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Motivation: It is good to have LP or Llog L
proof without excursions in L1 theory.

P.Sjogren proved that non centered Gaussian
Hardy-Littlewood maximal function is not weak
type (1,1). L.Forzani, R.Scotto, P.Sjogren,
and W.Urbina proved LP boundedness for p >
1.

L.Forzani& R.Scotto and independently J.Garcia-
Cuerva, G.Mauceri, P.Sjogren, and José-Luis
Torrea proved that the higher-order Riesz trans-
form for Gaussian measure associated with the
Ornstein-Uhlenbeck differential operator L =
d?/dz? — 2zd/dx, = € R, need not be of weak

type (1,1).

S.Pérez proved that it is weak type L(log L)(k—2)/k
w.r.t. Gaussian measure for k > 3.



Doob inequalities

Let O < x,, be a submartingale and

Ty, = SUp Tp.
0<k<n

A well-known Doob inequalities are

lz3llp <4qllzllp 1<p<oo 1/p+1/g=1 (1)

and

€
lonlls < ——(lwnlogT alls + 1) (2)

They were proved by Doob. Later, Burkholder
using new method, called by him U,V special
functions method, find an alternative proof of

(1).

Let me discuss Burkholder’'s method in much
generality as I can do.



Burkholder’s U,V special functions method:

Let ¢(x) and ¢ (x) be increasing positive func-
tions, such that 0 < ¢(x) < ¥(x) for x > a > 0.
Set

v(z,y) = xd(z) — vy (y)

and

u(z,y) = Blzd(z) — yy(x)]

with some positive v > (.

Lemma. If

v(z,y) < ulz,y) for a<y<z (3)
and

u(y,y) < u(z,y) for a<ly,alz (4)
then

E($:¢($Z)) < yE(zny(zn))



Proof:

A crucial observation is that

Tpt1 = Tp V Tyl (5)
Now, it is clear that

u(z,y + d)
u(z VvV (y+d),y+d) = or
u(y +d,y + d)

In the second case (4) implies that
u(y +d,y + d) <u(x,y+ d). Hence,

u(zV (y+d),y+d) <ulz,y+d) =
Blrop(x) — (y + Dy (x)] =

Blzd(z) — yp(x)] — Bdy(z) = u(z,y) — Bdy(x).
which together with (5) implies that

U(x;k;,-|-17 CEn—l—l) — u(x;l;, Vv (wn + dn)7 Tn + dn) <



Taking an expectation we get

Eu(}y 41, Tng1) < Bu(zh, zn) — BE(dnip(z})).
But

E(dn@b(x;;)) —

E(E(dnp(zp)|xn)) = E@p () E(dn|zy,))

and E(dplxy) > 0 by the definition of sub-
martingale, then E(dpy¥(x))) > 0 and thus us-
ing (3)

Ev(z,y1,Tp41) < Bu(z) 4 q,2p41) <

Eu(xy,zn) < - < Bu(xg, 29) = Eu(zg,0) =

[E(zo¢(z0)) — E(zot(20))] <O,

or

Ev(zy, zn) = E(z,¢(z,)) — vE(zny(zn)) < 0.

Lemma is proved.



Necessary conditions for ¢(x) and ¢ (x):

Note, that (4) implies v} (z,z) = 0, hence

Blo(z) +2¢/(x) —y' ()| _ =0

or

¢(x) + z¢'(z) = xy(z), (6)

or

vy = [(ato@. @

Corollary: Let ¢(x) be an increasing positive
function and ¢ (x) is given by (7). Let u(x,y)
and v(x,y) are Burkholder’s functions. Then
(3) implies

Conjecture: Let ¢(x) be an increasing posi-
tive function and v (x) is given by (7). Then
(3) is valid too.



Example 1, 1 < p < oo: Let ¢(z) = 2P~ 1,
then it easy to see that ¥ (z) = qzP~1, where
qg=1p/(p—1) is the conjugant exponent.

Example 2, p = 1:

Let x > 1 ¢(x) =1, then v(x) =logz + 1. In
this case

v(z,y) =z —~y(ylogy +y)

u(z,y) = Blz —ylogxz — y].

Now, we have to check only (3), i.e. to show
that with some positive v and 8 and for some
a>0

r—~yylogy—vyy < Blx—ylogx—y] a<y<uz.
This inequality is equivalent to

y[Blogx —~vlogy]l + (B —v)y < (B —1)x
or

Bylog —3 + (B=7)y < (B—1)=.

y/



Since logx < z/e then the above inequality will
follow from

Byx
eyfy/ﬁ

+B-Yy< (-1
or

JA-0 Py o P L
gz p
Thus, the quantity

y O+ (1 - (/)

must be bounded uniformly in z and y, which
implies v = . That turns the above inequality
in the following

which solution is 8 > e/(e—1).

Since v = [ and we are interesting in the
smallest possible values for ~, then letting v =
e/(e—1) we get (4).



Thus

v(z,y

&
u(@,y) = ——lr —ylogz —yl.

and the application of the Lemma implies that

(&
|zp]l1 < ——= (|lzn10g(zn)||1 + ||znll1)
e —1

provided that x, > 1.

Approach of Nazarov-Treil-VVolberg:.

B(f,F,L)= sup  {{(Mg)P)g
O<SOELIOC(R)

(p)g = [i{¥P)g = F;g%@» =L}.

B(f,F,L) < pLP — pgLP™1f + ¢PF
where 1/p+1/q=1.



This finally gives us the inequality

p
|J|/( < |J|/fp <pi1><|;|/f>

Melas:
B E L) — { o (prpl—F(p—l)Lp)p L<qf
LP + gP(F — fP) L>qf
q
i
1

For the case p =1 if one use

oL — Bflog L + ~F



then it might be proved that

ﬁ[foSeil<\§|[]f+ﬁ[]flogf
_<|%|/Jf>' g<|;|/f>>

provided that f > 1 a.e. on J.

Gross logarithmic Sobolev inequality:

/]Rd f(@)|? log | f(x)|yq(dx) <

5 o IVF@IFva(d) + 11 £l 720, 109 [1£1]2(1,):

The products of L and |logL in the integrals
on the right hand side of the inequality is so

untypical that it might be a chance that this
IS not a coincidence.



T hank you
for your
attention!



