«z 1(([Anln O [Frg1(gn)]nt 1) A[An + cng1 (Hn(hn))]nt1) = 0(1).

Now we are going to prove the main result of the section.

Theorem 3.5. Let T be a (C, F)-action associated with (H,, ¢n, Sn, Fy)n and sat-
isfying (2-9), (2-10) and the restricted growth condition. If My m () — Fo
strongly for any sequence h,, € H \ {0} such that liminf, . #H,(hy,)/#H, > 0
then T is mixing. (Here s, stands for the h,-derivative of s,.)

Proof. Take any sequence g, — oo in GG. We are going to prove that it contains a
mixing subsequence. Since Ff C Fy C --- and |J,—, Fi* = G, we can find p,, such
that g, € Fjy ;1\ Fy foralln € N. It is clear that p, — oo in G. Notice that

Fy i +Fo1 Conn(Q+Q+ Q)+ Fupr.

Then using a similar idea as in the proof of Lemma 2.8, we partition F}, 41 as
follows

IEQ+Q+Q—

Take two p,-cylinders A, B C X. Let A,, and B,, be the Borel subsets of F},, such
that A = [A;,]m and B = [By,]m, for all m > p,. For ¢ € Q + Q + Q_, we put
Ap, 1, = Ap,41 N Fp11(gn — &, (q)). We have now

(3-4) Ty [Ap,+1.alpnt1 =Ty, (@) Aput1q T 9n — Ppot1(D]p,+1

and A, 1 = |—|q€Q+Q+Q_ A, 41,4 Forany ¢ € Q+Q+Q_, the constant sequence
hyn = q, n € N satisfies (2-2). Moreover, it satisfies (2-3) since T' has restricted
growth (we need this to apply Corollary 2.3 later). By the condition of the theorem,
Mo, s, H,(q) — FPo strongly whenever q # 0. Therefore by Corollary 2.3(ii), the
sequence (¢,(q))s2; is uniformly mixing. Then it follows from (3-4) that

(3‘5) sup ’N(Tgn [Apn+1,q]pn+1 N B) - N([Apn+1,q]pn+l)ﬂ<3)| —0

A is a pp-cylinder

for every g € (Q +Q +Q-) \ {0}.

It remains to consider the case ¢ = 0 which is more involved. Let us represent
Gn 88 Gn, = ¢p, (hy) + fr, for some (uniquely determined) h,, € H and f, € F),,.
Notice that h,, # 0 because of g, ¢ Fy. Since A, +10 = Ap, +1 N Fp, +1(9n) and
the restricted growth condition implies (3-1), it follows from Corollary 3.4 that

#H,, (hy,
36 s |uAy o) - ()Tl
A in a p,-cylinder #Hpn
15
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Hence, if liminf,, . #H,, (hy)/#H, =0,

lim inf sup 1([Ap, +1,0lp,+1) = 0.

n— A in a p,-cylinder
Therefore passing to a subsequence in (p,, )52 ; we conclude that (3-5) is also true for
g = 0. This implies that the corresponding subsequence of (g, )52 ; is mixing. Thus
from now on we may assume that liminf, .. #H,, (hy)/#Hp,, > 0. It follows
from Corollary 3.4 that

1Ty, (ho)[Apn+1,0lp,+1 N B) = Ty, (h,)[Ap, + Cp,+1(Hp, (hn))lp,+1 N B) +0(1),

where 0(1) does not depend on the p,-cylinders A and B. Using that together
with the restricted growth condition and arguing almost literally as in the proof of
Lemma 2.2 we obtain

1 _
N(T%n(hn)[Aanrl,O]anrl NB) = Z N(Tfsg(h) [Ap,]p, N B) +0(1)
#Hp, heH,, (hn)

H, (hn )
= ###()<XA7MS;L’HPn(hn)(XB)> + 0(1)’

where s/, is the h,,_ -derivative of s,, and (1) does not depend on A and B. It is

easy to find a sequence (hy )22, with lim infy, oo #Hn (hn)/#Hn > 0, hy, 7é 0 and

h = h,, for all n € N. Let s/, denote the h -derivative of s,,. Then s;, =35, . By
the condition of the theorem, ./\/lg, H () Py strongly. Hence Ms;L,Hpn(hn) — Py

strongly. Therefore we deduce from the above and (3-6) that

Hy, (hy _
(T 1) Aol 0 8) = P2y ) a1y

= p([Ant1,0lp,+1)p(B) +0(1),

where 6(1) does not depend on A. To complete the proof, we will use once more
the ‘partition trick’. Let A = A, NF, (fn — ¢p,(q)) for ¢ € Q. Then in view
of (2-9) 4y, = l,cq 4}, and frn — ¢p,(q) + A} C Fp, for all ¢ € Q. It is easy
to see that (3-7) is also true if we replace the sequence (hy,),>1 with the sequence

(hn + q)n>1 for any q € Q). Hence applying Corollary 3.4 and (3-7) we obtain
1(Ty, [Ap,+1,0lp,+1 N B) = p(Ty, [Ap, + cp,+1(Hp, (hn))]p,+1 N B) +0(1)
= Z /’L(T¢pn (hn+q) [fn - ¢pn (q) + Agn + Cpn+1(Hpn (hn))]pn+1 N B) +5(]‘)

(3-7)

qeQ

=" wl[fa — bpo (@) + AL+ cpir (Hy, (ha))p+1)(B) + (1)
qeQ

= > wl[AG, + i1 (Hyp, (ha))]p,+1)(B) + (1)
qeQ

= u([Ap, + cp,+1(Hp, (hn))]p,+1)p(B) +o(1)
= w([Ap,+1,0lp,+1)1(B) +0(1).

This plus (3-5) imply that the sequence (g,)52 is mixing. [

The following material will be used in the next section to check the condition on
the strong convergence from Theorem 3.5.
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Definition 3.6. Let I, J be finite subsets in H and let € be a non-negative number.
We say that I is e-tiled by J if there exists a finite set F' C H such that the following
are satisfied:

(i) J+FCl,
(ii) J and F are independent and
(i) #(I\ (J + F)) < 1.

Lemma 3.7. Let I be e-tiled by J. Then for any function f € L*(X,u) and any
homomorphism o : H — G,

[Ma,1(f)ll2 < [Ma,7(FH)ll2 + €ll fll2-

Proof. Since T preserves p, it follows that
[Maprs(f)ll2 = Ma,s(f) 0 Tagmllz = Ma,s(f)ll2
for every h € H. Let F be as in Definition 3.6. Then

#I\ (J+F))
Iy,

§§EZWMmMJum2+
heF

< Mg (2 + €l fll2-

[Ma,1(f)ll2 < [Ma,\r+7) ()2

OJ

Let he€ H,i,j € Z and 0 < i < j. The subset {ih, (i + 1)h,...,jh} is called an
h-interval.

Remark 3.8. Let V C H be a finite subset, I, J two h-intervals in H and [ € N. If
V is tiled (i.e. 0-tiled) by I then V is also li—}]—tﬂed by the lh-interval [ - J.

Lemma 3.9. Let o : H — G be a homomorphism. Let (hy,)n>1 be a sequence in H
such that for some subset A C X and everyl € N, we have pi(Tjq(p,)ANA) — u(A)?
as n — oo. Then for any sequence of h,-intervals I,, whose cardinality is constant,
say L, the following inequality holds eventually (i.e. for all large enough n)

IMa,r, (xa) = n(A)3 <

(o

Proof. Since T preserves u, without loss of generality we may assume that I, =
{0,hp, ..., (L —1)h,}. Now the inequality follows from the formula

1 2 a4 1
7 > xaoTiagn,) —uA)| = % t 713 > ((Ti—jja(ha) AN A) — n(A)?),
i=0 2

i#j

which is established by a straightforward calculation. [J
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Lemma 3.10. Let o : H — G be a homomorphism, (hy)n>1 a sequence in H
and (my)n>1 a sequence in N. Let V,, be a finite subset of H which is tiled by an
hn-interval L. If mp/#1, — 0 and (T, a(n,)A N A) — u(A)? as n — oo for
any integer | > 0 then Ma, v, (xa) — p(A) in L*(X, p).

Proof. For an € > 0, fix an integer r > e~ !. Let J,, be a h,-interval of cardinality
r. By Lemma 3.9, [|Mga.m, 7, (xa) — u(A)||3 < 2¢ eventually in n. It follows from

Remark 3.8 that V,, is ;Z?:—tiled by the m,h,-interval m,,J,. By Lemma 3.7,

[Ma,v, (xa) — u(A)ll2 < [Ma,m, g, (xa) — u(A)|l2 +

eventually in n. U

mpyT

3
#In< €

The following results will be used while prooving mixing of the (C, F)-actions
whose ‘spacer mappings’ s,, are polynomials of degree > 2.

Lemma 3.11 (Hilbertian van der Corput trick). Let (vp)nen stand for a
bounded family of vectors in a Hilbert space. If for any k € H \ {0}, we have

limp oo ﬁ > nem, Vhtk,vn) =0 then lim, o ||ﬁ > hem, Unll = 0.

Proof. In case H = 7, we refer the reader to [Be] for a short proof. Only a slight
and obvious modification of that proof is needed to adapt it to the general case. [

Corollary 3.12. Given a map t : H — G, let (Mao.1,xB,XB) — wu(B)?* for
every nontriwial k € H and all B € *B. Then My g, — Py strongly as operators in
L*(X, p).

Proof. Fix a subset B € B. For any h € H, we set v, := xp o Typn) — u(B) €
L*(X,p). Then (vpyr,vn) = (XB © Touny, xB) — #(B)?. It remains to apply

Lemma 3.11. O

4. MIXING RANK-ONE ACTIONS OF R x 72

In this section we prove the main results of the paper—Theorems 4.9-4.11 and
4.12.

Let d; and dy be non-negative integers such that d := d; + do # 0. We set
G=R%xZ% and H =Z%. For g = (g1,...,94) € G, welet ||g]|cc := max;<;<q|gi-
If g; >0 forall i =1,...,d we write g > 0. In a similar way we define ||h||» and
h>0forhec H.

To define a mixing (C, F)-action of G we first fix a sequence of positive integers
rn > 2 which goes to infinity as n — oo. Some restrictions on its growth will be

imposed later. Let 3%1) : H — R% be a usual polynomial with real coefficients and

s H — 74 a usual polynomial with rational coefficients such that 57(11)(0) =0

and 37(12)(0) = 0. Then s, = (s%l), SSLQ)) is a polynomial mapping from H to G in
the sense of Definition 1.5. Let H,, := {h > 0| ||h]lcc < rn}. We define a sequence
of positive reals (ay,)n,>0 recurrently by setting
ap+1 := the integer part of a,r, + max |85 (R)]] o
€

and choosing ag arbitrarily. It is clear that a,4+1 > agry---ry, for all n € N. Since
r, — 00, the sequence (a, )22 ; grows faster than any exponent. We finally let
Fo={92>0]lglloc <an},
¢n(h) := ayh for h € H and
Cn+1 = (¢n + Sn)(Hn>>
18



for n = 0,1,.... It is easy to see that (1-1)—(1-3), (1-12) and (1-13) are satisfied.
In the case d = 1, the condition (1-4) is satisfied too if s, is non-negative and
non-decreasing on Z., for instance if the coefficients of s, are all non-negative.
The situation is more difficult when d > 1. That is why we introduce the following
definition.

Definition 4.1. A mapping s : H — G is monotonic if for all non-negative x,y € H
with ||z — yllee = 1,

SWECIELC!

Li —Yi

for all 1 <4 < d such that x; # yi} > 0.

Example 4.2. Let s(z); = (a;x; + i) (w1 + -+ + 24) + Biz? + §;x; for some reals
@i, Bi,vi and ¢; such that a; > 0, v; > 0, a; +28; > 0 and a; + 8; +6; > 0 for
1 =1,...,d. Suppose that the mapping

H>z— s(x)=(s(x)1,...,8(x)q)

takes values in G. Then it is monotonic. To show this, consider two non-negative
elements ¢ # y € H such that ||z — y||cc = 1 and set z := y — z. Without loss of
generality we may assume that z; +--- + 24 > 0. Then there exists a coordinate j
such that z; = 1. By a straightforward calculation,

d
s(+2); —s(@); =(aya; +95) Y zi+a;- Y (i +2)
i=1 i#j
+(Oéj + QBj)xj -+ Qy + ﬁj + (5]' Z 0.

We observe that in [AdS], the following monotonic polynomial s : Z¢ — Z9¢ was
used while constructing Z%-staircase actions:

s(x); =iz + - Fag) — (@2 4+ 24)/2, i=1,....d.

(By this formula we correct a misprint on page 849 of [AdS].) If, moreover d = 1, we
get s(x) = xz(xz — 1)/2, i.e. the polynomial corresponding to the classical staircase
shown to be mixing in [Ad].

Lemma 4.3. If s, is monotonic and

(4-1) 1 50 (2)]|oc < an/2

n

then (1-4) holds.

Proof. Suppose that the contrary holds. Then there exist x # y € H,, and f, ' €
F, such that a,x + s,(x) + f = any + sn(y) + f’. Since

Fo—Fy={9€G||gllec <an},

it follows that ||an(z — y) + $n(2) — 0 (Y)]lco < an. If ||z — y|loc > 2 then we get
a contradiction with (4-1). If [z — y|[cc = 1 then we get a contradiction with the
fact that s,, is monotonic. [
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Now suppose that s, = s for all n > 0, where s is a monotonic polynomial of
degree | > 1. Let Ag stand for the direct product of the Lebesgue measure on R%
and the ‘counting’ measure on Z. Let us check (1-6). Since A\g(F},,) = al and

Ac(Frit \ (F + Cny1)) = (rnan + }{Iel%x Hs(h)”oo + l)d - (Tnan)da

n

we see that (1-6) is satisfied if and only if

< Q0.

i maxne,, [|$(h)]ls

rna
n—1 nWn

Of course, there exists a strictly positive limit lim,, o maxpegr, ||5(h)||oo/rl,. Thus
(1-6) holds if and only if

-1
n

(4-2) Yo

a
n=1 n

< 0.

It is easy to see that (2-9) and (2-10) are satisfied if we set
(4-3) Q:={heH|h>0and |h] <1} and Q_ :={(-1,...,—1)}.
Proposition 4.4. Let (4-2) be satisfied. If
(4-4) rlJan, — 0

then the (C, F)-action T associated with (Hy, ¢n, Sn, Fn)n is well defined and it
satisfies the restricted growth condition.

Proof. Notice first that (4-4) implies (4-1) eventually. Hence (1-4) holds eventually
by Lemma 4.3. Without loss of generality we may assume that it holds for all
n. Since (1-1)—(1-3), (1-12) and (1-13) are also satisfied, it follows that the asso-
ciated (C, F)-action T of G is well defined. Take a sequence (h,)52; in H with
liminf,, oo #Hp(hy)/#H, > 0 (in fact, it suffices to have only H,, N (H,, +h,) # 0
eventually). It follows from (4-4) that

e 1005l | ls() = ()

heH, (hy) an, h.k€H, an

— 0.

On the other hand, for any b € G with ||b]|« < a,, we have

Aa(Fn \ (Fn +0) _ afy = (an = [[Bllo)? _ dllblloc

)\G(Fn> afb G,
Hence
n < " 0
#Hn hEHZ(h ) Ac () heH (h) e (Fy) :

i.e. (2-3) holds. O
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We see, in particular, that if r, is of sub-exponential growth, i.e. r,/{" — 0
for some £ > 1, then both (4-2) and (4-4) hold and hence T is well defined for any
monotonic s.

Now consider in more detail the case where s : H — G is a polynomial of degree
2. Given t € H, we have 0;s(h) = ¢1(h) 4+ a; for some homomorphism ¢, : H — G
and an element a; € G. It is easy to verify that ¥y, 4+, (h) = 1, (h) 4+ 14, (h) for all
ti1,t2 € H. Hence the map H x H 5 (t,h) — ¢(h) € G is a ‘bihomomorphic’ form.
Then there is v > 0 such that

(4-5) 196 (A)l[co < Itllool[hllo for all ¢, h € H.
Fix a standard ‘basis’ in G (and H):
e1 :=(1,0,...,0), ea :=(0,1,0,...,0),...,eq:=(0,...,0,1).

Then we can identify v, with the corresponding (d x d)-matrix with real entries for
any t € H.

The following statement based essentially on Theorem 3.5 provides convenient
sufficient conditions for the (C, F')-actions under consideration to be mixing. Com-
bined with Corollary 2.6 it will turn proofs of the main results into verifications of
almost purely algebraic nature.

Proposition 4.5. Let the polynomial s be monotonic and (4-2) and (4-4) hold with
[l = 2. Moreover, suppose that

(i) the action (Ty, (n))nen is ergodic for any k € H \ {0} and

(il) maxi<i<d||Vr(€i)||co > 6|kl for some 6 >0 and every k € H.

Then T is mixing.
Proof. By Proposition 4.4, T has restricted growth. Take a sequence (h,)>2 ; in H
such that h, # 0 for all n € N and

(4-6) lim inf #H, (hy,) /# Hy, > 0.

In view of Theorem 3.5, it suffices to show that My, m, (n,) — Po strongly. Sup-
pose first that h,, = k for some k € H and all n. Then just use (i) and apply the
mean ergodic theorem to the action (Ty, (n))ren to conclude that My, g, (k) — Fo-
Hence it remains to consider only the sequences (h, )2, with h,, — oo in H. Let
i(k) stand for an index at which the maximum in (ii) is attained. Then

(4-7) ”@Zjhn(ei(hn))”oo > 0|0

Since H,,(h,) is a parallelepiped in Zi, there exist an element h!, € H, a positive

integer r/, < r, and two parallelepipeds .J,, C Zﬁh”)fl and J], C Z‘fi(h") such that

H,(hp) +hl, = Jp x {0,1,...,7r, —1} x J),.
It follows from (4-6) that there exist two reals ¢’ > 0 and 6" < 1 such that

(4-8) rl Jrn >0 and ||y |leo /T < 8" eventually.
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We set V, := Hy(h,) + b, and g, := ¥n, (€ih,))- By (4-7), [|gnl|loc — o0 (recall
that h,, — 0o). Find p,, € N with g, € F; ; \ F . Then, of course, p, — oc. Let
m, be the smallest positive integer such that m,g, ¢ Fy ;. Then

Mpgn = (Mp — 1)gn + gn € Fp'nJrl + Fz;nJrl.
Since Fy = {9 € G| ||glloc < am} for all m € N, we have
(4-9) ap, < lgnllec < ap, 41 and ap, 11 <mnflgnlloc < 2ap,41.
Moreover, it is straightforward (see (4-3)) that

Q+ - +Q={heH|h>0and ||h||oc <!} and
————

| times

Q.N{heH||h|w=1and —h>0}=0.

Recall that @4 denotes the minimal (finite) subset of H such that (Fy+F2)\ Fr C
dn(Q4) + Fx for all n € N. Hence

—1QiN(Q+---+Q)=0.

[ times

By (i) and Corollary 2.6(i), the sequence (¢, (k))52 ; is mixing for every 0 # k € H.
Thus we may apply Lemma 2.9 and conclude that the sequence (Im,g,)52, is
mixing for every [ € N. Notice that

Moy, Hy(hn) = Muy, v, Un = Un My, v,
where U, in the unitary given by U, f := foTy, (_u ). Therefore My, g (n,) —
Py strongly if and only if My, v, — Py strongly as n — oo. We set [, :=

{0, €i(hpys -+ -5 (1, — 1)€i(n,)}- To complete the proof it remains only to establish
that m,, /#I, — 0 and apply Lemma 3.10. By (4-5),

Ignllce = 1¥n.. (€ith))lloo < Yllhnlloo
eventually in n. Using that, (4-8) and (4-9) we obtain

My

2’75”apn +1 1 Apn+1
< Bt < 2967 2

n lgnlZ ag,

for all large enough n. It follows (use also (4-8) plus (4-2))

.m 1 .. m 290" . ap, 41 296" . r
lim —/n < — lim —2 < B lim pT;r = lim -2~ =0.
n—oo ’r’n n—oo ’r,n (S/ n—oo a,pn (S/ n— o0 apn

(Notice that it follows from (1-6) that lim,, o ant1/(anr,) =1.) O

Fix a family of reals &;,...,&,,. For a nonempty subset J C {1,...,m}, we let

§1 = [Lics &  We also let & := 1.
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Definition 4.6. If the family of reals £;, J runs all the subsets of {1,...,m}, is
independent over Q then we say that &1,...,&,, is good.

It is clear that any subfamily of a good family is good. Moreover, given non-zero
rationals q1, . .., ¢m, the family ¢1 &1, . . ., gné&m is good if and only if so is &1, ..., &n.

We also let R := {g = (g1,...,94) ER? | g; =0 for all i ¢ J}. In a similar way
we define Z7.

Lemma 4.7. Let &,...,&, be a good family. Then

qi1+& q1,2 e q1,m
q2,1 G22+& ... q2,m
det ) ] ] ) #0
q1,m q2,m <o Qmm + gm

forany q;; €Q, 4,5 =1,...,m.

Proof. It is enough to notice that the determinant equals to ) ; - (,m) 7€ 7 with
some coefficients 7y € Q. If the determinant vanishes then r; = 0 for all J by
the definition of a good family. However, it is easy to see that {1, 3 = 1, a
contradiction. [

We also state without proof a couple of well known facts.

Lemma 4.8.

(i) A weakly mizing action of a l.c.s.c. Abelian group is totally ergodic.

(ii) Let V and V' be two mutually commuting actions of l.c.s.c. Abelian groups
F and F' respectively. If V is weakly mizing and V' is ergodic then V' is
weakly mixing.

Now we are ready to prove the main results of the paper. We consider first the
case where do = 0 and d; > 1.

Theorem 4.9. Let G =R?, d > 1, and (4-2) and (4-3) hold. Let s be the polyno-
mial from Example 4.2 and let the parameters «;, B; satisfy the following additional
conditions: a; € Q for all i = 1,...,d and the family ay + 202, ...,aq + 284 is
good. Put s, := s for alln € N. Then the rank-one action T of G associated with
(Hp, Gy Sy F)n is mizing.

Proof. 1t is easy to calculate that

aq
Qi1
(4—10) wei = [0 7 (67 2(0(1 + ﬁl) (673 P 6 74 R
Q41
Qg
where the entries outside the main diagonal and the i-th line are zero, i =1,...,d.

We first claim that the group generated by Uf j=1%e;(ej) is dense in G. For a
real € R, denote the fractional part of « by (z). Identify T with the interval [0, 1)
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endowed with addition mod 1. Since ., (e;) = 2(a; + (;)e; and «; + B; # 0, the

map
7:G 3 (T1,...,14) — <<m>,...,<m>> e T¢

is a quotient of G by the lattice generated by U?:l e, (e;). We see that for i # 1,

(e, (€5)) = <<m>oo<m>oo)

N

v~
7

Since ai; + 31 ¢ Q and (a; + 5;) /(a1 + 1) ¢ Q for i = 2,...,d, the group generated
by (1, (€;)) is dense in the subgroup

T x {0} x - x {0} x Tx{0} x--- x {0} C T

v~

i

Thus our first claim follows.

Now let us verify conditions (i) and (ii) from Proposition 4.5.

It follows from (4-10) that det,., # 0. Hence 1., (H) is a lattice in G. Then
by Corollary 2.6(iii), the sequence (¢, (€;))5% is uniformly mixing. Since ¢y, (e;) =
arne;, it follows that the transformation 7, is weakly mixing for every ¢+ =1, ..., m.
By Lemma 4.8(ii), the action (Ty),cgs is also weakly mixing for any non-empty
subset J C {1,...,m}. Now take any 0 # t = (t1,...,tq) € H. If dett, # 0 then
Yy(H) is a lattice in G. By Corollary 2.6(ii), (Ty,(n))nen is ergodic, as desired.
Consider now the second case when det; = 0. Since ¥y = t19e, + -+ - + tgte,, it
follows from (4-10) that

(Oq —+ 251)t1 + a1u a1t1 N 041751
a2t2 (a2 + Qﬁg)tg + asu ... legtg
I/Jt = . . . : )
agta agty ... (ad + Qﬂd)td + agqu

where u := 2?21 t;. Let J := {i|t; # 0}. It follows immediately from Lemma 4.7
that there exists ¢ ¢ J. Then for any j # ¢, the j-th element of the i-th line of v is
0. Crossing out the i-th line and the i-column for all ¢ ¢ J we obtain a (#J x #J)-
matrix M and det ¢y = u?=#7/ HiééJ a;det M. It is easy to see that Lemma 4.7 is
applicable to M. Hence det M # 0. Since det ¢y = 0, it follows that u = 0. Hence
for any j ¢ J, the entire i-th line in 1); vanishes. Therefore ¢;(H) C R’. Moreover,
Y (H) is a lattice in R since det M # 0. By Lemma 4.8(i), the action (Ty, n))nen
is ergodic. Thus, Proposition 4.5(i) holds. The other condition of that theorem is
much easier to verify. Let ||t||o = |t;| for some j. Take any [ # j. Then we have

[nen)loe = alty| = min ;- ¢

O

It is easy to understand that the above construction does not work in case G = R
since the first claim of the proof fails. However, only a slight ‘complication’ of the
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construction is needed to cover the exceptional case. We outline it briefly. Let S be
a finite family of monotonic polynomials from H to G = R% x Z% of degree | > 1.
Let (s5,)52, be a sequence of elements of S such that every element of S occurs in
()02 infinitely many times. Suppose that (4-2) and (4-4) are satisfied. Define
H,, ¢n, F, as above. Then the (C, F)-action T associated with (Hy,, ¢, Sn, Fr)n is
well defined and it satisfies the restricted growth condition (the same proof as in
Proposition 4.4 works as well to establish this fact). Let us assume now that [ = 2.
For any s € S, let
Ors(h) = ¥i(h) + af for all t,h € H,

where 97 : H — H is a homomorphism and a; an element of H. Suppose, in
addition, that

(i) the action (Ty:(n))nen is ergodic for any k € H \ {0} and s € S and

(if) minses maxi<i<a [V (€i)lloc = 0[[F]loo-
Then repeating the proof of Proposition 4.5 almost verbally one can show that T
is mixing. Now let G = R? for any d > 0. Suppose that every polynomial from S
satisfies the conditions of Theorem 4.9. Then slightly modifying the proof of this
theorem one can establish that 7" is mixing whenever

d
(4-11) the group generated by U U Y¢.(e;) is dense in G.
seSi,5=1

The main point of this modification is to replace the references to Corollary 2.6
with the references to Remark 2.7. If d > 1 then (4-11) is satisfied (see the proof
of Theorem 4.9). The following theorem provides an example where (4-11) holds
in case d = 1.

Theorem 4.10. Let G =R and (4-2) and (4-3) hold with | = 2. Let
s(z) = ax® + Bz, 3(z):=adx>+ Br atalzx€EZ,

where o and a are rationally independent positive reals and o+ 3 > 0, a + B > 0.
Set sy, := s for evenn and s, :== 5 for oddn. Then the (C, F)-action of R associated
with (Hy, Gny Sny F)n is mizing.

Proof. In view of the reasoning preceding the statement of the theorem it suffices
to notice that s and s are both non-negative and non-decreasing on Z, and (4-11)
is satisfied since ¥7 (e1) = 2 and 7 (e1) = 2. O

Now we pass to the case G = Z<.

Theorem 4.11. Let G = Z% and (4-2) and (4-4) hold with | = 2. Let s be the
polynomial from Example 4.2 with o = --- =ag=1and 1 = --- = B3 = —0.5.
Put s, := s for all n € N. Then the rank-one action T of G associated with
(Hp, Gy Sy F)n is mizing.

Proof. As in the proof of Theorem 4.9 it suffices to show that the group generated
by U?,j:l e, (e;) is (= dense in) G and the conditions (i) and (ii) of Proposition 4.5
are satisfied. The first claim is trivial since v, (e;) = e; for all i = 1,...,d (see
(4-10)). Now take any t = (t1,...,tq) € G and set J(t) := {i | t; # 0}. We will
check Proposition 4.5(i) by induction in #.J(t).
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If #J(t) =1 then t = t;e; for some 1 < i < d and a non-zero integer ¢;. Hence
det 1, = tddet b, # 0. It remains to apply Corollary 2.6(ii).

Suppose now that there exists p < d such that the action (T, 1))nen is ergodic
for any ¢t € H with 1 < #J(t) < p. Take any t € H with #J(t) = p+ 1. We
are going to show that the action (Ty,n))nen is ergodic. For convenience, let us

assume that J(¢) = {1,...,p+ 1}. (In the general case one can argue in a similar
way.) Then
ZP+1 31 <o 1 t1 Cen t1
to Zp“ . to to . to
wt - tp+1 tp_|_1 NN ZP—H tp—i-l ‘e tp_|_1
0 0 . 0 Zp“ . 0
0 0 . 0 0 . Zp“

We consider now three possible cases. Denote by A the (p+1) x (p+ 1)-submatrix
of ¢, standing at the upper left corner.
Case 1. Tf S-P7 1 ¢, £ 0 and det A # 0 then det v, = (3274 ;)4 P~ det A # 0.
Hence ¢, (H) is of finite index in G and we are done (just apply Corollary 2.6(ii)).
Case 2. If Zth # 0 but det A = 0 then it is easy to verify that rk A > 2.
Hence rk¢y > d — (p+ 1) + 2 > d — p. Therefore

Y (H) N Z7® # {0},

On the other hand, it follows from the inductive assumption and Corollary 2.6(i)
that the sequence (¢, (h))s%; is mixing for T" for any non-zero h € Zey + - - - + Ze,,.
Hence the transformation 7T}, is weakly mixing for all such h (recall that ¢,(h) =
anh). Thus the transformation group (T, (n))ren contains a weakly mixing trans-
formation and therefore it is ergodic.

Case 3. If Zp+1 t; = 0 then it is easy to see that ¢ (H) C Z®). Moreover,

o1 1 ... 1

1 01 ... 1
detA:tl---tp+1det : : : . : 7&0

1 11 ... 0

Hence 1;(H) is of finite index in Z7(). Since the transformation T}, is weakly
mixing, the action (Ty),czsxn is weakly mixing by Lemma 4.8(ii). It remains to
make use of Lemma 4.8(i).

The condition (ii) of Proposition 4.5 is checked in a straightforward way (as in
the proof of Theorem 4.9). O

Remark 4.12. Note that if we put v; = §; = 0 for all 7 in the statement of Theo-
rem 4.10 (see the definition of s in Example 4.2) then we obtain exactly the main
result of [AdS]. However, it was proved there completely only for G = Z2. Roughly
speaking, it was assumed implicitly in [AdS] that det; # 0 for all ¢t € Z¢\ {0}.
While being the case for d = 2, it is no longer true for d > 2 (see Cases 2 and 3 in
the proof of Theorem 4.10).

Combining the arguments from Theorems 4.9—4.11, one can prove the following.
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Theorem 4.13. Let G = R4 x Z% and (4-2) and (4-4) hold. Let 5, : Z4 — R®:
and 5, : 792 — 79 stand for the sequences of polynomials defined in the statements
of Theorem 4.9 if dy > 1 (or Theorem 4.10 if dy = 1) and Theorem 4.11 respectively.
We set

Sn(tla s 7td1+d2) = (g’n(tla s 7td1)7§n(td1+17 s 7td1+d2))

for all (ti,...,tg,+a,) € H = Z% x Z%. Then the rank-one (C, F)-action of G
associated with (Hy, ¢n,y Sny Fn)pn is mizing.

Now we consider a more general case where the ‘spacer mapping’ s : H — G is
a polynomial of arbitrary degree [ > 2. Then for any ¢1,...,¢;—1 € H, there exist
a homomorphism v, 4 , : H— G and an element a;, .. , € G such that

atl e atlils(h) = ¢t1,...,t171(h) -+ Qtq,... t_1 for all h € H.
It is easy to verify that the map

Hx---x H> (t17-~-7tl) = Q/Jtl,...,tlfl(tl) €G

| times

is a ‘polyhomomorphic’ form and there exists v > 0 such that
1901, tica lloe SAlE1lloo - [[Eilloe for all £a,... 8 € H.

The following statement is a higher degree analogue of Proposition 4.5.

Proposition 4.14. Let s : H — G be a monotonic polynomial of degree | > 2.
Assume that (4-2) and (4-4) hold. Set s, := s for all n and denote by T the
(C, F)-action of G associated with (Hy, ¢n, Sn, Fn)n. Suppose that

(i) the action (Ty, .  (w)nen is ergodic for any family ty, ... t,—1 € H\{0}
and
(i) maxi<i<d ||Vty,....t1 1 (€)oo = Ollt1]loo - - - |[ti=1]|co for some § > 0 and all
t1,...,t1—1 € H\{O}
Then T is mixing.

Proof. (Cf. with the proof of Proposition 4.5.) By Proposition 4.4, T" has restricted
growth. Take a sequence (hy,)72; in H \ {0} such that (4-6) holds. In view of
Theorem 3.5, it suffices to show that My, g (n,) — Po strongly, where sl is the
hp-derivative of s. Applying Corollary 3.12 [ — 2 times, we obtain that the latter
holds whenever

(4-12) My, H,(h,) — Po strongly for any family ¢,...,t;_2 € H \ {0}.

st _ashno
Suppose first that h, = k for some k € H and all n. Then just use (i) and apply
the mean ergodic theorem to the action (T, . ., (n))nhen to deduce (4-11).

It remains to consider the second case where h,, — oo in H. Notice first that
since Mg, s m,, (k) — Fo strongly, it follows from Corollary 2.3(ii) that the sequence
(¢ (k)52 is uniformly mixing for every k € H \ {0}. The rest of the argument is
almost a literal repetition of that from the proof of Proposition 4.5. [

As an application we construct a family of mixing (C, F’)-actions with polynomial
‘spacer map’ of higher degree in the simplest case when G = Z.
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Example 4.15. Let G = Z. Suppose that the sequence (r,,)2° ; is of sub-exponen-
tial growth and lim,,_. 7, = co. Then, as was noticed above, (4-2) and (4-4) hold.
Let p : Z — Z be a polynomial of degree [ > 0 which non-decreases on Z. Assume
also that p(0) = 0. Suppose that the image of p is not contained in any proper
subgroup of Z. For instance, if p(Z) > 1 then p enjoys this property. Define a
polynomial s : Z — 7Z by setting

s(t) :==p(0) +p(1) +---+p(t —1) for t > 0.

Clearly, s is of degree [ + 1 and s non-decreases on Z,. Let s, := s for all n € N.
Denote by T' the corresponding Z-action. We will show that it is mixing. To this
end it suffices to verify that the conditions (i) and (ii) of Proposition 4.14 hold for
T. It is obvious that (ii) holds. The condition (i) will follow from the fact that 7" is
totally ergodic. To establish the latter we are going to apply Proposition 2.5. Let
hy, =1 for all n € N. Then 0, s(t) = s(t + 1) — s(t) = p(t) at all t > 0. If T is
not totally ergodic then by Proposition 2.5 there exist £k > 0 and j € {0,...,k—1}
such that

#{ie{l,....,r, —1} | p(i) =j mod k}

— 1 asn— oo.
Ty — 1

Hence if n is large enough we can find 0 < ¢ < r,, — 2 — [ such that
p(i)=pi+1)=---=p(i+1) mod k.

Since p(0) = 0 and [ is the degree of p, it follows from [Le, Corollary 1.17] that
p(Z) C kZ, a contradiction.

In particular, putting 7, = n and p(t) = t!, t € Z, we obtain the family of
polynomial staircases first proved to be mixing in [Ad] (when [ = 1) and [CrS]
(when [ > 1).

5. ENTROPIC PROPERTIES OF RANK-ONE ACTIONS

Let G = R% x Z% with arbitrary di,ds > 0 and T a (C, F)-action of G on a
probability space (X, B, 1). We will assume that

F,={9€G|g>0and ||g]e <an}

for a sequence a,, € Ry. This implies that T is rank-one by cubes. It is well known
that the entropy of any rank-one Z-action is zero. This fact extends easily to the
rank-one (by cubes) actions of any group G. However in case of higher dimensional
groups, say G = Z?, there exist rank-one (by rectangles) actions S = (S;)seq of G
such that the transformation S(; o) is Bernoulli (see [Rul]). Then one has h(S) =0
but h(S(1,0)) > 0. We show now that this is impossible for rank-one (by cubes)
actions.

Theorem 5.1. Let T be a rank-one (by cubes) action of G. Then h(T,) =0 for
each g € G.

Proof. We consider only the case G = R? (in the general case one can argue in a
similar way). Let (M), be a sequence of positive reals such that

M. 1
(5-1) lim =" =0 and lim —2on

n— oo an n— oo
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Fix g € G\ {0} and take a family vy,...,vq of mutually orthogonal (with respect
to Eucleadian inner product in R?) vectors such that v; = g. Consider the finest
partition F of GG into parellelepipeds whose vertices belong to the lattice generated
by v1,...,vq. Let F,, be a maximal subset of F such that the atoms ig+ A, A runs
Fn and 0 < ¢ < M, are mutually disjoint aand all of the are contained in F),. It
follows from the first limit in (5-1) that

A (Fy)

(5-2)

— 1.

Let P, be a finite partition of X consisting of the n-cylinders [A],,, where A runs
F, and the complement B,, to the union of these n-cylinders. Then

(5-3) H(Pp) = —#Fnu([A]n) log u([Aln) — u(By) log p(B),

where A is an atom of F,,. Since u(X \ X,,) — 0 and (5-2) holds, it is easy to show
that the second term in the right hand side of (5-3) goes to 0. Substituting (1-11)
to (5-3) and making use of (5-2) we now obtain

Aa(Fn) 2d an
<
+0(1) < . log o)

H(P,) < #F, Aa(4) log

S H G %8 A () o)

(notice that A\g(F,,) = a?). It follows from the second limit in (5-1) that H(P,) — 0
as n — 00. Denote by Q,, the finite partition \/ij\i%_l T;Pn of X. It is easy to deduce
from the definition of P,, that the sequence (Q,,)°% ; generates B, i.e. for any B € ‘B
and n € N, there exists a Q,-measurable subset @,, such that u(BAQ,) — 0 as
n — oo. Hence

WT,) = lim h(T,, Q,) = lim h(T,,Pn) < lim H(P,)=0.

n—oo n—oo n—oo

O

We see, in particular, that for all mixing actions T' constructed in Theorems 4.9—
4.11 and 4.13, h(T,) =0 for all g € G.
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