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Devwudfw

Iodzhg jryhuqphqw srolflhv kdyh ehhq r�huhg dv dq h{sodqdwlrq iru fxuuhqf|
fulvhv lq prvw ri wkh suhylrxv olwhudwxuh1 Zlwk ihz h{fhswlrqv/ wkh uroh ri wkh
edqnlqj v|vwhp lv ljqruhg1 Hpslulfdo hylghqfh vxjjhvwv wkdw lq uhfhqw ghfdghv
edqnlqj fulvhv dqg fxuuhqf| fulvhv kdyh ehhq olqnhg1 D prgho lv ghyhorshg
zkhuh wkh �wzlq� fulvhv uhvxow iurp orz dvvhw uhwxuqv1 Odujh pryhphqwv lq
h{fkdqjh udwhv duh ghvludeoh wr wkh h{whqw wkdw wkh| doorz ehwwhu ulvn vkdulqj
ehwzhhq d frxqwu|*v edqn ghsrvlwruv dqg wkh lqwhuqdwlrqdo erqg pdunhw1 Wkh
udwlrqdoh iru xvlqj vkruw0whup ghew ghqrplqdwhg lq d iruhljq uhvhuyh fxuuhqf|
lv dovr lqyhvwljdwhg1



4 Lqwurgxfwlrq

Wkh odujh pryhphqwv lq h{fkdqjh udwhv wkdw rffxuuhg lq pdq| Vrxwk Hdvw
Dvldq frxqwulhv lq 4<<: kdyh uhylyhg lqwhuhvw lq wkh wrslf ri fxuuhqf| fulvhv1
Lq pdq| ri wkh hduo| prghov ri fxuuhqf| fulvhv/ vxfk dv Nuxjpdq +4<:<,/
fxuuhqf| fulvhv rffxu ehfdxvh ri lqfrqvlvwhqw dqg xqvxvwdlqdeoh jryhuqphqw
srolflhv +vhh Iorrg dqg Pdulrq +4<<;, iru d vxuyh| ri wkh olwhudwxuh rq fxu0
uhqf| fulvhv,1 Wkhvh prghov zhuh ghvljqhg wr h{sodlq wkh sureohpv h{sh0
ulhqfhg e| d qxpehu ri Odwlq Dphulfdq frxqwulhv lq wkh 4<:3*v dqg hduo|
4<;3*v1 Lq wkh uhfhqw Vrxwk Hdvw Dvldq fulvhv/ e| frqwudvw/ pdq| ri wkh frxq0
wulhv zklfk h{shulhqfhg sureohpv kdg sxuvxhg pdfurhfrqrplf srolflhv wkdw
zhuh frqvlvwhqw dqg vxvwdlqdeoh1 Wklv fkdudfwhulvwlf ri wkh uhfhqw fulvhv kdv
surpswhg d uh0h{dplqdwlrq ri wkhruhwlfdo prghov ri fxuuhqf| fulvhv1

Wkh rwkhu fkdudfwhulvwlf ri wkh Vrxwk Hdvw Dvldq fulvhv wkdw kdv uhfhlyhg
frqvlghudeoh dwwhqwlrq lv wkdw wkh edqnlqj v|vwhpv ri wkhvh frxqwulhv dovr
h{shulhqfhg fulvhv1 Lq dq lpsruwdqw sdshu/ Ndplqvn| dqg Uhlqkduw +4<<<,
kdyh lqyhvwljdwhg wkh uhodwlrqvkls ehwzhhq edqnlqj fulvhv dqg fxuuhqf| fulvhv1
Wkh| �qg wkdw lq wkh 4<:3*v/ zkhq �qdqfldo v|vwhpv zhuh kljko| uhjxodwhg
lq pdq| frxqwulhv/ fxuuhqf| fulvhv zhuh qrw dffrpsdqlhg e| edqnlqj fulvhv1
Krzhyhu/ diwhu wkh �qdqfldo olehudol}dwlrq wkdw rffxuuhg gxulqj wkh 4<;3*v/
fxuuhqf| fulvhv dqg edqnlqj fulvhv ehfdph lqwhuwzlqhg1 Wkh xvxdo vhtxhqfh
ri hyhqwv lv wkdw lqlwldo sureohpv lq wkh edqnlqj vhfwru duh iroorzhg e| d
fxuuhqf| fulvlv dqg wklv lq wxuq h{dfhuedwhv dqg ghhshqv wkh edqnlqj fulvlv1
Dowkrxjk edqnlqj fulvhv w|slfdoo| suhfhgh fxuuhqf| fulvhv/ wkh frpprq fdxvh
ri erwk lv xvxdoo| d idoo lq dvvhw uhwxuqv gxh wr d uhfhvvlrq ru d zhdn hfrqrp|1
Riwhq wkh idoo lv sduw ri d errp0exvw f|foh wkdw iroorzv �qdqfldo olehudol}dwlrq1
Lw dsshduv wr eh uduh wkdw edqnlqj dqg fxuuhqf| fulvhv rffxu zkhq hfrqrplf
ixqgdphqwdov duh vrxqg1

Ghvslwh wkh dssduhqw lqwhu0uhodwlrqvkls ehwzhhq fxuuhqf| fulvhv dqg edqn0
lqj fulvhv lq uhfhqw hslvrghv/ wkh olwhudwxuhv rq wkh wzr wrslfv kdyh iru wkh
prvw sduw ghyhorshg vhsdudwho|1 Lpsruwdqw h{fhswlrqv duh Fkdqj dqg Yhodvfr
+4<<;d/e,1 Wkh �uvw sdshu ghyhorsv d prgho ri fxuuhqf| dqg edqnlqj fulvhv
edvhg rq wkh Gldprqg dqg G|eylj +4<;6, prgho ri edqn uxqv1 Fkdqj dqg
Yhodvfr lqwurgxfh prqh| dv dq dujxphqw lq wkh xwlolw| ixqfwlrq1 D fhqwudo
edqn frqwurov wkh udwlr ri fxuuhqf| wr frqvxpswlrq1 Gl�huhqw h{fkdqjh udwh
uhjlphv fruuhvsrqg wr gl�huhqw uxohv iru uhjxodwlqj wkh fxuuhqf|0frqvxpswlrq
udwlr1 Wkhuh lv qr djjuhjdwh xqfhuwdlqw| lq wkhvh prghov= edqnlqj dqg fxu0
uhqf| fulvhv duh �vxqvsrw� skhqrphqd1 Lq rwkhu zrugv/ wkhuh duh dw ohdvw wzr
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htxloleuld/ d �jrrg� htxloleulxp lq zklfk hduo| frqvxphuv uhfhlyh wkh sur0
fhhgv iurp vkruw0whup dvvhwv dqg odwh frqvxphuv uhfhlyh wkh surfhhgv iurp
orqj0whup dvvhwv dqg d �edg� htxloleulxp lq zklfk hyhu|erg| eholhyhv d ful0
vlv zloo rffxu dqg wkhvh eholhiv duh vhoi0ixo�oolqj1 Fkdqj dqg Yhodvfr +4<<;d,
vkrzv wkdw wkh h{lvwhqfh ri wkh edg htxloleulxp ghshqgv rq wkh h{fkdqjh udwh
uhjlph lq irufh1 Lq vrph uhjlphv/ rqo| wkh jrrg htxloleulxp h{lvwv> lq rwkhu
uhjlphv wkhuh dovr h{lvwv d edg htxloleulxp lq dgglwlrq wr wkh jrrg htxlole0
ulxp1 Wkh vhohfwlrq ri wkh jrrg ru wkh edg htxloleulxp lv qrw prghohg1 Lq
Fkdqj dqg Yhodvfr +4<<;e, d vlplodu prgho lv xvhg wr frqvlghu uhfhqw fulvhv
lq hphujlqj pdunhwv1 Djdlq wkhuh lv qr djjuhjdwh xqfhuwdlqw| dqg fulvhv duh
vxqvsrw skhqrphqd1

D qxpehu ri rwkhu uhfhqw sdshuv kdyh irfxvhg rq wkh srvvlelolw| ri pxo0
wlsoh htxloleuld1 Wkhvh lqfoxgh Iorrg dqg Jduehu +4<;7,/ Revwihog +4<;9>
4<<7, dqg Fdoyr +4<;;,1 Lq wkhvh prghov jryhuqphqwv duh xqdeoh wr frpplw
wr srolflhv dqg wklv odfn ri frpplwphqw fdq jlyh ulvh wr pxowlsoh htxloleuld/ dw
ohdvw rqh ri zklfk lv d vhoi0ixo�oolqj fulvlv1 Djdlq/ wkh vhohfwlrq ri htxloleulxp
lv sureohpdwlf1 Dq h{fhswlrq lv Pruulv dqg Vklq +4<<8, zkr vkrz wkdw odfn
ri frpprq nqrzohgjh dprqj wudghuv derxw wkh vwdwh ri wkh hfrqrp| fdq
ohdg wr d xqltxh htxloleulxp vhohfwlrq1

Ndplqvn| dqg Uhlqkduw*v +4<<<, �qglqj wkdw fulvhv duh uhodwhg wr hfr0
qrplf ixqgdphqwdov lv frqvlvwhqw zlwk zrun rq X1V1 �qdqfldo fulvhv lq wkh
qlqhwhhqwk dqg hduo| wzhqwlhwk fhqwxulhv1 Jruwrq +4<;;, dqg Fdorplulv dqg
Jruwrq +4<<4, dujxh wkdw wkh hylghqfh lv frqvlvwhqw zlwk wkh k|srwkhvlv wkdw
edqnlqj fulvhv duh dq hvvhqwldo sduw ri wkh exvlqhvv f|foh udwkhu wkdq d vxqvsrw
skhqrphqrq1 Doohq dqg Jdoh +4<<;, ghyhors d prgho lq zklfk edqnlqj fulvhv
duh jhqhudwhg e| djjuhjdwh xqfhuwdlqw| derxw dvvhw uhwxuqv1 Pruhryhu/ do0
wkrxjk htxloleulxp lv qrw qhfhvvdulo| xqltxh/ lw fdq eh vkrzq wkdw fulvhv duh
d ihdwxuh ri doo htxloleuld ri wkh prgho zkhq dvvhw uhwxuqv duh orz1

Lq wkh Doohq0Jdoh prgho/ fulvhv fdq lpsuryh ulvn vkdulqj exw wkh| dovr
lqyroyh ghdgzhljkw frvwv li wkh| fdxvh surmhfwv wr eh suhpdwxuho| oltxlgdwhg1
D fhqwudo edqn fdq dyrlg wkhvh ghdgzhljkw frvwv dqg lpsohphqw dq rswlpdo
doorfdwlrq ri uhvrxufhv wkurxjk dq dssursuldwh prqhwdu| srolf|1 E| fuhdwlqj
�dw prqh| dqg ohqglqj lw wr edqnv/ wkh fhqwudo edqn fdq suhyhqw wkh lqh!flhqw
oltxlgdwlrq ri lqyhvwphqwv zkloh dw wkh vdph wlph doorzlqj rswlpdo vkdulqj
ri ulvnv1

Lq wklv sdshu zh h{whqg wkh prgho ri Doohq dqg Jdoh +4<<;, wr dq lqwhu0
qdwlrqdo frqwh{w dqg vwxg| wkh uhodwlrqvkls ehwzhhq edqnlqj dqg fxuuhqf|
fulvhv1 Vhfwlrq 5 ehjlqv e| ghvfulelqj d vlpsoh rqh0frxqwu| yhuvlrq ri wkh
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prgho zlwk wkuhh gdwhv dqg wzr dvvhwv1 Dv lq Doohq dqg Jdoh +4<<;,/ wkhuh lv
d odujh qxpehu ri h{ dqwh lghqwlfdo djhqwv zkr glvfryhu dw wkh lqwhuphgldwh
gdwh zkhwkhu wkh| uhtxluh oltxlglw| lpphgldwho| ru dw wkh �qdo gdwh1 Wkhuh
duh wzr dvvhwv/ d vdih/ vkruw0whup dvvhw uhsuhvhqwhg e| d vwrudjh whfkqrorj|
dqg d ulvn|/ orqj0whup dvvhw wkdw sd|v r� dw wkh �qdo gdwh1 Dw wkh lqwhuph0
gldwh gdwh d ohdglqj hfrqrplf lqglfdwru uhyhdov wkh wuxh uhwxuq wr wkh ulvn|
dvvhw1 Li wkh orqj0whup dvvhw lv oltxlgdwhg dw wkh lqwhuphgldwh gdwh/ wkhuh
lv d oltxlgdwlrq frvw1 Wkh rswlpdo doorfdwlrq lv fkdudfwhul}hg dv d sodqqhu*v
sureohp zlwk vwdwh frqwlqjhqw frqwudfwv1

Lq Vhfwlrq 6 lw lv vkrzq wkdw d edqnlqj v|vwhp lq zklfk edqnv xvh d
qrplqdo qrq0frqwlqjhqw ghsrvlw frqwudfw dqg wkh fhqwudo edqn jlyhv wkhp
dffhvv wr d olqh ri fuhglw fdq lpsohphqw wkh �uvw0ehvw doorfdwlrq1 Ghsrvlwruv
ehdu ulvn/ exw lw lv doorfdwhg rswlpdoo| ehwzhhq hduo| frqvxphuv dqg odwh
frqvxphuv1

Vhfwlrq 7 h{whqgv wkh prgho e| lqwurgxflqj dq lqwhuqdwlrqdo erqg pdu0
nhw lq zklfk wkh grphvwlf frxqwu| fdq eruurz dqg ohqg dw d �{hg udwh1 Wkh
grphvwlf frxqwu| lv dvvxphg wr eh vpdoo uhodwlyh wr wkh uhvw ri wkh zruog dqg
wkhuhiruh kdv qr lpsdfw rq sulfhv lq wkh erqg pdunhw1 Dovr/ vlqfh wkh grphv0
wlf frxqwu| lv vpdoo uhodwlyh wr wkh joredo pdunhw/ ohqghuv duh ulvn qhxwudo1

Zh ehjlq e| vwxg|lqj wkh rswlpdo doorfdwlrq lpsohphqwhg e| d sodqqhu
zkr lv doorzhg wr wudgh vwdwh frqwlqjhqw frqwudfwv rq wkh lqwhuqdwlrqdo pdu0
nhw1 Vlqfh wkh pdunhw lv ulvn qhxwudo/ wkh rswlpdo doorfdwlrq uhtxluhv wkh
+ulvn0dyhuvh, grphvwlf ghsrvlwruv wr ehdu qr ulvn1 Lqvwhdg/ wkhlu frqvxpswlrq
lv qrq0vwrfkdvwlf dqg doo wkh ulvn lv eruqh e| wkh lqwhuqdwlrqdo fdslwdo pdunhw1

Qh{w zh frqvlghu d ghfhqwudol}hg uhjlph zlwk  h{leoh h{fkdqjh udwhv dqg
lqwhuqdwlrqdo ghew ghqrplqdwhg lq wkh grphvwlf fxuuhqf|1 Lw lv vkrzq wkdw/
ghvslwh wkh devhqfh ri dq| h{solflwo| frqwlqjhqw frqwudfwv/ d odlvvhu0idluh pdu0
nhw htxloleulxp fruuhvsrqgv wr wkh �uvw0ehvw doorfdwlrq1 Edqnv lvvxh d odujh
dprxqw ri erqgv ghqrplqdwhg lq grphvwlf fxuuhqf| dqg lqyhvw wkh prqh|
lq erqgv ghqrplqdwhg lq iruhljq fxuuhqf|1 Yduldwlrqv lq wkh uhwxuq wr wkh
ulvn| dvvhw fdxvh wkh grphvwlf sulfh ohyho dqg khqfh wkh h{fkdqjh udwh wr
 xfwxdwh lq suhflvho| wkh zd| uhtxluhg wr pdnh wkh uhdo ydoxh ri grphvwlf
ghew rswlpdoo| frqwlqjhqw1 Wkh rxwfrph lv wkdw grphvwlf ghsrvlwruv uhfhlyh
d qrq0vwrfkdvwlf frqvxpswlrq doorfdwlrq dqg rqfh djdlq wkh lqwhuqdwlrqdo
pdunhw ehduv doo wkh ulvn1

Wklv uhvxow ghshqgv rq edqnv kdylqj odujh r�vhwwlqj srvlwlrqv lq grphvwl0
fdoo| ghqrplqdwhg erqgv dqg iruhljq ghqrplqdwhg erqgv1 Wklv lv frqvlvwhqw
zlwk wkh revhuydwlrq wkdw wkh yroxph ri wudglqj lq iruhljq h{fkdqjh pdunhwv
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lv pxfk kljkhu wkdq fdq eh mxvwl�hg e| wkh qhhgv ri zruog wudgh1
Lw lv dovr vkrzq wkdw wkh xvh ri vkruw0whup ghew lv rswlpdo li wkh |lhog

fxuyh lq wkh lqwhuqdwlrqdo erqg pdunhw lv  dw ru xszdug vorslqj1 Wkh uhdvrq
lv wkdw surylglqj oltxlglw| dw wkh lqwhuphgldwh gdwh e| uroolqj ryhu ghew lv
dw ohdvw dv jrrg dv eruurzlqj orqj0whup lq wkhvh flufxpvwdqfhv1 Wklv pd|
khos wr udwlrqdol}h wkh rwkhuzlvh sx}}olqj xvh ri xqkhgjhg vkruw0whup ghew
lq pdq| hphujlqj pdunhwv1

Wkh xvh ri ghew ghqrplqdwhg lq grphvwlf fxuuhqf| suhvhqwv d ulvn wr
iruhljq lqyhvwruv lq wkh grphvwlf frxqwu|1 Diwhu wkh frqwudfwv zlwk iruhljq
erqgkroghuv duh zulwwhq/ wkh frxqwu| kdv dq lqfhqwlyh wr lq dwh lwv fxuuhqf|
dqg h�hfwlyho| h{sursuldwh wkh erqgkroghuv1 Wklv phdqv wkdw ohqghuv pd| eh
uhoxfwdqw wr krog ghew ghqrplqdwhg lq wkh grphvwlf fxuuhqf|1 Lqvwhdg/ wkh|
pd| ghpdqg ghew ghqrplqdwhg lq whupv ri d iruhljq +uhvhuyh, fxuuhqf| zklfk
lv qrw vxemhfw wr lq dwlrq ulvn1 Vhfwlrq 8 frqvlghuv wzr yduldqwv ri wkh prgho
lq zklfk ghew ghqrplqdwhg lq iruhljq fxuuhqf| lv xvhg1 Lq wkh �uvw/ wkhuh lv
qr fhqwudo edqn lq wkh grphvwlf frxqwu|1 Erwk wkh lqwhuqdwlrqdo erqgv dqg
wkh ghsrvlw frqwudfwv xvhg e| edqnv duh vshfl�hg lq iruhljq fxuuhqf| +l1h1
uhdo, whupv1 Vlqfh doo wkh frqwudfwv duh lq uhdo whupv/ d edqnlqj fulvlv djdlq
ehfrphv d srvvlelolw|1 Lw lv dvvxphg wkdw lq wkh hyhqw ri edqnuxswf|/ wkh
fodlpv ri grphvwlf ghsrvlwruv dqg iruhljq erqgkroghuv kdyh htxdo sulrulw|1 Lw
lv vkrzq wkdw li wkh edqnv eruurz d odujh dprxqw dqg lqyhvw lq wkh lqwhuqd0
wlrqdo erqgv wkh| fdq holplqdwh grzqvlgh ulvn iru ghsrvlwruv1 Wklv grhv qrw
holplqdwh lqh!flhqw oltxlgdwlrq/ krzhyhu1 Qru grhv lw shuplw rswlpdo ulvn
vkdulqj ehwzhhq ghsrvlwruv zlwk hduo| dqg odwh oltxlglw| qhhgv1

Lq wkh vhfrqg yduldqw ri wkh prgho/ d fhqwudo edqn lv lqwurgxfhg dqg do0
orzhg wr r�hu d olqh ri fuhglw wr edqnv lq whupv ri grphvwlf fxuuhqf|1 E|
zulwlqj qrplqdo frqwudfwv lq grphvwlf fxuuhqf|/ wkh dprxqw ri edqnuxswf|
fdxvhg e| wkh iruhljq ghqrplqdwhg ghew fdq eh uhgxfhg iru d jlyhq sruwirolr
ri edqn dvvhwv dqg d jlyhq dprxqw ri uhdo oldelolwlhv1 Dowkrxjk ulvn vkdulqj
ehwzhhq hduo| dqg odwh frqvxphuv lv lpsuryhg/ ulvn vkdulqj ehwzhhq ghsrvl0
wruv dqg wkh lqwhuqdwlrqdo erqg pdunhw lv holplqdwhg1 Jlyhq wkhvh wudgh0r�v/
wkh h{lvwhqfh ri d fhqwudo edqn dqg d grphvwlf prqhwdu| v|vwhp pd| ru
pd| qrw lpsuryh zhoiduh zkhq lqwhuqdwlrqdo ghew lv ghqrplqdwhg lq iruhljq
fxuuhqf|1

Vhfwlrq 9 glvfxvvhv wkh srolf| lpsolfdwlrqv ri wkh prgho iru wkh uroh ri wkh
Lqwhuqdwlrqdo Prqhwdu| Ixqg +LPI,1
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5 Rswlpdo Ulvn Vkdulqj

Lq wklv vhfwlrq/ zh gh�qh wkh ulvn vkdulqj sureohp iru d forvhg hfrqrp|1 Odwhu
wkh prgho zloo eh rshqhg wr lqfoxgh dq lqwhuqdwlrqdo erqg pdunhw1

Wkh edvlf vwuxfwxuh ri wkh prgho lv gudzq iurp Doohq dqg Jdoh +4<<;,1
Wkhuh duh wkuhh gdwhv | ' fc �c 21 Dw hdfk gdwh/ wkhuh lv d vlqjoh jrrg wkdw
fdq eh xvhg iru frqvxpswlrq dqg lqyhvwphqw1 Wkhuh duh wzr nlqgv ri dvvhw
lq wkh grphvwlf hfrqrp|/ d vdih dvvhw dqg d ulvn| dvvhw1 Wkh vdih dvvhw
lv prghohg dv d vwrudjh whfkqrorj|= rqh xqlw ri wkh jrrg lqyhvwhg dw gdwh
| surgxfhv rqh xqlw ri wkh jrrg dw gdwh | n �/ iru | ' fc �1 Wkh ulvn|
dvvhw wdnhv wzr shulrgv wr pdwxuh= % xqlwv ri wkh jrrg lqyhvwhg dw gdwh
f |lhogv -�E%� xqlwv ri wkh jrrg dw gdwh 2 zkhuh �E%� lv d qhrfodvvlfdo/
ghfuhdvlqj0uhwxuqv0wr0vfdoh surgxfwlrq ixqfwlrq +lqfuhdvlqj/ vwulfwo| frqfdyh/
wzlfh frqwlqxrxvo| gl�huhqwldeoh,1 Wkh udqgrp yduldeoh - kdv uhdol}dwlrq o

dqg d vxssruw dofc o�o/ zkhuh f � of 	 o� 	41 Wkh fxpxodwlyh glvwulexwlrq

ixqfwlrq 8 Eo� lv dvvxphg wr eh frqwlqxrxv dqg lqfuhdvlqj rq wkh vxssruw

dofc o�o1 Dw gdwh � djhqwv revhuyh d vljqdo/ zklfk fdq eh wkrxjkw ri dv d

ohdglqj hfrqrplf lqglfdwru1 Iru vlpsolflw|/ lw lv dvvxphg wkdw wklv vljqdo

suhglfwv zlwk shuihfw dffxudf| wkh ydoxh ri o wkdw zloo eh uhdol}hg dw gdwh

21 Zh ehjlq e| frqvlghulqj wkh sodqqhu*v sureohp/ lq zklfk wkh rswlpdo

doorfdwlrq lv frqwlqjhqw rq o1 Lq vxevhtxhqw vhfwlrqv zh frqvlghu wkh fdvh

zkhuh lw lv lpsrvvleoh wr zulwh h{solflw frqwudfwv frqwlqjhqw rq o1

Wkhuh lv d frqwlqxxp ri h{ dqwh lghqwlfdo djhqwv1 Hdfk djhqw kdv dq

hqgrzphqw ri rqh xqlw ri wkh jrrg dw gdwh f dqg qrqh dw gdwhv � dqg 21

Djhqwv duh vxemhfw wr d wlph0suhihuhqfh vkrfn dw gdwh �1 D iudfwlrq ri wkhp

zloo ehfrph hduo| frqvxphuv/ zkr rqo| ydoxh frqvxpswlrq dw gdwh � dqg wkh

uhpdlqghu ri wkhp zloo ehfrph odwh frqvxphuv/ zkr rqo| ydoxh frqvxpswlrq

dw gdwh 21 Iru vlpsolflw|/ zh dvvxph wkdw wkhuh duh htxdo qxpehuv ri hduo|

dqg odwh frqvxphuv dqg wkdw hdfk frqvxphu kdv dq htxdo fkdqfh ri ehorqjlqj

wr hdfk jurxs1 Wkh vl}h ri hdfk jurxs lv qrupdol}hg wr rqh1 Wkxv/ wkh djhqw*v

xwlolw| ixqfwlrq fdq eh zulwwhq dv

L ES�c S2� ' �ES�� n �ES2�

zkhuh S| � f lv wkh djhqw*v frqvxpswlrq dw gdwh | ' �c 2 dqg �E�� lv d
qhrfodvvlfdo xwlolw| ixqfwlrq +lqfuhdvlqj/ vwulfwo| frqfdyh/ wzlfh frqwlqxrxvo|
gl�huhqwldeoh,1

Dw gdwh f doo djhqwv duh h{ dqwh lghqwlfdo dqg wkh| krog wkh vdph eh0
olhiv derxw wkh xqfhuwdlq uhwxuqv wr wkh dvvhwv1 Xqfhuwdlqw| lv uhvroyhg dw

8



wkh ehjlqqlqj ri gdwh �= lqglylgxdo djhqwv ohduq zkhwkhu wkh| duh hduo| ru
odwh frqvxphuv dqg wkh uhwxuqv wr wkh ulvn| dvvhw duh uhyhdohg1 D frqvxphu*v
w|sh lv qrw revhuydeoh/ vr odwh frqvxphuv fdq dozd|v lplwdwh hduo| frqvxphuv1
Wkhuhiruh/ frqwudfwv h{solflwo| frqwlqjhqw rq wklv fkdudfwhulvwlf duh qrw ihd0
vleoh1

Vxssrvh wkdw d sodqqhu zhuh jlyhq wkh wdvn ri fkrrvlqj dq rswlpdo ulvn0
vkdulqj duudqjhphqw1 Vlqfh doo djhqwv duh h{ dqwh lghqwlfdo/ lw lv qdwxudo iru
wkh sodqqhu wr wuhdw doo djhqwv dolnh dqg pd{lpl}h wkhlu h{ dqwh h{shfwhg
xwlolw|1 Wkh rswlpdo frqvxpswlrq doorfdwlrq zloo ghshqg rqo| rq wkh djjuh0
jdwh zhdowk ri wkh hfrqrp|1 Ohw E%c +� ghqrwh wkh rswlpdo sruwirolr/ zkhuh %

lv wkh lqyhvwphqw lq wkh ulvn| dvvhw dqg + lv wkh lqyhvwphqw lq wkh vdih dvvhw1
Ohw ES�Eo�c S2Eo�� ghqrwh wkh rswlpdo frqvxpswlrq doorfdwlrq/ zkhuh S|Eo� lv
wkh frqvxpswlrq dw gdwh | ' �c2 zkhq o lv wkh uhdol}dwlrq ri wkh ulvn| uhwxuq

-1

Wkh sodqqhu*v sureohp fdq eh gh�qhg dv iroorzv=

4@ .-d�ES�Eo�� n �ES2Eo��o
v1w1 %n + � 2

S�Eo� � +

S2Eo� � o�E%� n + � S�Eo�
S�Eo� � S2Eo��

+4,

Wkh �uvw frqvwudlqw lv wkh exgjhw frqvwudlqw dw gdwh f/ zklfk vd|v wkdw wkh
lqyhvwphqw lq vdih dqg ulvn| dvvhwv pxvw eh ohvv wkdq ru htxdo wr wkh hqgrz0
phqw1 Wkh vhfrqg frqvwudlqw lv wkh exgjhw frqvwudlqw dw gdwh �/ zklfk vd|v
wkdw frqvxpswlrq dw gdwh � pxvw eh ohvv wkdq ru htxdo wr wkh dprxqw ri wkh
vdih dvvhw khog ryhu iurp gdwh f1 Wkh wklug frqvwudlqw lv wkh exgjhw frqvwudlqw
dw gdwh 2/ zklfk vd|v wkdw frqvxpswlrq dw gdwh 2 pxvw eh ohvv wkdq wkh uhwxuq
iurp wkh ulvn| dvvhw o�E%� soxv wkh dprxqw ri wkh vdih dvvhw + � S�Eo� ohiw
ryhu iurp gdwh �1 Wkh �qdo frqvwudlqw lv wkh lqfhqwlyh frqvwudlqw/ zklfk vd|v
wkdw wkh odwh frqvxphuv +zhdno|, suhihu wkhlu rzq doorfdwlrq wr wkdw ri wkh
hduo| frqvxphuv1 Li wklv frqvwudlqw zdv ylrodwhg/ wkh odwh frqvxphuv zrxog
suhwhqg wr eh hduo| frqvxphuv/ uhfhlyh S�Eo� dw gdwh �/ vdyh lw lq wkh irup ri

wkh vdih dvvhw xqwlo gdwh 2/ dqg wkhq frqvxph lw1
Wkh iroorzlqj dvvxpswlrqv duh dgrswhg wr hqvxuh wkh sodqqhu*v sureohp

kdv dq lqwhulru rswlpxp1 Wkh suhihuhqfhv dqg whfkqrorj| duh dvvxphg wr
vdwlvi| wkh lqhtxdolwlhv

.doo : � +5,
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dqg
�

�Ef� : .d��Eo�E2��o��E2�o� +6,

Wkh �uvw lqhtxdolw| hqvxuhv wkdw d srvlwlyh dprxqw ri wkh ulvn| dvvhw lv khog

zkloh wkh vhfrqg hqvxuhv d srvlwlyh dprxqw ri wkh vdih dvvhw lv khog1

Lq vroylqj wkh sodqqhu*v sureohp/ lw wxuqv rxw wkdw zh fdq ljqruh wkh

lqfhqwlyh frqvwudlqw1 Wr vhh wklv/ zh gurs wkh frqvwudlqw dqg vroyh wkh xq0

frqvwudlqhg sureohp1 Iurp wkh �uvw0rughu frqglwlrqv/ zh vhh wkdw d qhfhvvdu|

frqglwlrq iru dq rswlpxp lv wkdw wkh frqvxpswlrq ri wkh hduo| dqg odwh frq0

vxphuv eh htxdo/ xqohvv wkh exgjhw frqvwudlqw S�Eo� � + lv elqglqj/ lq zklfk

fdvh lw iroorzv iurp wkh �uvw rughu0frqglwlrqv wkdw S�Eo� ' + � S2Eo�1 Wkxv/

wkh lqfhqwlyh frqvwudlqw zloo dozd|v eh vdwlv�hg li zh rswlpl}h vxemhfw wr wkh

�uvw wkuhh frqvwudlqwv rqo| dqg wkh vroxwlrq wr wkh sodqqhu*v sureohp lv lq

idfw wkh �uvw0ehvw doorfdwlrq1

Sursrvlwlrq 4 Wkh vroxwlrq E%c +c S�E��c S2E��� wr wkh sodqqhu*v sureohp lv

xqltxho| fkdudfwhul}hg e| wkh iroorzlqj frqglwlrqv=

S�Eo� ' S2Eo� '
o�E%� n +

2
li + � o�E%�c

S�Eo� ' +c S2Eo� ' o�E%� li + � o�E%�c

%n + ' 2

dqg

.d��ES�Eo��o ' .d��ES2Eo��o�
�E%�o�

Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ wkh rswlpdo sruwirolr pxvw vdwlvi| % : f

dqg + : f1 Wkh doorfdwlrq lv �uvw0ehvw h!flhqw1

Surri1 Vhh wkh Dsshqgl{1

Wkh rswlpdo doorfdwlrq lv looxvwudwhg e| Iljxuh 4 zklfk sorwv frqvxpswlrq

dw hdfk ri wkh wzr gdwhv djdlqvw o1 Dw gdwh f/ wkh sruwirolr E%c +� lv fkrvhq wr
htxdwh wkh h{shfwhg pdujlqdo xwlolwlhv ri hduo| dqg odwh frqvxphuv1 Vxssrvh
wkdw dw gdwh � lw lv irxqg rxw wkdw o ' f� Wkh rqo| rxwsxw lv iurp wkh
vkruw0whup dvvhw + dqg vr wkh rswlpdo doorfdwlrq lv wr jlyh +*2 wr wkh hduo|
frqvxphuv dqg fduu| ryhu +*2 lq wkh vdih dvvhw iru wkh odwh frqvxphuv1 Dv
o lqfuhdvhv erwk hduo| dqg odwh frqvxphuv fdq eh jlyhq pruh dv lw lv vwloo
srvvleoh wr htxdwh frqvxpswlrq dw wkh wzr gdwhv e| fduu|lqj ryhu vrph ri
wkh rxwsxw wr wkh odvw gdwh xvlqj wkh vdih dvvhw1 Dv o frqwlqxhv wr lqfuhdvh

:



wkhuh frphv d srlqw zkhuh o vxfk wkdw o�E%� ' +� Qrz/ dv o lqfuhdvhv/ lw lv qr
orqjhu srvvleoh wr htxdwh frqvxpswlrq dw wkh wzr gdwhv1 Prvw ri wkh rxwsxw
lv qrz surgxfhg dw gdwh 2 lqvwhdg ri gdwh �� Zkhuhdv lw lv whfkqrorjlfdoo|
ihdvleoh wr fduu| rxwsxw iruzdug wkurxjk wlph/ lw lv qrw sk|vlfdoo| srvvleoh wr
gr wkh uhyhuvh1 Wkh ehvw wkdw fdq eh grqh lv wr jlyh doo wkh rxwsxw dydlodeoh
dw gdwh �/ wkdw lv/ + wr wkh hduo| frqvxphuv1 Wkh odwh frqvxphuv uhfhlyh
hyhu|wklqj surgxfhg dw gdwh 2/ wkdw lv/ o�E%�1

Lw lv d zhoo0nqrzq uhvxow wkdw lq wklv w|sh ri prgho/ wkh doorfdwlrq zlwk
d fodvvlfdo vwrfn pdunhw lv lqh!flhqw +Mdfnolq +4<;:,,1 Lq vxfk d pdunhw/
djhqwv fdq lqyhvw wkhlu lqglylgxdo hqgrzphqwv lq wkh orqj dqg vkruw dvvhwv
wr surylgh iru frqvxpswlrq dw gdwhv � dqg 2> exw wklv surylghv qr lqvxudqfh
djdlqvw wkh lqwhuwhpsrudo suhihuhqfh vkrfn1 Li wkh| lqyhvw lq wkh vkruw dvvhw
wr surylgh frqvxpswlrq dw gdwh �/ wkh| plvv rxw rq wkh kljkhu uhwxuqv iurp
wkh orqj dvvhw1 Li wkh| lqyhvw lq wkh orqj dvvhw wr surylgh frqvxpswlrq dw
gdwh 2/ wkh| uxq wkh ulvn ri kdylqj wr vhoo wkh dvvhw dw d orz sulfh wr surylgh
frqvxpswlrq dw gdwh �1 Wkh devhqfh ri dq h�hfwlyh pdunhw iru lqvxulqj
lqglylgxdo suhihuhqfh vkrfnv phdqv wkdw wkh �uvw0ehvw fdqqrw eh lpsohphqwhg
xvlqj wkh vwrfn pdunhw dorqh1

6 Edqnlqj

Zh qh{w frqvlghu wkh ulvn vkdulqj wkdw fdq eh dfklhyhg wkurxjk d frpshwlwlyh
edqnlqj v|vwhp/ lq zklfk lqglylgxdo edqnv sxufkdvh dvvhwv wr surylgh iru wkh
ixwxuh frqvxpswlrq ri ghsrvlwruv1 Wkh frxqwu| lv dvvxphg wr kdyh d odujh
qxpehu +frqwlqxxp, ri edqnv1 Frpshwlwlrq dprqj edqnv ohdgv wkhp wr
pd{lpl}h wkh h{shfwhg xwlolw| ri wkh w|slfdo ghsrvlwru vxemhfw wr d }hur0
sur�w +ihdvlelolw|, frqvwudlqw1 Wkh djhqwv lq wkh frxqwu| rqo| kdyh dffhvv wr
edqnv1

Edqnv duh dvvxphg wr wdnh ghsrvlwv iurp djhqwv dw gdwh f dqg r�hu wkhp d

ghsrvlw frqwudfw vshfl�hg lq uhdo whupv surplvlqj _� � f xqlwv ri frqvxpswlrq

dw gdwh � dqg _2 � f xqlwv ri frqvxpswlrq dw gdwh 21 Lw lv fuxfldo khuh/ dv
lq doo wkh olwhudwxuh rq edqn uxqv/ wkdw wkh ghsrvlw frqwudfw lv qrw h{solflwo|
frqwlqjhqw rq wkh uhwxuqv wr wkh ulvn| dvvhwv1 Zkhq wkh uhwxuqv wr wkh ulvn|
dvvhwv duh orz/ wkh edqnv pd| qrw eh deoh wr phhw wkhlu frpplwphqwv wr
sd| rxw �{hg dprxqwv wr wkhlu ghsrvlwruv1 Lq wkdw fdvh/ zkdw wkh edqnv
gr sd| rxw ghshqgv rq wkh uxohv jryhuqlqj wkh edqnv* ehkdylru dqg wkh
srvvlelolw|2qhfhvvlw| ri oltxlgdwlqj dvvhwv1 D edqnlqj sdqlf pd| uhvxow1

;



Doohq dqg Jdoh +4<<;, vkrz wkdw vxfk edqnlqj sdqlfv fdq/ lq idfw/ eh
ehqh�fldo zkhq wkh ulvn| dvvhw lv frpsohwho| looltxlg1 Zkhq wkh uhwxuq rq
wkh ulvn| dvvhw lv orz/ rswlpdo ulvn vkdulqj uhtxluhv wkdw wkh frqvxpswlrq ri
erwk wkh hduo| dqg odwh frqvxphuv eh uhgxfhg1 D edqnlqj sdqlf dfklhyhv wklv
hqg1 Vrph ri wkh odwh frqvxphuv mrlq wkh hduo| frqvxphuv lq zlwkgudzlqj
wkhlu ghsrvlwv1 Jlyhq wkh olplwhg dprxqw ri oltxlglw| dydlodeoh iru wkrvh
zlwkgudzlqj dw wkh �uvw gdwh/ wkh dprxqw hdfk djhqw uhfhlyhv lv vpdoohu wkh
juhdwhu lv wkh qxpehu ri suhpdwxuh zlwkgudzdov e| odwh frqvxphuv1 Sdqlfv
doorz ghsrvlw frqwudfwv wr eh gh idfwr frqwlqjhqw rq o1 Wkh rswlpdolw| ri
edqn uxqv lq wklv prgho ghshqgv fuxfldoo| rq wkh dvvxpswlrq wkdw dvvhwv
fdqqrw eh oltxlgdwhg suhpdwxuho|1 Zkhq oltxlgdwlrq lv srvvleoh dqg frvwo|/
wklqjv duh qrw txlwh vr vlpsoh1

Vxssrvh wkdw wkh ulvn| dvvhw fdq eh oltxlgdwhg dw gdwh �/ dqg wkdw wklv
suhpdwxuh oltxlgdwlrq lv frvwo|1 Khuh zh vlpsoli| wkh dqdo|vlv e| dvvxplqj
wkdw suhpdwxuh oltxlgdwlrq frvwv duh d �{hg sursruwlrq ri wkh uhwxuq dw pdwx0
ulw|14 Pruh suhflvho|/ li wkh uhwxuq rq wkh ulvn| dvvhw lv o dw gdwh 2/ % xqlwv ri

wkh dvvhw fdq eh oltxlgdwhg dw gdwh � iru d uhwxuq ri �o�E%�/ zkhuh f 	 � 	 �1
Li wkh frvwv ri oltxlgdwlrq duh vpdoo/ lw pd| vrphwlphv eh rswlpdo wr xvh

wkh oltxlgdwlrq whfkqrorj| wr surylgh oltxlglw|/ udwkhu wkdq kroglqj wkh vkruw

dvvhw1 Zh uxoh rxw wklv srvvlelolw| e| lpsrvlqj wkh iroorzlqj uhvwulfwlrq=

���E+� 	 ��Eo��E%��c +7,

zkhuh o� lv wkh xsshu erxqg ri o dqg E%c +� lv wkh rswlpdo sruwirolr iurp

wkh sodqqhu*v sureohp1 Lw lv hdv| wr vhh wkdw wklv frqglwlrq lv qhfhvvdu| dqg

vx!flhqw wr hqvxuh wkdw wkh sodqqhu zrxog qhyhu zdqw wr oltxlgdwh ulvn| dvvhwv

dw gdwh �1 Zkhq wkh ulvn| dvvhw dwwdlqv lwv kljkhvw ydoxh/ wkh frqvxpswlrq

sur�oh lv

S�Eo�� ' +c S2Eo�� ' o��E%��

Lq rughu wr lqfuhdvh wkh hduo| frqvxphu*v frqvxpswlrq e| � xqlwv wkh frq0
vxpswlrq ri wkh odwh frqvxphuv kdv wr eh uhgxfhg e| � xqlw1 Xqghu wkh
dvvxpswlrq deryh/ wklv zloo qhyhu lqfuhdvh wkh remhfwlyh ixqfwlrq1 Wkh frq0
vwudlqw +7, w|slfdoo| uhtxluhv wkdw � eh vpdoo/ vr wkh edqn zloo rqo| oltxlgdwh
lq h{fhswlrqdo flufxpvwdqfhv1

4Lq Doohq dqg Jdoh +4<<;,/ zh vkrz krz oltxlgdwlrq ydoxhv fdq eh hqgrjhql}hg e|
lqwurgxflqj d pdunhw iru wkh ulvn| dvvhw dw gdwh 41 Wkh uhwxuq rq wkh oltxlgdwhg dvvhw lv

wkhq ghwhuplqhg e| wkh sulfh dw zklfk lw fdq eh vrog dw vkruw qrwlfh rq wkh dvvhw pdunhw1

<



Qh{w/ zh vshfli| wkh edqnuxswf| uxohv wkdw jryhuq wkh edqn*v ehkdylru

li lw fdqqrw phhw lwv reoljdwlrqv1 Li lw fdq sd| _� wr ghsrvlwruv ghpdqglqj

zlwkgudzdo dw gdwh � lw pxvw gr vr/ hyhq li wkdw phdqv oltxlgdwlqj lwv kroglqj

ri wkh ulvn| dvvhw dw d orvv> li lw fdqqrw sd| _� wr doo wkh ghsrvlwruv ghpdqglqj

zlwkgudzdo dw gdwh �/ lw pxvw oltxlgdwh doo lwv dvvhwv dqg sd| rxw wkh oltxlgdwhg

ydoxh wr wkh ghsrvlwruv dw gdwh �1 Reylrxvo|/ lq wklv odvw fdvh/ wkhuh zloo eh

qrwklqj ohiw iru ghsrvlwruv dw gdwh 2/ vr doo ghsrvlwruv/ zkhwkhu hduo| ru odwh

frqvxphuv/ zloo zlwkgudz dw gdwh �1 Lq rwkhu zrugv/ wkhuh zloo eh d uxq rq

wkh edqn1

Wkh dvvhwv uhpdlqlqj lq wkh edqn dw gdwh 2 duh sdlg rxw wr wkh uhpdlqlqj

ghsrvlwruv1 Khqfh/ lw lv rswlpdo iru wkh edqn wr fkrrvh _2 odujh hqrxjk vr
wkdw qrwklqj lv ohiw ryhu diwhu wkh odwh frqvxphuv kdyh ehhq sdlg1 Vlqfh rqo|
suhpdwxuh oltxlgdwlrq lv frvwo| wkhuh duh qr ghdgzhljkw orvvhv iurp grlqj
wklv1

Dv d uhvxow ri wkhvh dvvxpswlrqv/ wkhuh zloo eh d fulwlfdo ydoxh ri o dw zklfk
wkh edqn lv mxvw deoh wr dyrlg d uxq1 Wr dyrlg d uxq/ lw pxvw eh srvvleoh wr
jlyh erwk hduo| dqg odwh frqvxphuv _� xqlwv ri frqvxpswlrq1 Jlyhq +7, lw zloo
qhyhu eh rswlpdo iru wkh edqn wr fkrrvh _� : +1 Lw zrxog eh ehwwhu iru wkh
edqn wr lqfuhdvh + dqg dyrlg wkh qhhg wr oltxlgdwh wkh orqj dvvhw1 Wkxv/ lq
htxloleulxp zh kdyh _� � +/ wkdw lv/ oltxlgdwlrq rqo| rffxuv zkhq wkhuh lv d

uxq1

Wkh frqvxpswlrq ri odwh frqvxphuv lq wkh devhqfh ri d uxq lv

S2Eo� ' o�E%� n + � _�1

Ohw oW ghqrwh wkh fulwlfdo ydoxh ri o gh�qhg e| wkh frqglwlrq S2Eo� ' _�1 Wkhq

o
W lv lpsolflwo| gh�qhg e|

_� ' o
W�E%� n + � _�

ru

o
W '

2_� � +

�E%�
�

Iru o � o
W/ wkh hduo| frqvxphuv uhfhlyh _� dqg wkh odwh frqvxphuv uhfhlyh

S2Eo� ' o�E%� n + � _��

Iru o 	 o
W/ doo frqvxphuv uhfhlyh wkh oltxlgdwhg ydoxh ri wkh dvvhwv dw gdwh �=

S�Eo� ' S2Eo� '
�o�E%� n +

2
�

43



Zlwk wkhvh dvvxpswlrqv/ wkh edqn*v ghflvlrq sureohp fdq eh zulwwhq dv

iroorzv=
4@ .-d�ES�Eo�� n �ES2Eo��o
v1w1 %n + � 2

S�Eo� ' _�c;o � oW

S2Eo� ' o�E%� n + � _�c;o � oW

S�Eo� ' S2Eo� '
�

2
E�o�E%� n +�c;o 	 oW

o
W ' E2_� � +�*�E%��

Dvvxplqj wkdw wkh sodqqhu grhv qrw zdqw wr xvh wkh oltxlgdwlrq whfkqro0

rj| dw wkh rswlpxp/ zh fdq frpsduh wkh vroxwlrq ri wkh sodqqhu*v sureohp

gluhfwo| zlwk wkh vroxwlrq ri wkh w|slfdo edqnhu*v sureohp dqg frqfoxgh wkdw

wkh wzr duh gl�huhqw li wkhuh lv d srvlwlyh suredelolw| ri oltxlgdwlrq1

Sursrvlwlrq 5 Ohw E%c +c S�Eo�c S2Eo�� eh wkh vroxwlrq wr wkh sodqqhu*v sure0

ohp dqg ohw E	%c 	+c 	S�Eo�c 	S2Eo�� eh wkh vroxwlrq wr wkh edqn*v sureohp deryh1 Li
frqglwlrq +7, lv vdwlv�hg wkh vroxwlrq wr wkh sodqqhu*v sureohp grhv qrw uhtxluh
suhpdwxuh oltxlgdwlrq ri wkh orqj dvvhw1 Frqyhuvho|/ li �hdo 	 o

Wo : f wkhq

wkh vroxwlrq wr wkh edqn*v sureohp grhv uhtxluh suhpdwxuh frvwo| oltxlgdwlrq/

vr lw |lhogv ghsrvlwruv d orzhu h{ dqwh h{shfwhg xwlolw| wkdq wkh| rewdlq lq wkh

�uvw0ehvw doorfdwlrq1

Iljxuh 5 looxvwudwhv wkh doorfdwlrq surylghg e| d edqnlqj v|vwhp zlwk

ghsrvlw frqwudfwv vshfl�hg lq uhdo whupv1 Wkh rswlpdo doorfdwlrq kdv wkh

vdph irup dv lq Iljxuh 4 zlwk rqh lpsruwdqw gl�huhqfh1 Iru o 	 oW wkhuh

lv frvwo| oltxlgdwlrq ri wkh ulvn| dvvhw1 Wkhuh lv wkxv d glvfrqwlqxlw| dw oW1

Dv d uhvxow ri wkh ghdgzhljkw orvv dvvrfldwhg zlwk lqh!flhqw oltxlgdwlrq/ wkh

dprxqw lqyhvwhg lq wkh ulvn| dvvhw zloo w|slfdoo| eh ohvv wkdq lq wkh �uvw0ehvw

fdvh1 Dovr/ lw lv srvvleoh wkdw + 	 _� vr wkdw wkhuh lv d �ex�hu� ri wkh vdih

dvvhw wr orzhu o
W1

614 Rswlpdo Prqhwdu| Srolf|

Wkh lqh!flhqf| ri htxloleulxp zlwk edqn uxqv dulvhv iurp wkh idfw wkdw oltxl0

gdwlqj wkh ulvn| dvvhwv dw gdwh � lv frvwo|1 Frvwo| oltxlgdwlrq fdq eh dyrlghg

li wkh fhqwudo edqn iroorzv dq dssursuldwh prqhwdu| srolf|1 Hvvhqwldoo|/ wkh

srolf| frqvlvwv ri vhwwlqj wkh sulfh ohyho e| ehlqj zloolqj wr h{fkdqjh jrrgv

iru prqh| dw dq dssursuldwh udwlr1 Lq rughu iru wklv lqwhuyhqwlrq wr kdyh wkh

uhtxluhg h�hfw rq wkh fkrlfh ri sruwirolr dqg wkh doorfdwlrq ri frqvxpswlrq/
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wkh ghsrvlw frqwudfw kdv wr eh vshfl�hg lq qrplqdo whupv1 Irupdoo|/ d gh0

srvlw frqwudfw surplvhv wkh ghsrvlwru (� xqlwv ri prqh| li vkh zlwkgudzv
lq wkh plggoh shulrg dqg (2 li vkh zlwkgudzv lq wkh �qdo shulrg1 +Qrplqdo
dprxqwv duh ghqrwhg e| xsshu fdvh yduldeohv1, Dv ehiruh/ wkhuh lv qr orvv
ri jhqhudolw| lq dvvxplqj wkdw (2 lv fkrvhq odujh hqrxjk wkdw wkh ghsrvlwruv
uhfhlyh zkdwhyhu dvvhwv wkh uhsuhvhqwdwlyh edqn kdv ohiw lq wkh �qdo shulrg1

Ohw R|Eo� ghqrwh wkh sulfh ohyho dw gdwh | ' �c 2 zkhq wkh uhwxuq rq wkh

ulvn| dvvhw lv o1 Lq zkdw iroorzv/ lw vlpsol�hv pdwwhuv wr qrwh wkdw

R�Eo� ' R2Eo� ' REo��

Wklv iroorzv iurp d qr0duelwudjh dujxphqw1 Qrwh wkdw zkhq R�Eo� ' R2Eo�/
wkh uhwxuq rq kroglqj prqh| ehwzhhq gdwh � dqg gdwh 2 lv wkh vdph dv wkh

uhwxuq rq wkh vdih dvvhw1 E| frqwudvw/ li R�Eo� : R2Eo� wkhq edqnv zloo rqo|

eh zloolqj wr krog prqh| zkloh li R�Eo� : R2Eo� wkh| zloo rqo| eh zloolqj wr

krog jrrgv1

Ohw E%c +c S�E��c S2E��� ghqrwh wkh vroxwlrq wr wkh sodqqhu*v sureohp lq Vhf0

wlrq 5 dqg vxssrvh wkdw dw gdwh f wkh uhsuhvhqwdwlyh edqn fkrrvhv wkh sruw0

irolr E%c +�1 Wkh fhqwudo edqn ghwhuplqhv wkh sulfh ohyho REo� e| surplvlqj wr

h{fkdqjh prqh| iru jrrgv dw d udwlr ri REo�1 Vlqfh o lv sxeolfo| revhuydeoh

wkh fhqwudo edqn lv deoh wr lpsohphqw vxfk d srolf|1 Wkh lqglylgxdo edqnv

wdnh REo� dv jlyhq1 Li REo� lv fkrvhq wr eh lqyhuvho| sursruwlrqdo wr S�Eo�/
wkhq wkh edqnv zloo fkrrvh (� vr wkdw

(�

REo�
' S�Eo�� +8,

(2 lv fkrvhq odujh hqrxjk vr wkdw lw grhv qrw frqvwudlq wkh doorfdwlrq1 Iru
h{dpsoh/ zh frxog fkrrvh wkh ghsrvlw frqwudfw E(�c(2� vr wkdw

(� ' +((2 ' o�%�

Wr vkrz wkdw E%c +c(�c(2� lv rswlpdo iru wkh edqn*v ghflvlrq sureohp/ zh

vlpso| dsshdo wr wkh idfw wkdw E%c +c S�Eo�c S2Eo�� vroyhv wkh sodqqhu*v sureohp1

Wkxv/ wkhuh lv qr ehwwhu doorfdwlrq E%c +c S�Eo�c S2Eo�� vdwlvi|lqj wkh frqvwudlqwv

ri wkh sodqqhu*v sureohp1 Lw lv hdv| wr vkrz wkdw dq|wklqj wkdw lv ihdvleoh

iru wkh edqn pxvw dovr vdwlvi| wkh sodqqhu*v frqvwudlqwv1 Wkxv/ lw fdqqrw gr

ehwwhu wkdq wkh vroxwlrq wr wkh sodqqhu*v sureohp1

Sursrvlwlrq 6 Li wkh fhqwudo edqn fkrrvhv wkh dssursuldwh sulfh ohyho dqg

edqnv xvh qrplqdo frqwudfwv/ wkh �uvw0ehvw doorfdwlrq fdq eh lpsohphqwhg dv

dq htxloleulxp1
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Wkh sulfh ohyho wkdw lpsohphqwv wkh �uvw0ehvw doorfdwlrq lv

REo� '

+
� iru o � o

'

2(�

o�E%�n+
iru o 	 o�

Wklv lv looxvwudwhg lq Iljxuh 61 Iru o � o/ wkh fhqwudo edqn �{hv wkh sulfh

ohyho dw � e| surplvlqj wr h{fkdqjh prqh| iru jrrgv dw wklv udwlr1 Iru o 	 oc

wkh fhqwudo edqn vhwv wkh sulfh ohyho htxdo wr wkh udwlr ri wkh qrplqdo fodlpv

rq wkh edqnlqj v|vwhp 2(� wr wkh uhdo rxwsxw iurp wkh edqnlqj v|vwhp*v

dvvhwv o�E%� n +1 Wklv srolf| hqvxuhv wkdw wkh edqnv duh dozd|v deoh wr phhw
wkhlu qrplqdo frpplwphqwv vr uxqv dqg frvwo| oltxlgdwlrq duh suhyhqwhg1 Lq
rughu wr lpsohphqw wklv srolf| wkh fhqwudo edqn pxvw revhuyh o dqg vhw wkh
sulfh ohyho dssursuldwho| e| vwdqglqj uhdg| wr h{fkdqjh prqh| iru jrrgv dw
wkh dssursuldwh udwh1 Iru o 	 oc wkh orzhu lv o wkh kljkhu lv REo� dqg wklv
kdv wkh h�hfw ri orzhulqj frqvxpswlrq1 Lq wklv zd| wkh fhqwudo edqn dqg
wkh edqnlqj v|vwhp wkurxjk lwv h�hfw rq wkh qrplqdo sulfh ohyho dw hdfk gdwh
lpsohphqwv rswlpdo ulvn vkdulqj ehwzhhq wkh hduo| dqg odwh frqvxphuv1

Lq wkh htxloleulxp ghvfulehg deryh fulvhv duh dyrlghg wkurxjk yduldwlrqv lq
wkh qrplqdo sulfh ohyho dqg wkh rqo| uroh ri prqh| lv dv d xqlw ri dffrxqw1 Lq
Doohq dqg Jdoh +4<<;, zh vkrz krz wkh vdph doorfdwlrq fdq eh lpsohphqwhg
lq d gl�huhqw zd| zlwk prqh| sod|lqj d pruh lpsruwdqw uroh zkhq o 	 o� Iru
wkhvh ydoxhv ri o wkhuh lv d uxq rq edqnv dw gdwh �1 Lq rughu wr suhyhqw frvwo|
oltxlgdwlrq wkh fhqwudo edqn jlyhv wkh uhsuhvhqwdwlyh edqn d ordq ri� xqlwv ri
prqh|1 Wkh edqn jlyhv ghsrvlwruv d frpelqdwlrq ri prqh| dqg jrrgv htxdo wr
wkh ydoxh ri wkh ghsrvlw frqwudfw (�1 Vlqfh hduo| frqvxphuv zdqw wr frqvxph

wkhlu hqwluh zhdowk dw gdwh �/ wkh| h{fkdqjh wkh prqh| iru frqvxpswlrq jrrgv

zlwk wkh hduo|0zlwkgudzlqj odwh frqvxphuv1 Wkh sulfh ohyho dgmxvwv vr wkdw

wkh hduo| frqvxphuv hqg xs zlwk wkh �uvw0ehvw frqvxpswlrq ohyho dqg wkh

hduo|0zlwkgudzlqj odwh frqvxphuv hqg xs kroglqj doo wkh prqh|1 Dw gdwh

2/ wkh uhsuhvhqwdwlyh edqn kdv wr uhsd| lwv ordq1 Iru vlpsolflw|/ zh dvvxph

wkh ordq ehduv }hur lqwhuhvw1 Wkh prqh| qrz khog e| odwh frqvxphuv lv mxvw

hqrxjk wr doorz wkh edqn wr uhsd| lwv ordq dqg wkh edqn kdv mxvw hqrxjk

frqvxpswlrq iurp lwv uhpdlqlqj dvvhwv wr jlyh wkh hduo|0zlwkgudzlqj odwh

frqvxphuv wkh �uvw0ehvw frqvxpswlrq ohyho1 Lq wklv yhuvlrq ri wkh prgho wkh

fhqwudo edqn grhv qrw qhhg wr �{ wkh sulfh ohyho zkhq o 	 o1 Wkh fhqwudo
edqn �vxvshqgv frqyhuwlelolw|� dqg wkh sulfh ohyho lv ghwhuplqhg e| wkh udwlr
ri wkh h{fkdqjh ri prqh| iru jrrgv lq wkh pdunhw1 Prqh| dfwv dv d vwruh ri
ydoxh iru wkh hduo|0zlwkgudzlqj odwh frqvxphuv dv zhoo dv d xqlw ri dffrxqw1
Vhh Doohq dqg Jdoh +4<<;, iru ghwdlov1 Lq zkdw iroorzv/ iru hdvh ri h{srvlwlrq
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wkh prgho lv ghvfulehg lq whupv ri wkh fhqwudo edqn vhwwlqj wkh sulfh ohyho
iru o 	 o dqg dyrlglqj fulvhv exw lw lv lpsruwdqw wr uhdol}h wklv dowhuqdwlyh
lqwhusuhwdwlrq lv dovr srvvleoh1

7 Lqwhuqdwlrqdo Ilqdqfh

Wkh forvhg hfrqrp| fdq eh rshqhg e| dvvxplqj wkh h{lvwhqfh ri dq lqwhuqd0

wlrqdo erqg pdunhw1 Lqlwldoo|/ zh dvvxph wkdw vkruw0whup erqgv fdq eh xvhg1

Wkh lqwurgxfwlrq ri orqj0whup erqgv lv frqvlghuhg odwhu1 Wkh ulvn0iuhh uhwxuq

rq erqgv lv �{hg dw 4 � � +zh dvvxph wkdw wkh vpdoo rshq hfrqrp| kdv qr
h�hfw rq lqwhuqdwlrqdo lqwhuhvw udwhv,1 Wklv phdqv wkdw rqh xqlw ri wkh jrrg
dw gdwh | fdq eh h{fkdqjhg iru 4 xqlwv dw gdwh | n � iru | ' fc �1 Ri frxuvh/
wkh ulvn ri ghidxow zloo eh uh hfwhg lq wkh idfh ydoxh ri dq| ghew wkdw lv lvvxhg
e| wkh edqnv ri wkh vpdoo frxqwu|1 Zh dvvxph wkdw ehfdxvh wkh frxqwu| lv
vpdoo/ wkh lqwhuqdwlrqdo erqg pdunhw lv ulvn qhxwudo lq wkh vhqvh wkdw/ zkhq
ghidxow fdq rffxu/ wkh ordq lv sulfhg vr wkdw wkh h{shfwhg uhwxuq lv 41 Wkh
edqnv ri wkh vpdoo frxqwu| fdq dovr lqyhvw lq wkh lqwhuqdwlrqdo erqg pdunhw1
Lqwhuqdwlrqdo erqgv qrz uhsodfh wkh vwrudjh whfkqrorj| dv wkh vdih dvvhw1

Wr jxdudqwhh wkhuh lv srvlwlyh lqyhvwphqw lq wkh ulvn| dvvhw/ lw lv qhfhvvdu|
wkdw +5, eh uhsodfhg e|

.do��Ef�o : 4
2
�

Dffhvv wr lqwhuqdwlrqdo fdslwdo pdunhwv lv srwhqwldoo| ydoxdeoh iru wkuhh

uhdvrqv1

� Iluvw/ lw phdqv wkdw zkhq o lv kljk/ oltxlglw| fdq eh rewdlqhg iru hduo|

frqvxphuv e| eruurzlqj dw gdwh �1

� Vhfrqg/ lw pd| eh srvvleoh wr pdnh d sur�w e| eruurzlqj vkruw dqg

lqyhvwlqj orqj lq wkh ulvn| dvvhw dw gdwh f ehfdxvh wkh uhwxuq rq erqgv

lv orzhu wkdq wkh h{shfwhg uhwxuq rq wkh ulvn| dvvhw1

� Wklug/ lw pd| eh srvvleoh wr wudqvihu wkh vpdoo frxqwu|*v dvvhw uhwxuq

ulvn wr ohqghuv lq wkh lqwhuqdwlrqdo erqg pdunhw1

Dq lpsruwdqw lvvxh frqfhuqv zkr kdv dffhvv wr zkdw pdunhwv1 Lq wkh

forvhg0hfrqrp| yhuvlrq ri wkh prgho/ zh dvvxphg wkdw lqglylgxdov kdg dffhvv

wr wkh vwrudjh whfkqrorj|1 Khuh zh dvvxph wkdw wkh| kdyh dffhvv wr wkh

lqwhuqdwlrqdo erqg pdunhw1 Wkh| fdq ex| ru vhoo erqgv ru/ lq rwkhu zrugv/

ohqg ru eruurz dw wkh udwh 41
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714 Rswlpdo Ulvn Vkdulqj

Dv xvxdo zh vwduw e| fkdudfwhul}lqj wkh �uvw0ehvw doorfdwlrq dvvxplqj wkh

sodqqhu fdq xvh frqwudfwv zklfk duh frqwlqjhqw rq o1 Li d sodqqhu lq wkh

vpdoo frxqwu| fdq zulwh vxfk vwdwh0frqwlqjhqw frqwudfwv zlwk wkh lqwhuqdwlrqdo

fdslwdo pdunhw lw zrxog eh srvvleoh iru ulvn wr eh wudqvihuuhg wr wkh iruhljqhuv

dqg frqvxphuv dw hdfk gdwh zrxog frqvxph d frqvwdqw dprxqw lqghshqghqw

ri o1 Ohw UEo� eh wkh wudqvihu iurp wkh lqwhuqdwlrqdo fdslwdo pdunhw frqwlqjhqw

rq o1 Wkh sodqqhu*v sureohp lv

4@ .-d�ES�Eo�� n �ES2Eo��o
v1w1 %n + � 2

S�Eo� n S2Eo�*4 � o�E%�*4n 4+ n UEo�
U
"

f
UEo�_8 ' f

4S�Eo� � S2Eo��

Wkh �uvw frqvwudlqw lv wkh exgjhw frqvwudlqw dw gdwh f/ zklfk vd|v wkdw wkh

lqyhvwphqw lq vdih dqg ulvn| dvvhwv pxvw eh ohvv wkdq ru htxdo wr wkh hq0

grzphqw1 Wkh vhfrqg frqvwudlqw lv wkh exgjhw frqvwudlqw lq whupv ri gdwh

� uhvrxufhv1 Lw vd|v wkdw wkh suhvhqw ydoxh ri frqvxpswlrq dw gdwh � pxvw

eh ohvv wkdq ru htxdo wr wkh suhvhqw ydoxh ri dvvhw uhwxuqv soxv wkh vwdwh

frqwlqjhqw wudqvihu iurp wkh lqwhuqdwlrqdo fdslwdo pdunhw1 Wkh wklug frq0

vwudlqw hqvxuhv wkdw rq dyhudjh wkh vwdwh frqwlqjhqw wudqvihu lv }hur1 Lq rwkhu

zrugv wkh lqwhuqdwlrqdo fdslwdo pdunhw lv vlpso| surylglqj lqvxudqfh1 Wkh

�qdo frqvwudlqw lv wkh lqfhqwlyh frqvwudlqw1 Vlqfh doo frqvxphuv kdyh dffhvv

wr wkh lqwhuqdwlrqdo fdslwdo pdunhw wkh sodqqhu pxvw vdwlvi| wklv frqvwudlqw1

Li lw zhuh qrw vdwlv�hg wkh odwh frqvxphuv frxog zlwkgudz S�Eo� dqg lqyhvw lw

lq wkh lqwhuqdwlrqdo erqg pdunhw dqg hduq d uhwxuq 4� Wkh frqvwudlqw lv dq

lqhtxdolw| ehfdxvh wkh hduo| frqvxphuv duh xqdeoh wr ohdyh wkhuh prqh| lq

wkh edqn dqg eruurz djdlqvw lw1

Vlqfh frqvxpswlrqpxvw eh qrq0qhjdwlyh/ d ihdvleoh wudqvihu ixqfwlrqpxvw

vdwlvi| o�E%�*4 n 4+ n UEo� � f1 Lw zloo eh vhhq wkdw wklv frqglwlrq lv dxwr0

pdwlfdoo| vdwlv�hg e| wkh vroxwlrq wr wkh sodqqhu*v sureohp1 Wkh �uvw0rughu

frqglwlrqv iru wklv sureohp duh

�
�ES�Eo�� � 4�

�ES2Eo�� zlwk htxdolw| li 4S�Eo� 	 S2Eo��

]
"

f

�
�ES�Eo��

#
o

4
��E%�� 4

$
_8 ' f
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�
�ES�Eo�� ' bc

zkhuh b lv wkh Odjudqjh pxowlsolhu rq wkh wklug frqvwudlqw1

Wkh wklug frqglwlrq hqvxuhv wkdw S�Eo� lv d frqvwdqw/ lqghshqghqwo| ri o1

Wkh iroorzlqj uhvxow wkhq iroorzv gluhfwo|1

Sursrvlwlrq 7 Wkh lqfhqwlyh0h!flhqw doorfdwlrq zlwk dffhvv wr frpsohwh/

ulvn0qhxwudo lqwhuqdwlrqdo fdslwdo pdunhwv kdv d frqvxpswlrq doorfdwlrq

ES�Eo�c S2Eo�� ' E7S�c 7S2�

zkhuh wkh rughuhg sdlu E7S�c 7S2� vroyhv wkh sureohp

4@ �E7S�� n �E7S2�
v1w1 7S� n 7S2*4 ' .doo�E%�*4n 4E2 � %�

7S� � 7S2*4

dqg wkh dprxqw % : f lqyhvwhg lq wkh ulvn| dvvhw vdwlv�hv

.doo��E%� ' 4
2
1

Vlqfh wkh lqwhuqdwlrqdo fdslwdo pdunhw lv ulvn qhxwudo dqg grphvwlf gh0

srvlwruv duh ulvn dyhuvh/ li vwdwh0frqwlqjhqw frqwudfwv duh srvvleoh wkh rswlpdo

doorfdwlrq lqyroyhv lqyhvwruv ehdulqj qr ulvn dw doo1 Wkh| vlpso| uhfhlyh d

vkduh ri h{shfwhg rxwsxw1 Wkh lqwhuqdwlrqdo fdslwdo pdunhw ehduv doo wkh

ulvn1 Wkh lqyhvwphqw lq wkh ulvn| dvvhw lv vxfk wkdw wkh h{shfwhg pdujlqdo

surgxfw lv htxdo wr wkh rssruwxqlw| frvw lq wkh erqg pdunhw1

715 Grphvwlf Fxuuhqf| Ghew

Zh qh{w frqvlghu wkh doorfdwlrq ri uhvrxufhv zkhq wkh lqwhuqdwlrqdo fdslwdo

pdunhw lv d ghew pdunhw dqg wkhuh lv d grphvwlf edqnlqj v|vwhp wkdw lvvxhv

ghsrvlwv ghqrplqdwhg lq wkh grphvwlf fxuuhqf|1 Iru wkh prphqw zh dvvxph

wkdw grphvwlf edqnv fdq lvvxh ghew ghqrplqdwhg lq wkh grphvwlf fxuuhqf|

rq wkh lqwhuqdwlrqdo fdslwdo pdunhw1 D erqg lvvxhg dw gdwh f surplvhv rqh

xqlw ri wkh grphvwlf fxuuhqf| wr wkh kroghu dw gdwh �1 Ohw ^ ghqrwh wkh

sulfh ri rqh grphvwlf fxuuhqf| erqg dqg ohw � ghqrwh wkh qxpehu ri erqgv

lvvxhg dw gdwh f1 Wkh ehqh�wv ri eruurzlqj dw d orz udwh lq wkh lqwhuqdwlrqdo

erqg pdunhw duh sdvvhg rq wr wkh ghsrvlwruv lq wkh irup ri d pruh dwwudfwlyh

ghsrvlw frqwudfw ES�Eo�c S2Eo��1 Zh dvvxph/ dv ehiruh/ wkdw frpshwlwlrq lq
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wkh edqnlqj vhfwru hqvxuhv wkdw hdfk edqn vhhnv wr pd{lpl}h wkh h{shfwhg

xwlolw| ri wkh w|slfdo ghsrvlwru1

Iru vlpsolflw|/ zh dvvxph wkdw wkh qrplqdo grphvwlf lqwhuhvw udwh lv f1 Du0

elwudjh ehwzhhq lqwhuqdwlrqdo uhvhuyh fxuuhqf| erqgv dqg grphvwlf fxuuhqf|

hqvxuhv wkdw

R�Eo� ' 4R2Eo� +9,

iru hyhu| ydoxh ri o/ zkhuh R|Eo� lv wkh grphvwlf sulfh ohyho dw gdwh | ' �c 21 Lq

zkdw iroorzv zh zulwh REo� iru wkh gdwh � sulfh ohyho dqg vhw R2Eo� � REo�*415

Vxssrvh wkh uhsuhvhqwdwlyh edqn fkrrvhv d sruwirolr E%c +� dw gdwh f/ zkhuh
% lv wkh lqyhvwphqw lq wkh ulvn| dvvhw dqg + lv wkh lqyhvwphqw lq wkh vdih dvvhw
+ghew ghqrplqdwhg lq wkh lqwhuqdwlrqdo uhvhuyh fxuuhqf|,1 Wkh edqn wdnhv lq
d ghsrvlw ri � iurp hdfk ri wkh frqvxphuv dqg lq uhwxuq jlyhv hdfk d qrplqdo
fodlp ri (� dw gdwh � dqg (2 dw gdwh 21 Dv xvxdo/ zh fdq dvvxph zlwkrxw

orvv ri jhqhudolw| wkdw (2 lv fkrvhq vr odujh wkdw wkh odwh zlwkgudzhuv jhw

zkdwhyhu dvvhwv duh ohiw ryhu dw gdwh 21 Lq zkdw iroorzv/ zh zulwh ( lq sodfh

ri (� dqg dvvxph wkdw (2 '41

Wkh edqn eruurzv ^� ri wkh frqvxpswlrq jrrg rq wkh lqwhuqdwlrqdo fds0

lwdo pdunhw vr wkh exgjhw frqvwudlqw dw gdwh f lv

%n + � 2 n ^�� +:,

Dw gdwh �/ o lv revhuyhg dqg lqyhvwruv ohduq zkhwkhu wkh| duh hduo| ru
odwh frqvxphuv1 Wkh edqn kdv surplvhg hduo| zlwkgudzhuv ( xqlwv ri wkh
grphvwlf fxuuhqf| dqg wkh lqwhuqdwlrqdo erqg kroghuv �1 Wkh uhdo ydoxhv ri
wkhvh fodlpv duh (*REo� dqg �*REo�/ uhvshfwlyho|1 Vlqfh wkh edqn fdq eruurz
dqg ohqg dw wkh udwh 4 +qrz wkdw xqfhuwdlqw| kdv ehhq uhvroyhg, wkh suhvhqw
ydoxh exgjhw frqvwudlqw dw gdwhv � dqg 2 fdq eh zulwwhq dv

S�Eo� n
S2Eo�

4
n

�

REo�
'

o�E%�

4
n 4+�

Wkh edqn pxvw dovr vdwlvi| wkh lqfhqwlyh frqvwudlqw

4S�Eo� � S2Eo��

5Zlwk wkh grphvwlf lqwhuhvw udwh qrupdol}hg wr 3/ wkh grphvwlf sulfh ohyho pxvw idoo
ehwzhhq gdwh 4 dqg gdwh 5 lq rughu wr vdwlvi| wkh fryhuhg lqwhuhvw duelwudjh frqglwlrq +9,1
D gl�huhqw qrupdol}dwlrq zrxog lpso| d gl�huhqw udwh ri lq dwlrq1 Iru h{dpsoh/ li zh vhw

wkh grphvwlf lqwhuhvw udwh htxdo wr �� 4 wkhq wkh grphvwlf lq dwlrq udwh zrxog eh 31
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Rwkhuzlvh/ odwh frqvxphuv fdq zlwkgudz ( xqlwv ri fxuuhqf| dw gdwh � dqg

vshqg lw rq (*R2Eo� ' 4(*REo� ' 4S�Eo� xqlwv ri jrrgv dw gdwh 2/ wkxv

lqfuhdvlqj wkhlu xwlolw|1 Xvlqj wkh gh�qlwlrq ri S�Eo� ' (*REo� dqg wkh exgjhw

frqvwudlqw/ zh fdq uhzulwh wkh lqfhqwlyh frqvwudlqw dv

(

REo�
�

S2Eo�

4
'

o�E%�

4
n 4+ �

( n�

REo�

ru
2( n�

REo�
�

o�E%�

4
n 4+� +;,

Frqyhuvho|/ li wklv frqvwudlqw lv vdwlv�hg/ wkhq wkh exgjhw frqvwudlqw dqg wkh

lqfhqwlyh frqvwudlqw fdq dovr eh vdwlv�hg zlwk S�Eo� ' (*REo�1
Li lw lv srvvleoh wr vdwlvi| doo ri wkhvh frqvwudlqwv dw gdwh � wkhq wkh edqn lv

vroyhqw/ dqg wkhuh lv qr qhhg wr oltxlgdwh wkh ulvn| dvvhw1 +Zh duh dvvxplqj
wkdw wkhuh duh qr xqqhfhvvdu| uxqv 0 li wkhuh lv rqh htxloleulxp zlwk uxqv
dqg rqh zlwkrxw zh irfxv rq wkh qr0uxq htxloleulxp,1 Krzhyhu/ li lw lv qrw
srvvleoh wr vdwlvi| wkh exgjhw frqvwudlqw dqg wkh lqfhqwlyh frqvwudlqw zlwk
S�Eo� ' (*REo� vr wkdw +;, lv qrw vdwlv�hg/ wkhq wkh edqn pxvw ghfoduh

edqnuxswf|1 Doo dvvhwv pxvw eh oltxlgdwhg wr phhw wkh fodlpv ri wkh grphvwlf

ghsrvlwruv dqg wkh lqwhuqdwlrqdo erqgkroghuv1 Wkh oltxlgdwhg ydoxh ri doo

wkh dvvhwv lv glvwulexwhg lq sursruwlrq wr wkh fuhglwruv fodlpv1 Wkxv/ wkh

ghsrvlwruv hdfk uhfhlyh d iudfwlrq (*E2( n �� ri wkh dvvhw ydoxh dqg wkh

lqwhuqdwlrqdo erqgkroghuv uhfhlyh wkh uhvw1 Wkhq

S�Eo� ' S2Eo�*4 '
(

2( n�
E�o�E%� n +� �

Qrwh wkdw/ dowkrxjk hduo| dqg odwh frqvxphuv uhfhlyh htxdo vkduhv ri wkh olt0

xlgdwhg dvvhwv ri wkh edqn/ wkh odwh frqvxphuv fdq lqyhvw lq wkh lqwhuqdwlrqdo

erqg pdunhw/ vr wkhlu vkduh ri wkh oltxlgdwhg dvvhwv |lhogv wkhp d kljkhu

frqvxpswlrq ohyho dw gdwh 21

Wkh edqn wdnhv sulfhv dv jlyhq dqg fkrrvhv d sruwirolr E%c +c�� dqg d

ghsrvlw frqwudfw ( wr pd{lpl}h wkh h{shfwhg xwlolw| ri wkh w|slfdo ghsrvlwru1

Wkxv/ wkh edqn*v ghflvlrq sureohp lv

4@ .-d�ES�Eo�� n �ES2Eo��o
v1w1 %n + � 2 n ^�

4S�Eo� � S2Eo�c;oc
+<,
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zkhuh wkh frqvxpswlrq ixqfwlrqv ri wkh hduo| dqg odwh frqvxphuv duh jlyhq
e| wkh htxdwlrqv

S�Eo� '

+
(

REo�
li

2(n�
REo�

�
o�E%�
4

n 4+
(

2(n�
E�o�E%� n +� rwkhuzlvh1

dqg

S2Eo�

4
'

+
o�E%�*4 n 4+ � (n�

REo�
li

2(n�
REo�

�
o�E%�
4

n 4+
(

2(n�
E�o�E%� n +� rwkhuzlvh/

uhvshfwlyho|1 Dv h{sodlqhg deryh/ li wkh lqfhqwlyh frqvwudlqw fdq eh vdwlv�hg/

wkhuh lv qr uxq/ wkh hduo| frqvxphuv uhfhlyh wkh surplvhg sd|phqw ( dqg

wkh odwh frqvxphuv duh wkh uhvlgxdo fodlpdqwv1 Li wkh lqfhqwlyh frqvwudlqw

fdqqrw eh vdwlv�hg/ wkhuh lv d uxq dqg wkh hduo| dqg odwh frqvxphuv vkduh wkh

oltxlgdwhg dvvhwv ri wkh edqn htxdoo|1

716 Rswlpdo H{fkdqjh Udwh Srolf| dv Vhfxulw| Ghvljq

Vlploduo| wr Vhfwlrq 614/ zh dvvxph wkdw wkh sulfh ohyho REo�/ dqg khqfh wkh

h{fkdqjh udwh �*REo�/ lv frqwuroohg e| wkh fhqwudo edqn1 Wkh fhqwudo edqn*v

h{fkdqjh udwh srolf| ghwhuplqhv wkh uhdo ydoxhv ri wkh ghsrvlw frqwudfw dqg

wkh grphvwlf0fxuuhqf| erqg dw gdwh �1 E| dgrswlqj dq rswlpdo h{fkdqjh udwh

srolf|/ wkh fhqwudo edqn lv h�hfwlyho| ghvljqlqj dq rswlpdo vhfxulw| iru gh0

srvlwruv1 Lq wklv vhfwlrq/ zh lqfrusrudwh wklv vhfxulw| ghvljq hohphqw lqwr wkh

dqdo|vlv ri htxloleulxp ulvn vkdulqj1 Ehiruh hpedunlqj rq d irupdo dqdo|vlv

ri ulvn vkdulqj/ zh r�hu vrph khxulvwlfv wr h{sodlq krz wkh ulvn dvvrfldwhg

zlwk lqyhvwphqw lq grphvwlf dvvhwv fdq eh vkliwhg iurp grphvwlf lqyhvwruv wr

wkh lqwhuqdwlrqdo fdslwdo pdunhw1

Wkh lpsruwdqw srlqw lv wkdw wkh h{fkdqjh udwh lv fruuhodwhg zlwk wkh

uhwxuqv rq wkh edqnlqj vhfwru*v dvvhwv1 Wklv phdqv wkh edqnv fdq khgjh

wkh ulvn ri wkhlu dvvhwv1 Zkhq o lv orz wkh h{fkdqjh udwh �*REo� lv zhdn1

E| eruurzlqj lq grphvwlf fxuuhqf| dqg lqyhvwlqj lq erqgv ghqrplqdwhg lq

iruhljq fxuuhqf| lw lv srvvleoh iru edqnv wr pdnh d sur�w zkhq dvvhw uhwxuqv

dqg wkh h{fkdqjh udwh duh orz1 Zkhq o lv kljk dqg �*REo� lv kljk wklv

sruwirolr pdnhv d orvv1 Vlqfh grphvwlf dqg lqwhuqdwlrqdo erqgv duh erwk

idluo| sulfhg/ wkh h{shfwhg uhwxuq rq wkh sruwirolr lv }hur1 Wkh h�hfw ri wkh

vwudwhj| lv wkhuhiruh wr wudqvihu uhwxuqv iurp vwdwhv zlwk kljk o wr vwdwhv zlwk

orz o1 Wklv lv suhflvho| zkdw*v qhhghg wr khgjh wkh ulvn dvvrfldwhg zlwk wkh

4<



grphvwlf ulvn| dvvhw dqg wudqvihu lw iurp grphvwlf edqnv wr wkh lqwhuqdwlrqdo

erqg pdunhw1

Vxssrvh wkdw qr uxqv rffxu lq htxloleulxp1 Lq wkdw fdvh/ wkh uhdo vhfxulwlhv

khog e| lqwhuqdwlrqdo erqgkroghuv dqg ghsrvlwruv duh sursruwlrqdo wr �*REo�1
Wkh htxloleulxp sulfh ^ dw zklfk grphvwlf0fxuuhqf| erqgv duh lvvxhg pxvw rq

dyhudjh doorz wkh ohqghuv wr uhfrxs 4^ rq hdfk erqg1 Wkhq wkh idlu0sulflqj

frqglwlrq lv

^ '
�

4

]
"

f

�

REo�
_8� +43,

Iurp wkh �uvw0shulrg exgjhw frqvwudlqw/

+ ' 2 n ^� � %c

zklfk lqglfdwhv wkdw/ iru d �{hg lqyhvwphqw % lq ulvn| dvvhwv/ wkh pruh wkh

grphvwlf0fxuuhqf| ghew wkh edqn lvvxhv/ wkh pruh lw fdq lqyhvw lq lqwhuqd0

wlrqdo erqgv1 Lq h�hfw/ lw lv h{fkdqjlqj grphvwlf0fxuuhqf| ghew zlwk d uhdo

uhwxuq �*REo� iru lqwhuqdwlrqdo ghew zlwk d vdih uhwxuq ri 41
Vxevwlwxwlqj wkh h{suhvvlrq iru + lqwr wkh wklug0shulrg exgjhw frqvwudlqw

dqg uhduudqjlqj/ zh jhw wkh iroorzlqj h{suhvvlrq iru S2Eo�=

S2Eo� ' o�E%�� 4
2%n 242 �

4(

REo�
n 4

#
.

%
�

REo�

&
�

�

REo�

$
�� +44,

Wkh whup lq sduhqwkhvhv rq wkh uljkw kdqg vlgh kdv }hur phdq dqg yduldqfh
sursruwlrqdo wr �21 Iru �{hg ydoxhv ri % dqg (/ dq lqfuhdvh lq � zloo fkdqjh
wkh yduldqfh ri S2Eo� zlwkrxw fkdqjlqj wkh phdq1 Li REo� dqg S2Eo� duh srv0

lwlyho| fruuhodwhg/ wkhq lqfuhdvlqj � zloo uhgxfh wkh yduldqfh ri S2Eo�1 Wklv

vxjjhvwv wkdw/ li wkh h{fkdqjh udwh �*REo� lv fkrvhq dssursuldwho|/ vlpxowd0

qhrxv eruurzlqj lq whupv ri wkh grphvwlf fxuuhqf| dqg ohqglqj lq whupv ri

wkh lqwhuqdwlrqdo uhvhuyh fxuuhqf| fdq uhgxfh wkh ulvn eruqh e| grphvwlf lq0

yhvwruv1 Lq h�hfw/ wkh edqnv duh vkruwlqj grphvwlf fxuuhqf| zklfk lv ulvn|

lq uhdo whupv lq rughu wr jr orqj lq wkh iruhljq dvvhw zklfk lv ulvnohvv lq uhdo

whupv1

Lq fhuwdlq vshfldo fdvhv/ zh fdq vkrz h{solflwo| krz doo wkh ulvn ri wkh

grphvwlf dvvhwv fdq eh vkliwhg wr wkh lqwhuqdwlrqdo fdslwdo pdunhw1 Frq0

vlghu dq htxloleulxp lq zklfk wkhuh duh qr uxqv dqg wkh lqfhqwlyh0frqvwudlqw

4S�Eo� ' S2Eo� lv elqglqj iru hyhu| o1 Iru vlpsolflw|/ qrupdol}h wkh idfh ydoxh

ri wkh qrplqdo ghsrvlw wr ( ' � dqg ohw 7� eh wkh qxpehu ri erqgv lvvxhg
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e| wkh uhsuhvhqwdwlyh edqn1 Wkhq/ vxevlwxwlqj iurp wkh exgjhw frqvwudlqwv

dw gdwh � dqg gdwh 2 lqwr wkh lqfhqwlyh frqvwudlqw/ zh jhw

4
(

REo�
' 4S�Eo�

' S2Eo�

' o�E%� n 42E2 n ^� � %�� 4
(n�

REo�

ru xvlqj wkh idfw wkdw ( zdv qrupdol}hg wr � dqg � erqgv duh lvvxhg e| wkh

uhsuhvhqwdwlyh edqn wklv vlpsol�hv wr

4
2 n�

REo�
' o�E%� n 42E2 n ^� � %�

Wklv htxdwlrq fdq eh vroyhg wr jlyh dq h{suhvvlrq iru wkh uhdo ydoxh ri d

grphvwlf0fxuuhqf| erqg

�

REo�
'

o�E%�*4n 4E2 n ^ 7� � %�

2 n 7�
� +45,

Wkh sulfh ohyho lv ghwhuplqhg e| wkh udwlr ri wkh qrplqdo fodlpv 2n 7� wr wkh

dvvhwv ri wkh uhsuhvhqwdwlyh edqn o�E%� n 4E2 n ^ 7� � %�1 Lq sduwlfxodu/ qrwh

wkdw wkh uhdo uhwxuq wr d grphvwlf0fxuuhqf| erqg lv dq d!qh ixqfwlrq ri wkh
ulvn| uhwxuq o�E%�1

Vlqfh wkh ulvn| dvvhw uhwxuqv duh srvlwlyho| fruuhodwhg zlwk wkh h{fkdqjh
udwh/ e| vkruwlqj grphvwlf0fxuuhqf| erqgv dqg vlpxowdqhrxvo| jrlqj orqj lq
wkh uhvhuyh0fxuuhqf| erqgv lw lv srvvleoh wr khgjh wkh ulvn1 Lq idfw/ lq wklv
fdvh d vlqjoh edqn fdq holplqdwh wkh ulvn idfhg e| wkh odwh frqvxphuv hqwluho|1
Wr vhh wklv/ vxevwlwxwh iurp htxdwlrq +45, deryh lqwr +44,=

S2Eo� ' o�E%�� 42%n 242 � 4
�

2 n 7�

�
o�E%�*4 n 4E2 n ^ 7� � %�

�

n4
2^� � 4

�

2n 7�

�
o�E%�*4n 4E2 n ^ 7� � %�

�
�

Wr holplqdwh o�E%� iurp wklv htxdwlrq/ mxvw froohfw wkh olnh whupv dqg vhw wkh

frh!flhqw wr f=

��
�

2 n 7�
�

�

2 n 7�
' f� +46,
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Vlqfh wkh h{shfwhg ydoxh ri S2Eo� lv lqghshqghqw ri � +wklv iroorzv iurp wkh
idfw wkdw erqgv duh idluo| sulfhg,/ holplqdwlqj wkh ulvn iurp wkhlu frqvxps0
wlrq doorfdwlrq pxvw pd{lpl}h wkh h{shfwhg xwlolw| ri wkh odwh frqvxphuv1 Wkh
frqvxpswlrq ulvn dqg wkh h{shfwhg xwlolw| ri wkh hduo| frqvxphuv duh xqdi0
ihfwhg e| wklv rshudwlrq/ vlqfh hduo| frqvxphuv uhfhlyh (*REo� lqghshqghqwo|
ri �1

Lq jhqhudo/ lw lv qrw srvvleoh iru wkh edqn wr khgjh doo wkh ulvn lq wklv zd|1
Iluvw/ wkh lqfhqwlyh0frqvwudlqw pd| qrw eh elqglqj iru vrph ru doo ydoxhv ri o/
lq zklfk fdvh wkh uhdo uhwxuqv wr wkh grphvwlf0fxuuhqf| erqgv zloo qrw eh dq
d!qh ixqfwlrq ri wkh ulvn| uhwxuq o�E%� dqg vkruwlqj erqgv zloo qrw surylgh
d shuihfw khgjh iru wklv ulvn1 Vhfrqgo|/ li zh vroyh htxdwlrq +46, deryh/ zh
�qg wkdw wkh qxpehu ri erqgv wkdw qhhgv wr eh lvvxhg lq rughu wr dfklhyh d
shuihfw khgjh lv

� ' 7� n ��

Lq rwkhu zrugv/ lq rughu wr khgjh wkh ulvn shuihfwo|/ hdfk edqn kdv wr lvvxh
pruh erqgv wkdq wkh rwkhu edqnv1 Wklv dohuwv xv wr wkh idfw wkdw h{lvwhqfh
ri htxloleulxp pd| eh sureohpdwlfdo/ xqohvv zh �qg vrph zd| wr olplw wkh
lvvxh ri grphvwlf fxuuhqf| erqgv1

Zh dgrsw wkh iroorzlqj vwudwhj| iru dqdo|}lqj �htxloleulxp� lq wkh olp0
lwlqj fdvh zkhuh � ehfrphv yhu| odujh1 Iluvw/ zh uhvwulfw edqnv wr fkrrvh
E%c +c�c(� vr wkdw uxqv qhyhu rffxu1 Vhfrqgo|/ zh uhvwulfw wkh eruurzlqj ri
wkh uhsuhvhqwdwlyh edqn vr wkdw � � 7� zkhuh 7� lv dq h{rjhqrxvo| lpsrvhg

erxqg rq eruurzlqj lq whupv ri wkh grphvwlf fxuuhqf|1 Wkhq wkh edqnv*

prgl�hg ghflvlrq sureohp lv=

4@ .-d�ES�Eo�� n �ES2Eo��o
v1w1 %n + � 2 n ^� � 2 n ^ 7�

S�Eo� ' (*REo�
S2Eo� ' o�E%� n 42+ � 4E( n��*REo�
4S�Eo� � S2Eo��

+47,

Lw fdq eh vhhq wkdw edqnv duh frqvwudlqhg wr fkrrvh srolflhv vxfk wkdw uxqv
qhyhu rffxu e| vxevwlwxwlqj S�Eo� dqg S2Eo� lqwr wkh lqfhqwlyh frqvwudlqw wr
jlyh +;,1 Wklv sureohp kdv d frqfdyh remhfwlyh ixqfwlrq dqg d frqyh{ ihdvleoh

vhw iru dq| sulfh ixqfwlrq REo�1
Gh�qh d svhxgr0htxloleulxp wr eh dq duud| E%c +c�c(c ^c RE��� vxfk wkdw

E%c +c�c(� vroyhv wkh sureohp +47, iru wkh jlyhq ydoxhv ri E^c RE��� dqg ^ vdw0
lv�hv wkh frqglwlrq +43,1 Vlqfh uxqv duh qrw doorzhg lq d svhxgr0htxloleulxp/
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wkh frqglwlrq +43, lv wkh dssursuldwh idlu0sulflqj frqglwlrq iru htxloleulxp1
Wkh uhsuhvhqwdwlyh edqn lv pd{lpl}lqj wkh h{shfwhg xwlolw| ri wkh lqyhvwruv/
dv uhtxluhg lq dq ruglqdu| htxloleulxp/ vxemhfw wr wzr dgglwlrqdo frqvwudlqwv/
rqh ehlqj wkh olplw rq grphvwlf0fxuuhqf| eruurzlqj dqg wkh rwkhu ehlqj wkh
qr0uxqv frqglwlrq1 Wkh �uvw ri wkhvh zh fdq wuhdw dv d uhjxodwru| uhtxluhphqw
iru wkh prphqw1 Wkh qr0uxqv frqglwlrq zloo odwhu eh vkrzq wr eh rswlpdo
zkhq wkh eruurzlqj olplw 7� lv vx!flhqwo| odujh1

Iluvw/ zh qrwh wkdw d svhxgr0htxloleulxp h{lvwv iru hdfk srvvleoh eruurzlqj
olplw 7� : f1

Sursrvlwlrq 8 Iru dq| ydoxh ri 7� : f/ wkhuh h{lvwv d svhxgr0htxloleulxp

E%c +c�c(c ^c RE��� vxfk wkdw � ' 7�/ ( ' �/ dqg iru hdfk ydoxh ri o wkh

frqvxpswlrq doorfdwlrq ES�Eo�c S2Eo�� vroyhv wkh sureohp=

4@ �ES�Eo�� n �ES2Eo��
v1w1 S�Eo� n S2Eo�*4 ' o�E%�*4n 4E2 n ^� � %�� �

REo�

S�Eo� � S2Eo�*4�

Surri1 Vhh wkh dsshqgl{1

Wkh svhxgr0htxloleulxp ghvfulehg lq Sursrvlwlrq 8 kdv wkuhh vshfldo ihd0

wxuhv=

� wkh frqvxpswlrq doorfdwlrq vdwlv�hv wkh frqglwlrqv dqdorjrxv wr wkrvh

lq Sursrvlwlrq 7>

� wkh qrplqdo ydoxh ri d ghsrvlw lv qrupdol}hg wr �>

� hyhu| edqn eruurzv wkh pd{lpxp rq wkh lqwhuqdwlrqdo erqg pdunhw1

Wkh idfw wkdw wkh frqvxpswlrq doorfdwlrq vdwlv�hv qhfhvvdu| frqglwlrqv iru
lqfhqwlyh0h!flhqf|/ jlyhq wkh rwkhu fkrlfhv ri wkh edqn/ uh hfwv wkh zd| lq
zklfk sulfhv duh fkrvhq/ wkdw lv/ wkh h{fkdqjh udwh srolf| dwwulexwhg wr wkh
fhqwudo edqn1 Lq rughu iru d ihdvleoh +lqfhqwlyh0frpsdwleoh, frqvxpswlrq
doorfdwlrq ES�Eo�c S2Eo�� wr vroyh wkh pd{lpl}dwlrq sureohp lq wkh sursrvlwlrq/

wkh iroorzlqj frqglwlrqv duh qhfhvvdu| dqg vx!flhqw=

�
�ES�Eo�� � 4�

�ES2Eo��c

dqg

�
�ES�Eo�� ' 4�

�ES2Eo�� li 4S�Eo� 	 S2Eo��
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Dqrwkhu zd| ri h{suhvvlqj wklv lv wr vd| wkdw

S2Eo� ' 4@ i4S�Eo�c )ES�Eo��jc

zkhuh )E�� lv gh�qhg lpsolflwo| e| wkh htxdwlrq �
�E5� ' 4�

�E)E5��1 Wr hqvxuh

wkdw wkhvh frqglwlrqv duh vdwlv�hg lq htxloleulxp/ zh fkrrvh wkh sulfh ixqfwlrq

REo� vr wkdw

4@ 

+
4
(

REo�
c )

#
(

REo�

$,
' o�E%� n 42E2 n ^ 7� � %�� 4

� n 7�

REo�
�

Wklv htxdwlrq ghwhuplqhv wkh sulfh ixqfwlrq REo� xqltxho| iru dq| ydoxhv ri
% dqg ^1

Wklv srolf| lv qrw qhfhvvdulo| rswlpdo dqg lw lv fhuwdlqo| qrw wkh rqo|
srolf| wkdw wkh fhqwudo edqn frxog kdyh fkrvhq1 Zh dgrsw lw khuh ehfdxvh lw
lv vdolhqw +vxjjhvwhg e| Sursrvlwlrq 7, dqg ehfdxvh lw lv frqvlvwhqw zlwk dq
lqfhqwlyh0h!flhqw rxwfrph lq wkh olplw/ dv wkh qh{w sursrvlwlrq vkrzv1

Qrupdol}lqj wkh idfh ydoxh ri wkh ghsrvlw wr � lv htxlydohqw wr qrupdol}lqj
sulfhv1 Lw hqvxuhv wkdw wkh qrplqdo frqvwudlqw � � 7� rq eruurzlqj lv d uhdo
frqvwudlqw +htxl0sursruwlrqdwh fkdqjhv lq (/ �/ dqg RE�� ohdyh wkh svhxgr0

htxloleulxp frqglwlrqv xqfkdqjhg,1
Dv d uhvxow/ wkh idfw wkdw edqnv eruurz wkh pd{lpxp dprxqw � '

7�

kdv uhdo frqwhqw= edqnv zdqw wr vkliw wkh pd{lpxp dprxqw ri ulvn wr wkh
lqwhuqdwlrqdo pdunhw dqg lq idfw zrxog olnh wr eruurz pruh li wkh| zhuh
doorzhg wr gr vr1

Wkh qh{w sursrvlwlrq vkrzv wkdw/ dv wkh eruurzlqj olplw 7� lqfuhdvhv/ doo
ulvn lv vkliwhg iurp wkh grphvwlf hfrqrp| wr wkh lqwhuqdwlrqdo fdslwdo pdunhw1

Sursrvlwlrq 9 Ohw i 7�
&j eh dq lqfuhdvlqj vhtxhqfh ri erxqgv vxfk wkdw

7�
&
$4 dqg ohw E%&c +&c �c 7�&c ^&c R&E��� eh wkh fruuhvsrqglqj svhxgr0htxloleulxp

ghvfulehg lq Sursrvlwlrq 81 Wkhq iru doo ydoxhv ri o/

7R ' *�4
&<"

R
&Eo�c

E7S�c 7S2� ' *�4
&<"

ES&
�
Eo�c S&

2
Eo��c

7% ' *�4
&<"

%
&
c

zkhuh E7S�c 7S2� lv wkh lqfhqwlyh0h!flhqw frqvxpswlrq doorfdwlrq iurp Sursrvl0

wlrq 7 dqg 7% lv wkh h!flhqw lqyhvwphqw lq wkh ulvn| dvvhw1
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Surri1 Vhh wkh dsshqgl{1

Lq h�hfw/ zkdw lv kdsshqlqj dv 7�
&
$4 lv wkdw wkh lqglylgxdo edqnv frq0

vwuxfw sruwirolrv frqvlvwlqj ri d odujh lqyhvwphqw lq ulvnohvv uhvhuyh0fxuuhqf|

ghew +& dqg d vpdoo lqyhvwphqw %& lq wkh ulvn| dvvhw1 Prvw ri wklv sruwirolr

lv �rzqhg� e| wkh iruhljq erqgkroghuv/ zkr krog wkh rxwvwdqglqj grphvwlf0

fxuuhqf| erqgv 7�
&/ vr wkh grphvwlf lqyhvwruv uhfhlyh d uhodwlyho| vpdoo vkduh

ri wkh uhwxuqv1 Dv d uhvxow/ wkh| ehdu d uhodwlyho| vpdoo vkduh ri wkh ulvn

jhqhudwhg e| wkh uhwxuqv iurp wkh ulvn| dvvhw1 Prvw ri wkh ulvn lv wudqvplw0

whg wr wkh iruhljq pdunhw dqg/ lq wkh olplw/ lw doo jrhv wr wkh lqwhuqdwlrqdo

erqg pdunhw1 Wkh fkdqjh lq wkh sulfh ohyho iru wkh fdvh zkhuh wkh lqfhqwlyh

frqvwudlqw elqgv lv vkrzq lq Iljxuh 71

Wkh phfkdqlvp e| zklfk ulvn lv wudqvihuuhg lv udwkhu vxewoh1 Lq wkh olplw/

sulfhv duh frqvwdqw dw 7R dqg vr wkh grphvwlf0fxuuhqf| ghew lv ulvnohvv= lw sd|v

�*7R iru hyhu| uhdol}dwlrq ri -1 Krzhyhu/ li wkh edqnv zhuh wr lvvxh d uhdo erqg/
wkdw lv/ d erqg ghqrplqdwhg lq wkh uhvhuyh fxuuhqf|/ qrqh ri wkh ulvn frxog

eh wudqvihuuhg wr wkh lqwhuqdwlrqdo pdunhw1 Lq rughu wr wudqvihu ulvn/ wkh uhdo

uhwxuqv wr wkh wzr dvvhwv/ grphvwlf0fxuuhqf| erqgv dqg lqwhuqdwlrqdo erqgv/

pxvw eh gl�huhqw1 Wklv uhtxluhv yduldelolw| lq wkh h{fkdqjh udwh �*REo�1 Dv
7�&
$ 4/ wkh ghjuhh ri sulfh yduldelolw| uhtxluhg wr wudqvihu wkh ulvn wr wkh

lqwhuqdwlrqdo pdunhw vkulqnv lq sursruwlrq1 Exw iru hdfk �qlwh ydoxh ri &/ wkh

hduo| frqvxphuv zkr uhfhlyh S
&

�
Eo� ' (*R&Eo� pxvw ehdu vrph ri wkh ulvn1

Wkhuh duh wkxv wzr uhdvrqv zk| eruurzlqj xvlqj grphvwlf0fxuuhqf| erqgv
pxvw eh olplwhg1 Rqh lv wr hqvxuh h{lvwhqfh dqg wkh rwkhu lv wr hqvxuh d
vx!flhqw gl�huhqfh lq wkh uhdo uhwxuqv wr iruhljq dqg grphvwlf erqgv1 Wkhuh
lv d vlplodulw| ehwzhhq wklv sureohp dqg wkh qrq0h{lvwhqfh ri htxloleulxp
zlwk lqfrpsohwh pdunhwv vwxglhg e| Kduw +4<:8,1 Kduw jdyh dq h{dpsoh
ri dq hfrqrp| zlwk wzr vwdwhv ri qdwxuh/ wzr jrrgv/ dqg wzr dvvhwv zlwk
uhwxuqv uhsuhvhqwhg e| d edvnhw ri jrrgv1 Zkhq pdunhwv duh frpsohwh/ wkh
prqhwdu| uhwxuqv wr wkh wzr dvvhwv duh froolqhdu dqg wkh dvvhwv fdqqrw eh
xvhg wr vsdq wkh hqwluh frpprglw| vsdfh1 Zkhq pdunhwv duh lqfrpsohwh/
wkh prqhwdu| uhwxuqv wr wkh wzr dvvhwv duh qrw froolqhdu dqg wkh dvvhwv fdq
eh xvhg wr vsdq wkh hqwluh frpprglw| vsdfh1 Wkxv/ pdunhwv fdq qhlwkhu eh
frpsohwh ru lqfrpsohwh= dq htxloleulxp grhv qrw h{lvw1 Sodflqj dq duelwudu|
erxqg rq wudghv lq wkh wzr dvvhwv fdq uhvroyh wkh qrq0h{lvwhqfh sureohp1 Dv
wkh erxqg lv uhod{hg/ wkh prqhwdu| uhwxuqv ri wkh wzr dvvhwv zloo ehfrph
pruh qhduo| froolqhdu dqg/ lq rughu wr vsdq wkh hqwluh frpprglw| vsdfh/ wkh
wudghv lq wkh wzr dvvhwv zloo jurz odujhu dv zhoo1 Lq wkh olplw/ hyhq lq�qlwh
wudghv lq wkh dvvhwv zloo qrw vx!fh wr pdnh pdunhwv frpsohwh ehfdxvh wkh

58



dvvhw uhwxuqv kdyh ehfrph shuihfwo| froolqhdu1 Zkloh Kduw*v h{dpsoh vx!fhv
wr jlyh vxevwdqfh wr wkh qrq0h{lvwhqfh sureohp/ zh duh qrw dzduh ri dq|
sudfwlfdo dssolfdwlrq ehiruh qrz1 Lw kdv dovr ehhq qrwhg wkdw Kduw*v h{dpsoh/
zklfk uholhv rq dq h{rjhqrxvo| vshfl�hgpdwul{ ri dvvhw uhwxuqv/ lv qrq0jhqhulf
+vhh Gx!h dqg Vfkdhihu +4<;8/ 4<;9,,1 Wkh dvvhw uhwxuqv lq rxu prgho duh
hqgrjhqrxv1

Wkh uroh ri wkh fhqwudo edqn lq pdlqwdlqlqj dq rswlpdo h{fkdqjh udwh uxoh
lv fulwlfdo1 Li wkh fhqwudo edqn glg qrw fkrrvh wkh sulfh ixqfwlrq R

&Eo� lq wkh

pdqqhu suhvfulehg/ wkh edqnv zrxog qrw qhfhvvdulo| fkrrvh �&
'

7�
&/ dqg wkh

ulvn eruqh e| wkh grphvwlf lqyhvwruv zrxog qrw qhfhvvdulo| glvdsshdu hyhq lq

wkh olplw dv 7�
&
$41

Vr idu zh kdyh rqo| frqvlghuhg svhxgr0htxloleuld/ lq zklfk edqnv duh

frqvwudlqhg wr fkrrvh wkhlu sruwirolrv dqg ghsrvlw frqwudfwv vr wkdw uxqv gr

qrw rffxu1 Krzhyhu/ iru 7�
& vx!flhqwo| odujh/ zh fdq vkrz wkdw wklv lv lq

idfw dq rswlpdo fkrlfh1 D svhxgr0htxloleulxp E%c +c�c(c ^c RE��� uhodwlyh wr

wkh eruurzlqj frqvwudlqw 7� lv fdoohg dq htxloleulxp li E%c +c�c(� vroyhv wkh
pd{lpl}dwlrq sureohp +<, dv zhoo dv wkh pd{lpl}dwlrq sureohp +47,1

Sursrvlwlrq : Iru doo & vx!flhqwo| odujh/ wkh svhxgr0htxloleulxp E%&c +&c 7�&c

�c ^&c R&E��� ghvfulehg lq Sursrvlwlrq 9 lv dq htxloleulxp uhodwlyh wr wkh erxqg
7�
&
1

Surri1 Vhh wkh dsshqgl{1

Wklv lv qrw vxusulvlqj/ vlqfh zkhq zh jhw yhu| forvh wr wkh lqfhqwlyh0
h!flhqw doorfdwlrq/ wkhuh lv qr jdlq iurp ylrodwlqj wkh lqfhqwlyh frqvwudlqw
ehfdxvh ulvn lv doprvw holplqdwhg +Sursrvlwlrq 7,1 Wkh rqo| h�hfw ri kdylqj
d uxq lv wr fdxvh frvwo| oltxlgdwlrq dqg wklv fdq*w eh rswlpdo1

Lq frqwudvw wr wkh �uvw0ehvw fdvh lq wkh forvhg hfrqrp| zkhuh ghsrvlwruv
ehdu wkh ulvn dvvrfldwhg zlwk grphvwlf ulvn| lqyhvwphqw/ khuh ghsrvlwruv ehdu
qr ulvn1 Doo wkh ulvn lv vkliwhg wr wkh lqwhuqdwlrqdo erqg pdunhwv dqg lv eruqh
e| wkh ulvn qhxwudo iruhljq ohqghuv1

Lw lv lqwhuhvwlqj wr qrwh wkdw zkhq lpsohphqwlqj wkh �uvw ehvw doorfdwlrq
wkh uhsuhvhqwdwlyh edqn pxvw vlpxowdqhrxvo| eruurz odujh dprxqwv lq gr0
phvwlf fxuuhqf| dqg wkhq lqyhvw lq iruhljq erqgv1 Wklv lv frqvlvwhqw zlwk wkh
sx}}olqj revhuydwlrq wkdw wkh yroxph ri wudgh lq iruhljq h{fkdqjh lv pdq|
wlphv wkh pdjqlwxgh wkdw zrxog eh qhhghg wr �qdqfh zruog wudgh1
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717 Orqj0Whup yhuvxv Vkruw0Whup Ghew

Zh kdyh frqvlghuhg vkruw0whup ghew dqg kdyh vr idu h{foxghg wkh fdvh ri orqj0
whup ghew1 Vxssrvh qh{w wkdw lqvwhdg ri eruurzlqj ^� dw gdwh f dqg uhsd|lqj

� dw gdwh � wkh uhsuhvhqwdwlyh edqn eruurzv ^uu dw gdwh f dqg uhsd|v u dw

gdwh 21 Wkh rssruwxqlw| frvw lq uhdo whupv iru ohqghuv lq wkh lqwhuqdwlrqdo

erqg pdunhw ehwzhhq gdwhv f dqg � lv 42u� Wkxv wkh frxqwhusduw wr +43, lv

^u '
�

42u

]
"

f

�

R2Eo�
_8� +48,

Wkh rwkhu fkdqjhv duh wkdw wkh gdwh f exgjhw frqvwudlqw ehfrphv

%n + � 2n ^uu

dqg wkh gdwh � exgjhw frqvwudlqw ehfrphv

S�Eo� n
S2Eo�

4
n

u

4R2Eo�
'

o�E%�

4
n 4+�

Lw lv hdvlhvw wr vwduw e| frqvlghulqj wkh fdvh zlwk d  dw |lhog fxuyh vr wkdw

42u ' 4
2
�

Vxevwlwxwlqj wklv lqwr +48, dqg xvlqj wkh idfw wkdw 4R2Eo� ' REo� lw fdq eh

vhhq wkdw ^u ' ^� Wkhq wkh wzr exgjhw frqvwudlqwv duh lghqwlfdo wr ehiruh

vlqfh zh fdq fkrrvh u ' �� Khqfh lw grhv qrw pdwwhu zkhwkhu vkruw ru orqj

whup ghew lv xvhg1 Wklv lv qrw yhu| vxusulvlqj jlyhq wkdw doo xqfhuwdlqw| lv

uhvroyhg dw gdwh �1 Lw grhvq*w pdwwhu zkhwkhu ghew lv uroohg ryhu ru uhsdlg dw

wkh �qdo gdwh1

Li 42u : 42 vr wkdw wkh |lhog fxuyh lv xszdug vorslqj wkhq fohduo| orqj0

whup eruurzlqj zloo eh xqghvludeoh uhodwlyh wr vkruw0whup ghew/ rwkhu wklqjv

htxdo/ ehfdxvh lw lv pruh h{shqvlyh1 Ri frxuvh/ li wkh |lhog fxuyh lv grzqzdug

vorslqj vr 42u 	 42c orqj0whup ghew zloo eh vxshulru exw wklv lv qrw riwhq wkh

hpslulfdoo| uhohydqw fdvh1 Wklv jlyhv wkh iroorzlqj uhvxow1

Sursrvlwlrq ; Zkhq wkh |lhog fxuyh lv  dw wkhuh lv qr gl�huhqfh ehwzhhq
orqj0whup eruurzlqj dqg vkruw0whup eruurzlqj1 Zkhq lw lv xszdug +grzq0
zdug, vorslqj vkruw0whup ghew lv vwulfwo| suhihuuhg +lqihulru, wr orqj0whup eru0
urzlqj1
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8 Iruhljq Fxuuhqf| Ghew

Wkh dqdo|vlv lq wkh suhylrxv vhfwlrq vxjjhvwv wkdw wkh frpelqdwlrq ri d  h{0
leoh h{fkdqjh udwh dqg lqwhuqdwlrqdo ghew ghqrplqdwhg lq grphvwlf fxuuhqf|
fdq ohdg wr d �uvw ehvw doorfdwlrq ri uhvrxufhv1 Lq wkh dgydqfhg lqgxvwuldo
frxqwulhv vxfk dv wkh X1V1/ X1N1/ Mdsdq/ Jhupdq| dqg Iudqfh lw lv srvvleoh
iru edqnv wr eruurz lq wkh grphvwlf fxuuhqf| dqg lqyhvw lq iruhljq fxuuhqf|
erqgv1 Wkh uhvxowv lq wkh suhylrxv vhfwlrq vkrxog eh wkrxjkw dv ehlqj ds0
solfdeoh wr wkhp1 Lq frqwudvw/ lq hphujlqj hfrqrplhv iruhljq ghew lv xvxdoo|
ghqrplqdwhg lq grooduv +l1h1 lq uhdo whupv, udwkhu wkdq lq grphvwlf fxuuhqf|1
Krz fdq wklv eh xqghuvwrrg lq wkh frqwh{w ri wkh fxuuhqw prghoB Wkh sure0
ohp lv wkdw wkh odujh dprxqwv ri grphvwlf0fxuuhqf| ghew khog e| iruhljqhuv
fuhdwhv d whpswdwlrq iru wkh jryhuqphqw wr dgrsw lq dwlrqdu| srolflhv di0
whu ghew frqwudfwv kdyh ehhq vljqhg1 Wklv �lq dwlrq wd{� kdv wkh h�hfw ri
uhdoorfdwlqj uhvrxufhv wr wkh jryhuqphqw iurp wkh grphvwlf ghsrvlwruv dqg
iruhljq erqgkroghuv1 Wkh jryhuqphqw pd| eh deoh wr uhwxuq vrph ri wkhvh
uhvrxufhv wr wkh grphvwlf ghsrvlwruv vr wkdw wkh qhw h�hfw ri vxfk lq dwlrq
lv wr h{sursuldwh iruhljq erqgkroghuv1 Li srolwlfdo frqvwudlqwv ru wkh ghvluh wr
fuhdwh d uhsxwdwlrq iru �vfdo uhfwlwxgh olplw lq dwlrqdu| srolflhv wkhq wkh iru0
hljq ohqghuv zloo eh deoh wr uh hfw wkhlu h{shfwdwlrqv lq wkh lqwhuhvw udwh wkh|
fkdujh1 Li srolwlfdo frqvwudlqwv duh od{ ru wkh ghvluh wr irup d uhsxwdwlrq duh
orz wkhq wkh �lq dwlrq suhplxp� iruhljq ohqghuv ghpdqg pd| eh vxevwdqwldo1
Wkh| zloo dovr rqo| eh zloolqj wr ohqg vkruw whup ehfdxvh wklv uhgxfhv wkh
lq dwlrq ulvn wkh| duh h{srvhg wr1 Lq h{wuhph fdvhv iruhljq ohqghuv pd| qrw
eh zloolqj wr ohqg lq wkh frxqwu|*v grphvwlf fxuuhqf| dw doo1 Zkhq wkhuh lv
d vljql�fdqw lq dwlrq suhplxp iru wkh frxqwu| edqnv zloo �qg lw suhihudeoh
wr eruurz xvlqj ghew ghqrplqdwhg lq d iruhljq fxuuhqf| ru lq rwkhu zrugv lq
uhdo whupv1

Ghqrplqdwlqj lqwhuqdwlrqdo ghew lq whupv ri iruhljq fxuuhqf| dyrlgv wkh
lq dwlrq suhplxp exw lw dovr lqwurgxfhv rwkhu sureohpv1 Wkh delolw| wr dyrlg
frvwo| oltxlgdwlrq fdq eh orvw dqg wkh ghjuhh ri ulvn vkdulqj wkdw fdq eh re0
wdlqhg pd| dovr eh uhgxfhg1 Wkh ehqh�wv wkdw wkh fhqwudo edqn fdq jhqhudwh
duh uhgxfhg1 Zh vwduw e| frqvlghulqj zkdw kdsshqv lq wkh devhqfh ri d fhq0
wudo edqn wkdw lvvxhv grphvwlf fxuuhqf| dqg wkhq frqvlghu zkdw ehqh�wv wkh
fhqwudo edqn fdq eulqj1
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814 Wkh Groodul}hg Hfrqrp|

Wkh groodul}hg hfrqrp| lv hvvhqwldoo| d uhdo hfrqrp|1 Lw lv forvhg dsduw iurp

dffhvv wr wkh lqwhuqdwlrqdo erqg pdunhw1 Wkhuh lv qr lqwhudfwlrq ehwzhhq wkh

edqnv1 Wkh udwh dw zklfk hdfk edqn fdq eruurz rq wkh lqwhuqdwlrqdo pdunhw

ghshqgv rq wkh dprxqw wkdw lw eruurzv dqg wkh sruwirolr ri erqgv dqg ulvn|

lqyhvwphqwv lw fkrrvhv1 Hdfk edqn kdv d glvwlqfw frqwudfwlqj sureohp dqg

hdfk edqn*v ghflvlrqv fdq eh dqdo|}hg vhsdudwho|1

Dv lq wkh fdvh ri grphvwlf fxuuhqf| ghew/ wkhuh lv vfrsh iru vkliwlqj ulvn

wr wkh lqwhuqdwlrqdo fdslwdo pdunhw e| vlpxowdqhrxvo| eruurzlqj dqg ohqglqj

odujh dprxqwv1 Zkhq wkhuh lv qr yduldwlrq lq wkh sulfh ohyho dqg qr eru0

urzlqj/ wkh edqn*v rswlpdo fkrlfh zloo eh dv lq Vhfwlrq 614 dqg lv looxvwudwhg

lq Iljxuh 51 Erwk hduo| dqg odwh frqvxphuv ehdu ulvn iru o 	 o
W

� Pruhryhu/

wkh oltxlgdwlrq frvwv phdq wkdw wkhuh lv d glvfrqwlqxlw| dqg erwk jurxsv frq0

vxpswlrq gursv dv o idoov ehorz o
W

� E| eruurzlqj dqg ohqglqj d odujh dprxqw

lq wkh lqwhuqdwlrqdo erqg pdunhw wkh edqn fdq pdnh wkh grphvwlf ulvn| dvvhwv

vpdoo uhodwlyh wr wkh wrwdo vl}h ri wkh sruwirolr1 Lq wkh hyhqw ri edqnuxswf|

wkh iruhljq ohqghuv uhfhlyh d odujh sursruwlrq ri wkh edqn*v dvvhwv dqg ehdu

prvw ri wkh ulvn zkloh wkh grphvwlf ghsrvlwruv uhfhlyh d vpdoo sursruwlrq dqg

ehdu olwwoh ri wkh ulvn1 Wkhuh duh wzr dvshfwv wr wklv uhgxfwlrq lq ulvn1 Iluvw/

wkh yduldwlrq lq uhwxuqv rq wkh wrwdo sruwirolr ehfrphv vpdoo vr lq edqnuxswf|

ghsrvlwruv gr qrw ehdu pxfk ulvn1 Vhfrqg/ wkh gl�huhqfh lq wkh ydoxh ri wkh

ghsrvlwruv fodlpv lq edqnuxsw vwdwhv frpsduhg wr vroyhqw vwdwhv lv uhgxfhg1

Wkh ulvn lv vkliwhg wr wkh ohqghuv dv wkh sursruwlrq ri wkh ulvn| dvvhwv wkh|

uhfhlyh lq edqnuxswf| lv lqfuhdvhg1

Zlwk d frqwlqxxp ri vwdwhv vlpxowdqhrxvo| eruurzlqj dqg ohqglqj lq wkh

lqwhuqdwlrqdo erqg pdunhw dowhuv oW dqg wklv pdnhv wkh zhoiduh h�hfwv rq

ghsrvlwruv frpsoh{1 Wr vlpsoli| wkh dqdo|vlv/ zh dvvxph wkdw wkh udqgrp

yduldeoh - kdv d wzr0srlqw vxssruw io,c o�j/ zkhuh f 	 o, 	 o� 	 41 Ohw

f 	 Z� 	 � ghqrwh wkh suredelolw| wkdw - ' o� iru � ' ,c �1 Wkh dqdo|vlv

ri wkh uhsuhvhqwdwlyh edqn*v ghflvlrq sureohp fdq eh eurnhq grzq lqwr wkuhh

fdvhv1

81414 Qr ghidxow

Wkh edqn fkrrvhv d frqvxpswlrq doorfdwlrq iS�Eo��c S2Eo��j wkdw lv ghwhuplqhg

e| d sruwirolr E%c +�/ d ohyho ri eruurzlqj K/ dqg d ghsrvlw frqwudfw _1 Ehfdxvh
wkhuh lv qr ulvn ri ghidxow/ wkh sulfh ri wkh edqn*v ghew lv ^ ' �*41 Wkh edqn*v
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ghflvlrq sureohp lv

4@ 
S

� Z� i�ES�Eo��� n �ES2Eo���j
v1w1 %n + � 2 n K*4

S�Eo�� ' _c � ' �c 2
S2Eo�� � o��E%�� 4E_n K�c � ' �c 2
4S�Eo�� � S2Eo��c � ' �c 2�

Wkh �uvw wkuhh frqvwudlqwv duh exgjhw frqvwudlqwv fruuhvsrqglqj wr gdwhv f/

�/ dqg 2/ uhvshfwlyho| dqg wkh odvw lv wkh lqfhqwlyh frqvwudlqw1 Dovr/ qrwlfh

wkdw li wkh lqfhqwlyh frqvwudlqw lv vdwlv�hg iru o, lw lv dxwrpdwlfdoo| vdwlv�hg

iru o�1

Vlqfh grphvwlf ghew dqg lqwhuqdwlrqdo ghew duh shuihfw vxevwlwxwhv/ zh

fdq dvvxph zlwkrxw hvvhqwldo orvv ri jhqhudolw| wkdw wkh edqn zloo qrw vlpxo0

wdqhrxvo| eruurz dqg ohqg rq wkh lqwhuqdwlrqdo pdunhw1 Wkhuh duh wzr fdvhv

ri lqwhuhvw1 Lq wkh �uvw wkh edqn grhv qrw eruurz lq wkh lqwhuqdwlrqdo pdunhw

exw grhv lqyhvw lq lw vr K ' f dqg + : f� Khuh dffhvv wr wkh lqwhuqdwlrqdo erqg

pdunhw grhv qrw pdnh dq| gl�huhqfh wr wkh doorfdwlrq dqg lqyhvwphqw lq wkh

ulvn| dvvhw lv wkh vdph dv lq wkh forvhg hfrqrp|1 Lq wkh vhfrqg eruurzlqj lv

srvlwlyh K : f dqg khqfh + ' f1 Khuh wkh lqyhvwphqw lq wkh grphvwlf ulvn|

dvvhw lv juhdwhu wkdq wkh hqgrzphqw dqg wkh zhoiduh ri ghsrvlwruv lv juhdwhu

wkdq lq wkh forvhg hfrqrp|1

Wkh dyrlgdqfh ri ghidxow lv frvwo| lq vhyhudo zd|v1 Iluvw/ wkh ghsrvlwruv

ehdu wkh ulvn ri wkh uhwxuqv rq wkh orqj dvvhw1 Vhfrqgo|/ wkhuh zloo eh dq

lqwhuwhpsrudo glvwruwlrq ehfdxvh wkh hduo| frqvxphuv gr qrw ehdu dq| ri wkh

ulvn dqg uhfhlyh d orz dyhudjh frqvxpswlrq1 Wkh odujhu wkh xqfhuwdlqw| derxw

dvvhw uhwxuqv dqg wkh pruh ulvn dyhuvh wkh ghsrvlwruv/ wkh juhdwhu wkhvh frvwv

zloo eh1 Lw zloo rqo| eh zruwk ehdulqj wkhvh frvwv li wkh| duh pruh wkdq r�vhw

e| wkh frvwv ri suhpdwxuh oltxlgdwlrq1 Wklv doorfdwlrq zloo wkxv grplqdwh wkh

rqhv zlwk ghidxow zkhq xqfhuwdlqw| lv orz/ wkh ulvn dyhuvlrq ri ghsrvlwruv lv

orz dqg wkh frvwv ri suhpdwxuh oltxlgdwlrq duh kljk1

81415 Ghidxow lq rqh vwdwh

Vxssrvh wkdw edqnuxswf| rffxuv rqo| lq wkh vwdwh zkhuh dvvhw uhwxuqv duh orz

dw o,1 Wkh lqwhuqdwlrqdo erqg kroghuv uhfhlyh wkh idfh ydoxh ri wkh ghew K li

dvvhw uhwxuqv duh kljk dw o� dqg d iudfwlrq q � K*E2_n K� ri wkh edqn*v dvvhwv

li dvvhw uhwxuqv duh orz dw o,1 Wkh pd{lpxp dprxqw wkh edqn fdq eruurz dw
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gdwh f lv wkh h{shfwhg suhvhqw ydoxh ri wklv vwuhdp=

^K '
�

4
iZ,q E�o,�E%� n 4+� n Z�Kj �

Vxevwlwxwlqj wklv lqwr wkh �uvw0shulrg exgjhw frqvwudlqw/ zh jhw

%n + ' 2 n
�

4
iZ,q E�o,�E%� n 4+� n Z�Kj �

Wkh edqn*v pd{lpl}dwlrq sureohp fdq eh zulwwhq dv iroorzv

4@ 

S
� Z� i�ES�Eo��� n �ES2Eo���j

v1w1 %n + � 2 n
�

4
iZ,q E�o,�E%� n 4+� n Z�Kj

S�Eo,� ' S2Eo,�*4 ' q E�o,�E%� n 4+�
S�Eo�� ' _
S2Eo��*4 � o��E%�*4n 4+ � E_n K�
S�Eo�� � S2Eo��*4�

+49,

Xqiruwxqdwho|/ wklv sureohp wxuqv rxw qrw wr kdyh d vroxwlrq1 Wkh �rswlpxp�
uhtxluhv xqerxqghg ydoxhv ri K dqg +1 Udwkhu wkdq dqdo|}h wkh sureohp +49,
gluhfwo|/ zh dgrsw d wzr0vwhs vwudwhj|1 Iluvw/ zh vhw xs dq duwl�fldo sure0
ohp lq rughu wr gh�qh d frqvxpswlrq doorfdwlrq ehqfkpdun1 Wkh duwl�fldo
sureohp kdv wkh vdph remhfwlyh ixqfwlrq dv wkh ruljlqdo sureohp +49,1 Wkh
frqvwudlqwv duh vxfk wkdw dq| vroxwlrq wr wkh ruljlqdo sureohp lv dovr d vrox0
wlrq wr wkh duwl�fldo sureohp1 Wkxv wkh vroxwlrq wr wkh duwl�fldo sureohp +wkh
frqvxpswlrq doorfdwlrq ehqfkpdun,/ pxvw eh dw ohdvw dv jrrg dv wkh vroxwlrq
wr wkh ruljlqdo sureohp1 Wkh vhfrqg vwhs lv wr vkrz wkdw wkh ehqfkpdun
fdq eh dssur{lpdwhg e| d fkrlfh ri EKc _c %c +� wkdw vdwlvi| wkh ihdvlelolw| frq0
vwudlqwv ri wkh ruljlqdo sureohp +49,1 Dv wkh dprxqw eruurzhg dqg lqyhvwhg
lq wkh lqwhuqdwlrqdo erqg pdunhw ehfrphv odujhu vr K$4/ + $4 dqg wkh

doorfdwlrq whqgv wr wkh ehqfkpdun1

Wkh duwl�fldo sureohp lv gh�qhg dv iroorzv=

4@ 

S
� Z� i�ES�Eo���n �ES2Eo���j

v1w1
S

� Z� ES�Eo�� n S2Eo��*4� � 4E2 � %� n
�
Z,�o, n

Z�o�
4

�
�E%�

S�Eo,� ' S2Eo,�*4
S�Eo�� � S2Eo��*4
S�Eo,� � S�Eo���

+4:,

Wkh �uvw frqvwudlqw lv d suhvhqw ydoxh exgjhw frqvwudlqw lq whupv ri frq0

vxpswlrq/ hqgrzphqwv/ dqg sur�wv1 Wkh vhfrqg dqg wklug frqvwudlqwv duh
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lqfhqwlyh frqvwudlqwv1 Wkh �qdo frqvwudlqw lv dgghg ehfdxvh wkh uxohv iru

edqnuxswf| lpso| wkdw S�Eo,� � S�Eo��1 Lw lv vwudljkwiruzdug wr fkhfn wkdw d

vroxwlrq ri wkh edqn*v sureohp pxvw vdwlvi| wkh frqvwudlqwv ri wkh duwl�fldo

sureohp1

Sursrvlwlrq < Vxssrvh wkdw EiS�Eo��c S2Eo��jc Kc _c %c +� vdwlv�hv wkh ihdvlelo0

lw| frqvwudlqwv dvvrfldwhg zlwk wkh sureohp +49,1 Wkhq EiS�Eo��c S2Eo��jc %�
vdwlv�hv wkh ihdvlelolw| frqvwudlqwv dvvrfldwhg zlwk wkh sureohp +4:,1 Wkh vr0
oxwlrq wr +4:, pxvw eh dw ohdvw dv jrrg dv wkh vroxwlrq wr +49,1

Surri1 Vhh wkh dsshqgl{1

Wkh zd| wkdw wkh surri surfhhgv lv wr vkrz wkdw wkh exgjhw frqvwudlqwv

iru gdwh � dqg gdwh 2 iurp +49, lpso| wkdw EiS�Eo��c S2Eo��jc %� vdwlv�hv wkh
exgjhw frqvwudlqw iru +4:,1 Wkh lqfhqwlyh frqvwudlqwv duh wkh vdph lq erwk
sureohpv dqg wkh �qdo frqvwudlqw lq +4:, iroorzv iurp wkh idfw wkdw wkhuh lv
edqnuxswf| lq vwdwh o,� Vlqfh wkh remhfwlyh ixqfwlrqv duh wkh vdph wkh vroxwlrq
wr +4:, pxvw eh dw ohdvw dv jrrg dv wkh vroxwlrq wr +49,1

Wkh qh{w vwhs lv wr fkdudfwhul}h wkh vroxwlrq wr +4:, dqg vkrz wkdw eru0
urzlqj dqg ohqglqj odujh dprxqwv doorzv wkh ehqfkpdun vroxwlrq wr eh ds0
sur{lpdwhg1

Sursrvlwlrq 43 Vxssrvh wkdw Ei	S�Eo��c 	S2Eo��c 	%� lv d vroxwlrq wr wkh duwl�fldo
sureohp +4:,1 Wkhq

	S�Eo,� ' 	S�Eo��c

	S2Eo,� ' 4	S�Eo,�

dqg

	S2Eo�� ' 4@ i4	S�Eo��c �E	S�Eo���j c

zkhuh �ES� lv gh�qhg lpsolflwo| e| wkh htxdwlrq

EZ, n Z���
�ES� n Z,4�

�E4S� � E2Z, n Z��4�
�E�ES��c;S�

Iru dq| 0 : f zh fdq �qg d ihdvleoh fkrlfh EiS�Eo��c S2Eo��jc %c +c Kc _� iru wkh
ruljlqdo sureohp +49, vxfk wkdw

[

�

Z� i�ES�Eo��� n �ES2Eo���j �
[

�

Z� i�E	S�Eo��� n �E	S2Eo���j� 01

Dv K$4c + $4 dqg 0$ f�
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Surri1 Vhh wkh dsshqgl{1

Wkh uhdvrq wkdw vlpxowdqhrxvo| eruurzlqj dqg ohqglqj odujh dprxqwv

lpsuryhv wkh doorfdwlrq lv wkdw wkh rshudwlrq ri wkh edqnuxswf| phfkdqlvp

doorzv wkh ulvn wr eh vkliwhg wr wkh ohqghuv lq wkh lqwhuqdwlrqdo erqg pdunhw

dv h{sodlqhg dw wkh ehjlqqlqj ri wkh vhfwlrq1 Lw zloo eh rswlpdo wr ghidxow

lq rqh vwdwh zkhq wkh frvwv ri suhpdwxuh oltxlgdwlrq duh prghudwh dqg wkh

ehqh�wv ri vkliwlqj ulvn wr wkh lqwhuqdwlrqdo erqg pdunhw rxwzhljk wkhvh1

81416 Ghidxow lq erwk vwdwhv

Edqnuxswf| lq erwk vwdwhv lpsolhv wkdw

S�Eo�� '
S2Eo��

4
'

�

2
E�� q� E�o��E%� n 4+� +4;,

iru � ' ,c � zkhuh q � K*E2_ n K�dqg wkh �uvw0shulrg exgjhw frqvwudlqw fdq

eh zulwwhq

%n + � 2n
q

4
i�7o�E%� n 4+j c

zkhuh 7o � Z,o, n Z�o�1 Wkh sureohp lv vroyhg e| fkrrvlqj q/ % dqg + wr
pd{lpl}h wkh xvxdo remhfwlyh ixqfwlrq vxemhfw wr wkh exgjhw frqvwudlqw1

Lqvshfwlrq ri +4;, vxjjhvwv wkdw dv K$4c + $4 dqg ulvn lv holplqdwhg
iurp wkh doorfdwlrq1 Wklv uhvxow lv lq idfw pruh jhqhudo wkdq wkh wzr vwdwh
fdvh dqg lv frqvlghuhg ixuwkhu ehorz1 Wklv doorfdwlrq zloo eh rswlpdo zkhq
wkh jdlqv iurp holplqdwlqj ulvn duh odujh dqg zkhq wkh frvwv ri suhpdwxuh
oltxlgdwlrq duh vpdoo1

815 Edqnuxswf| dqg Ulvn Holplqdwlrq

Lq wklv vhfwlrq zh uhwxuq wr wkh fdvh zlwk d frqwlqxxp ri vwdwhv dqg vkrz

wkdw li edqnuxswf| rffxuv lq hyhu| vwdwh wkhq doo ulvn fdq eh holplqdwhg iurp

wkh doorfdwlrq1 Ohw q � K*E2_n K� ghqrwh wkh iudfwlrq ri wkh dvvhwv wkdw jrhv

wr wkh lqwhuqdwlrqdo erqg kroghuv lq wkh xvxdo zd|1 Fkrrvh K dqg _ vr wkdw

wkh edqn lv mxvw edqnuxsw lq wkh kljkhvw vwdwh o� dw gdwh �/ wkdw lv/

K ' q

#
o��E%�

4
n 4+

$

dqg

2_ ' E� � q�

#
o��E%�

4
n 4+

$
�
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Iurp wkh exgjhw frqvwudlqw dw gdwh �/

+ E�� q� ' 2� %n .

%
q
o�E%�

42

&
c

vr + lv xqltxho| ghwhuplqhg e| wkh fkrlfh ri q1 Wkxv/ iru hdfk fkrlfh ri

q zh kdyh d ihdvleoh fkrlfh ri EKc _c %c +� dqg d fruuhvsrqglqj frqvxpswlrq

doorfdwlrq iS�Eo�c S2Eo�j1 Wkhq xvlqj wkh exgjhw frqvwudlqw deryh/

S�Eo� n
S2Eo�

4
' E� � q�

#
o�E%�

4
n 4+

$

' E� � q�

#
o�E%�

4

$
n 4E2� %� n 4.

%
q
o�E%�

42

&

$ 4E2 � %� n 4.

%
q
o�E%�

42

&
dv q $ ��

Khqfh lw lv srvvleoh wr hqwluho| holplqdwh ulvn e| eruurzlqj dqg lqyhvwlqj odujh

dprxqwv lq wkh lqwhuqdwlrqdo erqg pdunhw1 Wkh uhdvrq lv wkh xvxdo rqh wkdw

wklv pdnhv wkh grphvwlf ulvn| dvvhw d vpdoo sduw ri wkh edqn*v sruwirolr dqg

lq wkh fdvh ri edqnuxswf| vkliwv wkh ulvn wr wkh lqwhuqdwlrqdo erqg pdunhw1

Dowkrxjk ulvn lv holplqdwhg/ doorzlqj edqnuxswf| lq hyhu| vwdwh zloo rqo| eh

rswlpdo lq fhuwdlq vshfldo fdvhv1

Rqh fdvh zkhuh wklv lv wuxh lv zkhuh edqnuxswf| lv frvwohvv dqg wkh lq0

fhqwlyh frqvwudlqwv dozd|v elqg dw wkh �uvw ehvw1 Vxssrvh wkdw � ' �*4 dqg

ohw i	S�Eo�c 	S2Eo�j ghqrwh wkh �uvw0ehvw frqvxpswlrq doorfdwlrq dqg ohw % ' 	%

eh wkh �uvw ehvw lqyhvwphqw lq wkh ulvn| dvvhw1 Wkhq li 	S2Eo� ' 4	S�Eo� iru

hyhu| o wkh edqn fdq dssur{lpdwh wkh �uvw ehvw e| eruurzlqj dqg lqyhvwlqj

d odujh dprxqw lq wkh lqwhuqdwlrqdo erqg pdunhw dqg ghfodulqj edqnuxswf|

lq hyhu| vwdwh wr holplqdwh ulvn dv deryh1 Lq vrph rwkhu fdvhv zkhuh wkh frvwv

ri suhpdwxuh oltxlgdwlrq duh orz dqg wkh ehqh�wv iurp vkliwlqj ulvn duh odujh

wklv doorfdwlrq pd| dovr eh rswlpdo1

Rqh srlqw zruwk qrwlqj lv wkdw zkhq ghidxow grhv rffxu zlwk sured0

elolw| rqh erwk wkh grphvwlf ghsrvlwruv dqg lqwhuqdwlrqdo erqg kroghuv duh

hvvhqwldoo| kroglqj vkduhv lq wkh grphvwlf edqn1 Zkhq edqnuxswf| lv frvwo|/

ghidxow lv vrphwklqj wr eh dyrlghg1 Lq wkdw fdvh/ wkh xvh ri htxlw| frqwudfwv

fdq dyrlg ghidxow zkloh doorzlqj vrph ehqh�fldo ulvn vkdulqj1
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816 Orqj0Whup yhuvxv Vkruw0Whup Ghew

Vr idu zh kdyh frqfhqwudwhg rq vkruw0whup ghew1 D uhvxow vlplodu wr Sursr0

vlwlrq ; fdq dovr eh suryhg lq wklv frqwh{w1 Dv zdv wkh fdvh wkhuh/ lqlwldoo|

vxssrvh 42u ' 4
2 vr wkdw wkh |lhog fxuyh lv  dw� Lq edqnuxswf| lw lv dvvxphg

wkdw dvvhwv duh vsolw lq sursruwlrq wr wkh suhvhqw ydoxh ri wkh fodlpv1 Li ^,, lv

eruurzhg dw gdwh f zlwk dqwlflsdwhg uhsd|phqw , dw gdwh 2 wkhq edqnuxswf|

dw gdwh � zloo uhvxow lq d vkduh q, ' E ,*4
2_n,*4

� ri wkh oltxlgdwlrq surfhhgv1 Wklv

zloo uhsodfh q '
�

K

2_nK

�
lq wkh frqvwudlqwv lq +49,1 Lw fdq eh fkhfnhg wkdw wkh

wudqviruphg sureohp iru wkh edqn lv h{dfwo| wkh vdph dv +49, h{fhsw wkdw q,

uhsodfhv q1 Khqfh zkhq wkh |lhog fxuyh lv  dw orqj dqg vkruw0whup eruurzlqj
duh htxlydohqw1 Li wkh |lhog fxuyh lv qrw  dw wkhq dv ehiruh orqj0whup ghew zloo
eh lqihulru lq wkh vwdqgdug fdvh zkhuh wkh |lhog fxuyh lv xszdug vorslqj ru
vxshulru li lw lv grzqzdug vorslqj1 Wklv jlyhv wkh frxqwhusduw wr Sursrvlwlrq
;1

Sursrvlwlrq 44 Vxssrvh ghew dqg ghsrvlwv duh ghqrplqdwhg lq iruhljq fxu0
uhqf| dqg wkhuh lv qr fhqwudo edqn1 Zkhq wkh |lhog fxuyh lv  dw wkhuh lv qr
gl�huhqfh ehwzhhq orqj0whup eruurzlqj dqg vkruw0whup eruurzlqj1 Zkhq lw
lv xszdug +grzqzdug, vorslqj vkruw0whup ghew lv vwulfwo| suhihuuhg +lqihulru,
wr orqj0whup eruurzlqj1

817 Iruhljq0Fxuuhqf| Ordqv dqg Grphvwlf0Fxuuhqf|

Ghsrvlwv

Qh{w frqvlghu zkdw d fhqwudo edqn fdq dfklhyh1 E| dgmxvwlqj wkh grphvwlf

sulfh ohyho lw fdq srwhqwldoo| suhyhqw vrph lqh!flhqw oltxlgdwlrq1 Lw fdqqrw

holplqdwh lw/ krzhyhu/ vlqfh wkh ghew lv lq iruhljq fxuuhqf| whupv lw pd| qrw

eh ihdvleoh wr sd| lw lq ixoo1 Li wkhuh lv edqnuxswf| lw lv dvvxphg lqlwldoo| wkdw

wkh iruhljq ghewkroghuv kdyh sulrulw| dqg rewdlq wkh ixoo surfhhgv ri oltxlgd0

wlrq1 Rwkhu srvvlelolwlhv duh glvfxvvhg ixuwkhu ehorz1 Lq dgglwlrq wr uhgxflqj

lqh!flhqw oltxlgdwlrq wkh lqwurgxfwlrq ri grphvwlf fxuuhqf| pd| doorz ulvn

vkdulqj ehwzhhq hduo| dqg odwh frqvxphuv1 Vlqfh wkh ghew lv ghqrplqdwhg lq

iruhljq fxuuhqf| wkhuh fdqqrw eh ulvn vkdulqj zlwk wkh iruhljq erqgkroghuv1

Wkh dqdo|vlv ri wkh htxloleulxp dw gdwh � lv vlplodu wr wkh suhylrxv vhfwlrq1

Ohw ^K eh wkh dprxqw eruurzhg dw gdwh f dqg K eh wkh dprxqw uhsdlg dw gdwh

�� Wkh edqn zloo jr edqnuxsw zkhq wkh rxwsxw dydlodeoh lv lqvx!flhqw wr sd|
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wkh iruhljq ghew1 Khqfh oW lv jlyhq e|

o
W�E%�

4
n 4+ ' K� +4<,

Wkh ydoxh ri ^ zloo eh vhw vr wkdw wkh iruhljq erqgkroghuv rewdlq wkhlu rs0
sruwxqlw| frvw/

]
o
W

f

E�o�E%� n 4+�_8 n
]
"

o
W

K_8 ' 4^K� +53,

Iru vlpsolflw| zh djdlq irfxv rq wkh fdvh zkhuh wkh lqfhqwlyh frqvwudlqw
4S�Eo� � S2Eo� elqgv1 Jlyhq wklv dqg R�Eo� ' 4R2Eo� lw iroorzv wkdw (� '

(2 ' ( lv rswlpdo1 Iru o 	 o
W wkh iruhljq erqgkroghuv uhfhlyh hyhu|wklqj

dw gdwh � dqg wkh grphvwlf ghsrvlwruv uhfhlyh qrwklqj1 Iru o � o
W wkh sulfh

ohyho lv jlyhq e| wkh udwlr ri qrplqdo fodlpv wr rxwsxw zkhq wkh lqfhqwlyh

frqvwudlqw elqgv

R�Eo� ' 4R2Eo� '
2(

o�E%�*4n 4E2 � %� n E4^ � ��K

S�Eo� ' S2Eo�*4 '
�

2
Eo�E%�*4n 4E2 � %� n E4^ � ��K�� +54,

Li wkh frxqwhusduw ri +6, lv vdwlv�hg vr wkdw

�
�Ef�42 : .d��Eo�E2��o��E2�oc +55,

dq lqwhulru vroxwlrq lq wkh vhqvh wkdw % 	 2 lv dvvxuhg1 Qrz li oW � of/ wkhq

4^ ' � dqg wkh ohyho ri K lv luuhohydqw1 Li oW : o,/ wkhq 4^ 	 � dqg wkh

uhsuhvhqwdwlyh edqn*v rswlpdo fkrlfh jlyhq lwv remhfwlyh lv wr pd{lpl}h wkh

h{shfwhg xwlolw| ri wkh uhsuhvhqwdwlyh frqvxphu lqyroyhv K ' f�
Dowkrxjk wkhuh zloo eh qr eruurzlqj dw gdwh f wkhuh zloo ri frxuvh eh

eruurzlqj dw gdwh � wr vprrwk frqvxpswlrq ehwzhhq shulrgv1 Dsduw iurp

wkdw wkh rxwfrph lv vlplodu wr wkh fdvh zkhuh wkhuh lv qr lqwhuqdwlrqdo �qdqfh1

Lq sduwlfxodu wkhuh zloo eh qr edqnuxswf| ru lqh!flhqw oltxlgdwlrq1

Lw fdq eh vhhq wkdw wkh lqwurgxfwlrq ri d fhqwudo edqn lv d pl{hg eohvvlqj1

Lw grhv doorz ulvn vkdulqj ehwzhhq wkh hduo| dqg odwh frqvxphuv iru doo ydoxhv

ri o� Krzhyhu/ wkhuh lv qr ulvn vkdulqj zlwk wkh lqwhuqdwlrqdo erqg pdunhw1

Dv ghprqvwudwhg deryh/ zkhq wkhuh lv qr fhqwudo edqn vr doo frqwudfwv duh lq

iruhljq fxuuhqf| whupv wkhuh fdq eh ulvn vkdulqj zlwk wkh lqwhuqdwlrqdo erqg
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pdunhw1 Lw lv wkhuhiruh qrw lpphgldwh zkhwkhu d fhqwudo edqn dqg lqghshq0

ghqw prqhwdu| srolf| lv ghvludeoh1 Lw zloo ghshqg rq wkh sdudphwhu ydoxhv1

Iru � ' �*4/ xvlqj iruhljq fxuuhqf| ghqrplqdwhg ghew dqg ghsrvlwv zloo eh

rswlpdo vlqfh lq wkdw fdvh oW ' o� dqg wkh �uvw ehvw fdq eh lpsohphqwhg1 Dw
wkh rwkhu h{wuhph li � lv yhu| vpdoo dqg .doo lv vx!flhqwo| odujh/ d v|vwhp
zlwk d fhqwudo edqn zloo gr ehwwhu1

Lw zdv dvvxphg lq wkh dqdo|vlv deryh wkdw wkh iruhljq ghewkroghuv kdg
sulrulw| lq wkh hyhqw ri edqnuxswf|1 Jlyhq wklv lw zdv rswlpdo qrw wr eruurz
dw gdwh f1 Zlwk gl�huhqw sulrulwlhv wklv pd| qr orqjhu eh wkh fdvh1 Wkhuh
lv d vljql�fdqw sureohp zlwk lqwurgxflqj dq| rwkhu sulrulw|/ krzhyhu1 Lw
iroorzv iurp +4<, dqg +54, wkdw dw oWc S�Eo� ' S2Eo� ' f� Li ghsrvlwruv uhfhlyh
dq|wklqj lq edqnuxswf| wkhq wkhuh zloo eh dq lqfhqwlyh iru wkhp wr idovho|
ghfoduh edqnuxswf| hyhq wkrxjk wkh edqn lv lq idfw vroyhqw1 Wklv pdnhv wkh
dgplqlvwudwlrq ri dq|wklqj rwkhu wkdq ixoo sulrulw| wr iruhljq erqgkroghuv
sureohpdwlf1 Krzhyhu/ wkh ohqghuv fdq wdnh lqwr dffrxqw wklv dvshfw dqg
dgmxvw wkh lqwhuhvw udwh rq wkh ghew dssursuldwho|1

Dw wkh rssrvlwh h{wuhph iurp wkh iruhljqhuv rewdlqlqj doo wkh surfhhgv
ri wkh oltxlgdwlrq lq wkh hyhqw ri ghidxow lv zkhuh wkh grphvwlf ghsrvlwruv
rewdlq hyhu|wklqj1 Wkh dqdo|vlv iru wklv fdvh lv vlplodu1 Wkh pdlq gl�huhqfh
zloo eh wkdw lq +53, wkhuh zloo eh qr whup iru o 	 o

W

� Dv d uhvxow wkh lqwhuhvw
udwh fkdujhg zloo eh kljkhu1 Jlyhq wkdw wkh lqwhuqdwlrqdo erqg pdunhw lv ulvn
qhxwudo dqg ghsrvlwruv duh ulvn dyhuvh/ wkh h�hfwlyh wudqvihu iurp kljk lqfrph
vwdwhv wr orz lqfrph vwdwhv wkdw d kljkhu lqwhuhvw udwh lqyroyhv zloo ohdg wr dq
lqfuhdvh lq zhoiduh frpsduhg wr wkh fdvh zkhuh iruhljq erqgkroghuv uhfhlyh
wkh oltxlgdwlrq surfhhgv1

Lq dgglwlrq wr wkh wzr h{wuhphv zkhuh rqh sduw| ru wkh rwkhu uhfhlyhv doo
wkh oltxlgdwlrq surfhhgv wkhuh duh dovr pdq| lqwhuphgldwh fdvhv zkhuh wkh|
erwk uhfhlyh d sruwlrq1 Wkh sureohp zlwk dqdo|}lqj wkhvh fdvhv lv wr vshfli|
wkh suhflvh zd| lq zklfk wkh oltxlgdwlrq surfhhgv duh vsolw ehwzhhq wkh wzr
jurxsv1 Dv pruh dqg pruh ri wkh hfrqrp|*v rxwsxw jrhv wr sd| wkh iruhljq
ghewkroghuv ohvv lv ohiw iru grphvwlf ghsrvlwruv dqg wkh grphvwlf sulfh ohyho
ehfrphv yhu| kljk1 Lq rwkhu zrugv dv o $ o

W

c R�Eo� $ 4� Wklv phdqv wkdw

iru o 	 o
W wkhuh lv qr vhqvh lq zklfk wkhuh lv d grphvwlf sulfh ohyho1 Lw lv

wkhq sureohpdwlf wr gh�qh dq| vkdulqj uxoh iru oltxlgdwlrq surfhhgv edvhg rq

wkh ydoxh ri fodlpv lq grphvwlf fxuuhqf|1 Rqh srvvlelolw| lv wkdw wkhuh lv h{

srvw edujdlqlqj1 Dqrwkhu lv wkdw wkh sulrulw| uxohv duh vshfl�hg h{ dqwh edvhg

rq wkh sursruwlrqdwh fodlpv dw gdwh f� Li wkh sulrulw| uxohv duh vshfl�hg dv d

sursruwlrq ri wkh oltxlgdwlrq surfhhgv wkhq wkh dqdo|vlv lv ghwhuplqdwh dqg
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fdq eh xqghuwdnhq dv deryh1 Wkh udqjh ri srvvlelolwlhv lv fohduo| odujh1 Wkh

srvvleoh rxwfrphv duh olnho| wr uh hfw wkh sulqflsohv looxvwudwhg e| wkh uhvxowv

deryh1

9 Srolf| Lpsolfdwlrqv

Wkh hyhqwv lq Vrxwk Hdvw Dvld lq uhfhqw |hduv kdyh vsdunhg d ghedwh derxw wkh
uroh ri wkh Lqwhuqdwlrqdo Prqhwdu| Ixqg +LPI, lq ghdolqj zlwk lqwhuqdwlrqdo
fulvhv1 Rqh sduw ri wkh ghedwh uhyroyhv durxqg wkh dssursuldwhqhvv ri LPI
dfwlrqv lq sduwlfxodu frxqwulhv +vhh Fruvhwwl/ Shvhqwl/ Urxelql +4<<;d/ e/ 4<<<,
iru d ghwdlohg glvfxvvlrq ri wkhvh lvvxhv,1 Dqrwkhu sduw ri wkh ghedwh irfxvhv
rq wkh eurdghu lvvxh ri zkhwkhu wkh LPI kdv d uroh wr sod| lq vxfk fulvhv dqg
li vr zkdw wkh udwlrqdoh iru vxfk lqwhuyhqwlrq lv1

Wkhuh lv zlghvsuhdg dffhswdqfh ri wkh qhhg iru d ohqghu ri odvw uhvruw lq
d grphvwlf frqwh{w1 Nuxjpdq +4<<;, dqg Ilvfkhu +4<<<, dqg rwkhuv kdyh
dujxhg wkdw wkh LPI vkrxog dfw dv dq lqwhuqdwlrqdo ohqghu ri odvw uhvruw e|
dqdorj|1 Dw wkh rwkhu hqg ri wkh vshfwuxp/ Iulhgpdq +4<<;, dqg Vfkzduw}
+4<<;, kdyh dujxhg wkdw zkhq wkh LPI lqwhuyhqhv lw glvwruwv pdunhwv dqg
ohdgv wr lqh!flhqf|1 Lq ehwzhhq wkhvh h{wuhphv d qxpehu ri dxwkruv vxfk
dv Vdfkv +4<<8, dqg Ihogvwhlq +4<<;, kdyh vxjjhvwhg wkh LPI kdv vrph uroh
wr sod| exw fulwlfl}h pdq| ri wkhlu dfwlrqv1 Vdfkv dujxhv iru wkh qhhg iru dq
lqwhuqdwlrqdo edqnuxswf| frxuw zkloh Ihogvwhlq hpskdvl}hv wkdw lwv dfwlrqv
vkrxog eh pruh forvho| uhodwhg wr ryhufrplqj pdunhw idloxuhv1

Fkdul dqg Nhkrh +4<<<, kdyh vxjjhvwhg wkdw wkh uroh ri wkh LPI vkrxog
eh olplwhg wr fdvhv zkhuh wkhuh lv d fohdu froohfwlyh dfwlrq sureohp1 Wkh| du0
jxh wkdw lq uhfhqw lqwhuqdwlrqdo fulvhv oltxlglw| kdv ehhq dghtxdwho| surylghg
e| wkh X1V1 Ihghudo Uhvhuyh dqg rwkhu pdmru fhqwudo edqnv1 Wklv vxjjhvwv
wkhuh lv qrw d froohfwlyh dfwlrq sureohp ehwzhhq wkhp dqg vr wkh LPI kdv
qr uroh wr sod| lq wklv uhjdug1 Fkdul dqg Nhkrh gr vxjjhvw wkdw wkhuh duh
lpsruwdqw froohfwlyh dfwlrq sureohpv zlwk uhjdug wr fuhglwru frruglqdwlrq1 Lq
wkh grphvwlf frqwh{w edqnuxswf| odzv dqg lqvwlwxwlrqv duh ghvljqhg wr ryhu0
frph wkhvh sureohpv exw lq dq lqwhuqdwlrqdo frqwh{w wkhuh lv qr htxlydohqw1
Wkh| dujxh wkh LPI kdv dq lpsruwdqw uroh wr sod| dv dq lqwhuqdwlrqdo edqn0
uxswf| frxuw1 Rqh ri wkh pdmru dfwlylwlhv wkh LPI fxuuhqwo| xqghuwdnhv lv
wkh surylvlrq ri lqirupdwlrq derxw wkh hfrqrplf vlwxdwlrq lq phpehu frxq0
wulhv1 Fkdul dqg Nhkrh vxjjhvw wklv lv ydoxdeoh iru wkh lqwhuqdwlrqdo fdslwdo
pdunhwv dqg vkrxog frqwlqxh1 Ilqdoo|/ wkh| dujxh lw frxog surylgh d fxuuhqf|
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zklfk frxqwulhv frxog shj wkhlu h{fkdqjh udwh wr1
Wkh prgho lq wklv sdshu suhvhqwv dqrwkhu shuvshfwlyh lq wklv ghedwh1 Wkh

vwduwlqj srlqw lq rxu dqdo|vlv zdv d grphvwlf hfrqrp| surqh wr edqnlqj
fulvhv1 Htxlw| pdunhwv gr qrw uhvxow lq h!flhqf| ehfdxvh wkh| gr qrw surylgh
lqvxudqfh djdlqvw oltxlglw| vkrfnv1 Edqnv fdq surylgh vxfk lqvxudqfh e|
vxsso|lqj ghsrvlw frqwudfwv1 Wkh glvdgydqwdjh ri wkhvh lv wkdw wkh| uhvxow lq
�qdqfldo fulvhv zlwk lqh!flhqw oltxlgdwlrq1 D fhqwudo edqn doorzv vxfk fulvhv
wr eh dyrlghg e| dgrswlqj dq dssursuldwh prqhwdu| srolf|1 Wkh �uvw0ehvw
h!flhqw doorfdwlrq fdq wkhq eh lpsohphqwhg1

Dq lqwhuqdwlrqdo erqg pdunhw zdv lqwurgxfhg dqg wkh gl�huhqfhv wklv
pdgh zhuh frqvlghuhg1 Zh glg qrw h{solflwo| frqvlghu d frpsohwh lqwhuqd0
wlrqdo �qdqfldo v|vwhp exw rxu dqdo|vlv fdq eh h{whqghg wr wklv fdvh1 Wr
�{ lghdv frqvlghu d prgho zkhuh wkhuh duh pdq| vpdoo frxqwulhv zlwk l1l1g1
vkrfnv +l1h1 hdfk frxqwu|*v- lv l1l1g1,1 Iluvw/ frqvlghu wkh uhjlph zkhuh edqnv
fdq eruurz lq grphvwlf fxuuhqf| dqg wkhuh lv d fhqwudo edqn zklfk surylghv
d grphvwlf fxuuhqf| olqh ri fuhglw1 Ulvn zloo eh h�hfwlyho| vkduhg ehwzhhq
wkh frxqwulhv e| hdfk frxqwu|*v edqnv eruurzlqj d yhu| odujh dprxqw lq wkhlu
grphvwlf fxuuhqf| dqg lqyhvwlqj lq d vdih edvnhw ri iruhljq dvvhwv1 Lq wklv
zd| doo frxqwulhv fdq glyhuvli| dzd| wkhlu ulvn vr wkhlu grphvwlf ghsrvlwruv
ehdu qr ulvn dqg wkhuh duh qr lqh!flhqw oltxlgdwlrqv1

Dowkrxjk lw kdv pdq| ghvludeoh zhoiduh fkdudfwhulvwlfv/ wklv ulvn vkdulqj
htxloleulxp lv lqkhuhqwo| xqvwdeoh1 Hdfk jryhuqphqw kdv wkh whpswdwlrq wr
�qdqfh h{shqglwxuh e| sulqwlqj prqh| dqg lq dwlqj wkh dprxqw ri fxuuhqf|1
Wklv zloo h{sursuldwh wkh iruhljq erqgkroghuv dqg fdq ohdg wr d qhw jdlq iru
wkh frxqwu|1 Vlqfh wkh dprxqw ri iruhljq ghew lv vr odujh wkh whpswdwlrq wr gr
wklv lv vljql�fdqw1 Li rqh jryhuqphqw vwduwv wr lq dwh wkhq rwkhu jryhuqphqwv
pd| eh whpswhg wr gr wkh vdph1 Dq| dwwhpsw dw d suhhpswlyh pryh lv olnho|
wr vsuhdg1 Wkhuh lv d vhyhuh froohfwlyh dfwlrq sureohp1 Wkh LPI srwhqwldoo|
kdv d uroh wr hqvxuh wkdw frxqwulhv gr qrw lq dwh lq wklv zd|1 Wr wkh h{whqw
d kljk sulfh ohyho rffxuv dv d ulvn vkdulqj phfkdqlvp lw lv ghvludeoh exw wr
wkh h{whqw lw rffxuv dv d uhvxow ri �qdqflqj jryhuqphqw h{shqglwxuh lw lv
xqghvludeoh1 Lq dq lghdo zruog wkh LPI vkrxog wu| wr suhyhqw wkh odwwhu1

Pdq| jryhuqphqwv/ sduwlfxoduo| lq hphujlqj hfrqrplhv duh xqdeoh wr eru0
urz lq grphvwlf fxuuhqf| ehfdxvh ri lq dwlrq frqfhuqv dqg lqvwhdg pxvw eru0
urz lq d iruhljq fxuuhqf|/ xvxdoo| X1 V1 grooduv1 Wklv fdvh zdv frqvlghuhg lq
Vhfwlrq 81 Zlwk qr fhqwudo edqn/ iruhljq fxuuhqf| ghqrplqdwhg ghew dqg
ghsrvlwv/ dqg htxdo sulrulw| lq edqnuxswf|/ lw zdv vkrzq wkhuh zdv djdlq dq
dgydqwdjh wr edqnv wr eruurzlqj d odujh dprxqw dqg lqyhvwlqj lw lq iruhljq
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dvvhwv1 Wkhuh zloo eh h{whqvlyh lqwhuolqndjhv ehwzhhq edqnv lq gl�huhqw frxq0
wulhv1 Vlqfh wkh ghewv duh ghqrplqdwhg lq iruhljq fxuuhqf| whupv zkhq dvvhw
uhwxuqv duh orz wkhuh fdq eh edqnuxswf| dqg lqh!flhqw oltxlgdwlrq1 Doohq
dqg Jdoh +5333, vkrz lq wkh frqwh{w ri d uhodwhg prgho wkdw vxfk lqwhuolqn0
djhv fdq ohdg wr vhyhuh sureohpv ri frqwdjlrq1 Lq wkhlu dqdo|vlv wkhuh lv d
iuhh ulghu sureohp1 Wkh frqwdjlrq fdq eh suhyhqwhg li d vpdoo dprxqw ri
oltxlglw| lv vxssolhg e| doo edqnv exw hyhu| edqn kdv dq lqfhqwlyh wr zdlw iru
rwkhu edqnv wr vxsso| wkh oltxlglw|1 Dv d uhvxow wkhuh lv d phowgrzq1 Lq wklv
nlqg ri vlwxdwlrq wkh LPI fdq khos vroyh wkh frruglqdwlrq sureohp dqg kdv
dq lpsruwdqw uroh dv d ohqghu ri odvw uhvruw1

Zkhq eruurzlqj lv ghqrplqdwhg lq iruhljq fxuuhqf| dqg d fhqwudo edqn
h{lvwv frvwo| oltxlgdwlrq fdq djdlq rffxu1 Li sulrulw| lv jlyhq wr iruhljqhu
ghewkroghuv wkhuh zloo rqo| eh eruurzlqj dw gdwh �1 Iru rwkhu sulrulwlhv wkhuh
pd| ru pd| qrw eh lqwhuolqndjhv dqg frvwo| oltxlgdwlrq1 Zkhq wkhvh ihdwxuhv
duh suhvhqw frqwdjlrq pd| djdlq eh d sureohp wkdw wkh LPI fdq holplqdwh1

Lq vxppdu|/ rxu dqdo|vlv vkrzv wkdw wkh LPI pd| kdyh dq lpsruwdqw
uroh wr sod|1 Lq wkh fdvh zkhuh ghew lv ghqrplqdwhg lq grphvwlf fxuuhqf| wkh
uroh lv wr suhyhqw jryhuqphqwv udlvlqj wkhlu sulfh ohyhov wr h{sursuldwh iruhljq
ohqghuv e| sulqwlqj prqh| wr �qdqfh jryhuqphqw h{shqglwxuh1 Zkhq ghew lv
ghqrplqdwhg lq iruhljq fxuuhqf| wkhuh duh lvvxhv ri frqwdjlrq dqg lqh!flhqw
oltxlgdwlrq zklfk wkh LPI fdq djdlq khos wr suhyhqw1
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Dsshqgl{

Surri ri Sursrvlwlrq 4

Li zh ljqruh wkh lqfhqwlyh0frpsdwlelolw| frqvwudlqw/ wkh rswlpdo ulvn0vkdulqj
sureohp +4, ehfrphv=

4@ ,-d�ES�Eo�� n �ES2Eo��o
v1w1 +l, + n % � 2(

+ll, S�Eo� � +(
+lll, S2Eo� � o�E%� n + � S�Eo��

+56,

D qhfhvvdu| frqglwlrq iru d vroxwlrq wr +56, lv wkdw/ iru hdfk ydoxh ri o/ wkh
frqvxpswlrq ohyhov S�Eo� dqg S2Eo� vroyh wkh sureohp

4@ �ES�Eo�� n �ES2Eo��
v1w1 +ll, S�Eo� � +(

+lll, S2Eo� � o�E%� n + � S�Eo��

Wkh qhfhvvdu| Nxkq0Wxfnhu frqglwlrqv lpso|

�
�ES�Eo�� � �

�ES2Eo��c

zlwk vwulfw htxdolw| li S�Eo� 	 +1 Lq dq| fdvh/ wklv lpsolhv wkdw S�Eo� � S2Eo�/
zlwk vwulfw htxdolw| li S�Eo� 	 +/ vr wkh lqfhqwlyh frqvwudlqwv +ly, zloo eh
vdwlv�hg dxwrpdwlfdoo|1 Wkxv/ d vroxwlrq wr +56, lv dovr d vroxwlrq wr wkh
ruljlqdo sureohp +4,1

Vlqfh zh nqrz wkdw S�Eo� ' S2Eo� zkhqhyhu S�Eo� 	 +/ wkhuh duh wzr

uhjlphv wr eh frqvlghuhg1 Hlwkhu S�Eo� ' + dqg +khqfh, S2Eo� ' o�E%� ru

S�Eo� ' S2Eo� '
�

2
Eo�E%� n +�1 Wkh �uvw fdvh fdq rffxu li dqg rqo| li + �

o�E%�/ vr wkh rswlpdo ulvn0vkdulqj doorfdwlrq pxvw vdwlvi|

S�Eo� ' S2Eo� '
�

2
Eo�E%� n +� li + � o�E%�c

dqg

S�Eo� ' +c S2Eo� ' o�E%� li + � o�E%��

Wklv doorzv xv wr zulwh wkh rswlpdo ulvn0vkdulqj sureohp pruh frpsdfwo| dv

iroorzv=

4@ 

]
o

f

2�

#
o�E%� n +

2

$
_8 n

]
"

o

E�E+� n �Eo�E%��� _8
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v1w1 + n % � 2c

zkhuh o � +*�E%� lv wkh ydoxh ri wkh uhwxuq rq wkh ulvn| dvvhw dw zklfk wkh

oltxlglw| frqvwudlqw ehjlqv wr elqg1 Qrwh wkdw vr idu zh kdyh qrw hvwdeolvkhg

wkdw wkh fulwlfdo ydoxh ri o ehorqjv wr wkh vxssruw ri -1

Lw uhpdlqv wr fkdudfwhul}h wkh rswlpdo sruwirolr1 Zh �uvw uxoh rxw wzr

h{wuhph fdvhv1 Vxssrvh wkdw % ' f1 Wkhq lw lv fohdu wkdw S�Eo� ' S2Eo� ' �
dqg o '41 Wklv zloo eh rswlpdo rqo| li + ' 2 pd{lpl}hv

�E+*2� n ,d�Eo�E2� +�� n +*2�oc

dqg wkh �uvw0rughu frqglwlrq iru wklv lv

��E2*2�*2 n ��E2*2�E
�

2
� ,doo� � fc

zklfk lpsolhv ,doo � �/ frqwudglfwlqj rqh ri rxu pdlqwdlqhg dvvxpswlrqv1

Qh{w vxssrvh wkdw + ' f1 Wkhq S�Eo� ' f � S2Eo� ' o�E2�1 Iru wklv wr eh

dq rswlpdo fkrlfh/ lw pxvw eh wkh fdvh wkdw % ' 2 pd{lpl}hv

�E2 � %� n ,d�Eo�E%��oc

dqg wkh qhfhvvdu| �uvw0rughu frqglwlrq iru wklv lv

�
�Ef� � ,d��E�Eo2��o��E2�oc

zklfk frqwudglfwv dqrwkhu ri rxu pdlqwdlqhg dvvxpswlrqv1 Wkxv dq| rswlpdo

sruwirolr pxvw vdwlvi| + : f dqg % : f1

Uhwxuqlqj wr wkh frpsdfw irup ri wkh ulvn0vkdulqj sureohp deryh/ zh vhh

qhfhvvdu| frqglwlrqv iru dq lqwhulru vroxwlrq duh=

]
�

�ES�Eo��_8 ' b

dqg ]
�

�ES2Eo��o�
�E%�_8 ' bc

zkhuh b lv wkh Odjudqjh pxowlsolhu ri wkh frqvwudlqw + n % ' 21 Xqghu wkh

vwulfw frqfdylw| ri �E��/ wkhvh �uvw0rughu frqglwlrqv xqltxho| ghwhuplqh wkh

rswlpdo ydoxhv ri + dqg %/ zklfk lq wxuq ghwhuplqh o/ S�Eo�/ dqg S2Eo� wkurxjk
wkh uhodwlrqvklsv ghvfulehg deryh1

Surri ri Sursrvlwlrq 8
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Vhw � ' 7� dqg ( ' �1 Iurp wkh gdwh � exgjhw frqvwudlqw zh kdyh

S�Eo� '
�

REo�
� +57,

Xvh wkh gdwh f exgjhw frqvwudlqw + ' 2n^ 7��% wr holplqdwh + iurp wkh gdwh

2 exgjhw frqvwudlqw=

S2Eo� ' o�E%�� 4
2%n 242 � 4S�Eo� n 4 E4^ � S�Eo�� 7�� +58,

Wkxv/ frqvxpswlrq dw hdfk gdwh lv h{suhvvhg lq whupv ri wkh sdudphwhuv %/
^/ dqg S�Eo�1 Lq rughu iru wkh frqvxpswlrq doorfdwlrq ES�Eo�c S2Eo�� wr vroyh

wkh pd{lpl}dwlrq sureohp lq wkh sursrvlwlrq/ lw lv qhfhvvdu| dqg vx!flhqw

wkdw �
�ES�Eo�� � 4�

�ES2Eo��/ 4S�Eo� � S2Eo�/ dqg �
�ES�Eo�� ' 4�

�ES2Eo�� li

4S�Eo� 	 S2Eo�1 Dqrwkhu zd| ri h{suhvvlqj wklv lv wr vd| wkdw

S2Eo� ' 4@ i4S�Eo�c )ES�Eo��j +59,

zkhuh )E�� lv gh�qhg lpsolflwo| e| wkh htxdwlrq �
�E5� ' 4�

�E)E5��1
Vxevwlwxwlqj +57, dqg +58, lqwr +59,/ zh rewdlq wkh iroorzlqj=

4@ i4S�Eo�c ) ES�Eo��j ' o�E%� n 42E2 n ^ 7� � %�� 4
�
� n 7�

�
S�Eo�� +5:,

Wklv htxdwlrq ghwhuplqhv wkh frqvxpswlrq ixqfwlrq S�Eo� xqltxho| lq whupv

ri % dqg ^1 Wr hqvxuh wkdw wkhvh frqglwlrqv duh vdwlv�hg lq htxloleulxp/ zh

fkrrvh wkh frqvxpswlrq ixqfwlrq S�Eo� wr vdwlvi| +5:,1 Pruh suhflvho|/ ohw

g � iE^c %� 5 +n �+nm^ � 7̂c of�E%� n 2 n ^ 7� � % � fj�

Ohppd 45 Iru hyhu| E^c %� 5 g wkhuh h{lvwv d ixqfwlrq xE�( ^c %� G +n$ +nn
vxfk wkdw xEo( ^c %� vdwlv�hv htxdwlrq +5:, iru hyhu| ydoxh ri o1 Pruhryhu/ x
lv frqwlqxrxv1

Surri1 Wr vhh wkdw xE�( ^c o� lv zhoo gh�qhg/ qrwh wkdw ) lv dq lqfuhdvlqj
ixqfwlrq1 Wkxv/ wkh ohiw kdqg vlgh ri +5:, lv dq lqfuhdvlqj ixqfwlrq ri S�Eo�1
Wkh uljkw kdqg vlgh ri +5:, lv d ghfuhdvlqj ixqfwlrq ri S�Eo� vr wkhuh lv dw

prvw rqh vroxwlrq S�Eo� iru dq| sdlu E^c%�1 Wr vhh wkdw d vroxwlrq h{lvwv/

qrwh wkdw erwk vlghv duh frqwlqxrxv lq S�Eo�1 Wkh ohiw kdqg vlgh dssurdfkhv

f dv S�Eo� $ f dqg 4 dv S�Eo� $ 41 Wkh uljkw kdqg vlgh dssurdfkhv

o�E%�n 42E2n ^ 7��%� � f dv S�Eo�$ f dqg �4 dv S�Eo�$41 Wkxv/ wkhuh

pxvw eh dw ohdvw rqh ydoxh S�Eo� wkdw vdwlv�hv wkh htxdwlrq1
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E| wkh vdph dujxphqw/ wkh vroxwlrq ydoxh ri S�Eo� pxvw eh �qlwh dqg

qrq0qhjdwlyh1 Frqwlqxlw| ri x iroorzv iurp wkh lpsolflw ixqfwlrq wkhruhp1

Frqvwuxfw d pdsslqj iurp wkh vhw g wr lwvhoi dv iroorzv1 Jlyhq E^c %�/ wkh
frqvxpswlrq ixqfwlrq S�Eo� ' xEo( ^c %� lv zhoo gh�qhg/ dqg zh fdq gh�qh ^

�

e| sxwwlqj

^
�
' 4�?

+
7̂c

]
o�

of

xEo( ^c %�

4
_8

,
�

Zh fkrrvh %
�
wr pd{lpl}h

.

k
�

�
o�E%�� n 42E2 n ^

� 7� � %
��� 4E� n 7��xEo( ^c %�

�l

vxemhfw wr wkh qrq0qhjdwlylw| frqvwudlqw of�E%
�� n 2 n ^� 7� � %

� � f1 Wkh

vhw ri ydoxhv ri %� wkdw vroyh wkh pd{lpl}dwlrq sureohp lv frqyh{ dqg qrq0

hpsw|1 Ohw ~E^c %� 5 g ghqrwh wkh vhw ri srlqwv E^�
c %

�� frqvwuxfwhg lq wklv

zd|1 Vwdqgdug dujxphqwv vx!fh wr vkrz wkdw ~ kdv d forvhg judsk/ vr e|

wkh Ndnxwdql wkhruhp ~ kdv d �{hg srlqw E^Wc %W� 5 ~E^Wc %W�1
Zh fodlp wkdw E^Wc %W� gh�qhv wkh ghvluhg svhxgr0htxloleulxp1 E| frq0

vwuxfwlrq/ wkh frqvxpswlrq doorfdwlrqv fruuhvsrqglqj wr E^Wc %W� vroyh wkh

pd{lpl}dwlrq sureohp lq wkh sursrvlwlrq dqg ^
W vdwlv�hv wkh sulflqj htxd0

wlrq +43, dv orqj dv 7̂ lv fkrvhq odujh hqrxjk1 Wr vhh wklv/ lw lv hqrxjk wr
vkrz wkdw .dS�Eo�o lv erxqghg1 Iurp +5:, zh kdyh

4S�Eo� ' o�E%� n 42E2 n ^ 7� � %�� 4
�
� n 7�

�
S�Eo�

dqg e| frqvwuxfwlrq 4^ � .dS�Eo�o vr wdnlqj h{shfwdwlrqv dqg vxevwlwxwlqj

.d4S�Eo�o � .do�E%� n 42E2 � %�� 4S�Eo�oc

ru

.d24S�Eo�o � .do�E%� n 42E2� %�o�

Wklv vkrzv wkdw .dS�Eo�o lv erxqghg lqghshqghqwo| ri 7̂ dqg 7�/ vr fkrrvlqj

7̂ odujh hqrxjk/ zh zloo kdyh ^W ' .dS�Eo�*4o 	 7̂ dw wkh �{hg srlqw1
Vlqfh wkh edqn*v pd{lpl}dwlrq sureohp +47, lv d frqyh{ sureohp/ lw lv

vx!flhqw wr vkrz wkdw wkh Nxkq0Wxfnhu �uvw0rughu frqglwlrqv duh vdwlv�hg1
Wklv pxvw eh wuxh e| frqvwuxfwlrq iru doo wkh yduldeohv h{fhsw ( dqg �/ vlqfh
wkh| duh fkrvhq rswlpdoo|1 Wr vkrz wkdw ( ' � dqg � ' 7� duh rswlpdo
iru wkh edqn/ zh kdyh vkrz wkdw wkh �uvw0rughu frqglwlrqv iru wkh pd{lpxp
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sureohp duh vdwlv�hg1 Iurp +47, zh fdq vhh wkdw wkh �uvw0rughu frqglwlrq iru
( lv

.-

%
�

�ES�Eo��

REo�
�

4�
�ES2Eo��

REo�

&
� f

ehfdxvh zh fdqqrw lqfuhdvh( li wkh lqfhqwlyh frqvwudlqwv elqg zlwklq wkh vxs0

sruw ri -1 Wklv frqglwlrq pxvw eh vdwlv�hg ehfdxvh zh nqrz wkdw ��ES�Eo��
4�

�ES2Eo�� � f iru doo o zlwk vwulfw htxdolw| li wkh lqfhqwlyh frqvwudlqw lv qrw

elqglqj1

Vlploduo|/ wkh �uvw0rughu frqglwlrq iru � lv

.-

%
�

�ES2Eo��

#
4
2
^ �

4

REo�

$&
� f

ehfdxvh wkh frqvwudlqw � � 7� lv elqglqj1 Wkhq vxevwlwxwlqj wkh frqglwlrq

iru ^ iurp +43, jlyhv xv

.-

%
�

�ES2Eo��

#
.-

%
4

REo�

&
�

4

REo�

$&
� f�

Vlqfh ��ES2Eo�� lv ghfuhdvlqj lq o dqg REo� lv ghfuhdvlqj lq o

.-

%
�

�ES2Eo��

#
.-

%
4

REo�

&
�

4

REo�

$&
� .- d��ES2Eo��o.-

#
.-

%
4

REo�

&
�

4

REo�

$
' fc

dv uhtxluhg1

Surri ri Sursrvlwlrq 9
Iurp htxdwlrq +5:,/ iru d �{hg exw duelwudu| o dqg iru hdfk &/

4@ 

q
4S

&

�
Eo�c )

�
S
&

�
Eo�

�r
' o�E%&� n 42E2 n ^

& 7�&
� %

&�� 4E� n 7�&�S&
�
Eo���

Wkh ohiw kdqg vlgh lv erxqghg ehorz/ vr

o��E%
&� n 4

2E2 n ^& 7�&
� %

&�� 4E� n 7�&�S&
�
Eo�� � fc +5;,

iru doo &1 Iurp wkh sulflqj htxdwlrq +43, zh nqrz wkdw 4^& ' .dS&
�
Eo�o/

dqg +5:, lpsolhv wkdw S
&

�
Eo� lv qrq0ghfuhdvlqj lq o/ vr 4^

& � S
&

�
Eo��1 Wkhq

+5;, lpsolhv wkdw wkh vhtxhqfh
q�

4^
&
� S

&

�
Eo��

�
7�&

r
lv erxqghg ehorz/ zklfk

lpsolhv wkdw

*�4
&<"

4^
&
� S

&

�
Eo��$ f� +5<,
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Wkh sulflqj htxdwlrq +43, wrjhwkhu zlwk +5<, lpsolhv wkdw S
&

�
Eo� frqyhujhv wr

d frqvwdqw doprvw vxuho|1 Wkhq ES&Eo�c S&
2
Eo�� frqyhujhv wr d frqvwdqw E7S�c 7S2�

doprvw vxuho|/ vr wkh �uvw0rughu frqglwlrq iru %
&

.-

k
�

�ES&
2
Eo��Eo��E%&�� 4

2�
l
� f

ehfrphv

.-

k
Eo��E7%� � 42�

l
' f

lq wkh olplw +dvvxplqj wkh edqnuxswf| frqvwudlqw lv qrw elqglqj ehfdxvh

7S ' *�4& S
&

�
Eo� lv srvlwlyh1

Surri ri Sursrvlwlrq :

Wkh rqh frqglwlrq wkdw qhhgv wr eh fkhfnhg lv zkhwkhu wkh edqn zloo zdqw wr

ylrodwh wkh qr edqnuxswf| frqglwlrq iru odujh &1 Ylrodwlqj wkh qr0edqnuxswf|

frqvwudlqw lqyroyhv d orvv ri rxwsxw dqg d srvvleoh glvwruwlrq lq wkh doorfdwlrq

ri frqvxpswlrq/ exw pd| lpsuryh ulvn vkdulqj1 Ehfdxvh wkh frqvxpswlrq

doorfdwlrqv dqg sulfhv duh ehfrplqj dssur{lpdwho| frqvwdqw dv & $4/ wkhuh

lv qr jdlq iurp ulvn vkdulqj1

Surri ri Sursrvlwlrq <

Xvlqj wkh exgjhw frqvwudlqwv iru gdwh � dqg gdwh 2 iurp +49,/

Z,

+
S�Eo,�n

S2Eo,�

4

,
n Z�

+
S�Eo�� n

S2Eo��

4

,

� Z, iE�� q� E�o,�E%� n 4+�jn Z� io��E%�*4n 4+ � Kj

' Z, E�o,�E%� n 4+� n Z� Eo��E%�*4n 4+� � Z,q E�o,�E%� n 4+�� Z�K�

Iurp wkh �uvw0shulrg exgjhw frqvwudlqw lq +49,/

4E%n + � 2� ' Z,q E�o,�E%� n 4+�� Z�Kc

vr

Z,

+
S�Eo,� n

S2Eo,�

4

,
n Z�

+
S�Eo�� n

S2Eo��

4

,

' Z, E�o,�E%� n 4+� n Z� Eo��E%�*4n 4+�� 4E%n + � 2�

' Z,�o,�E%� n Z�o��E%�*4� 4E%� 2��

Vr EiS�Eo��c S2Eo��jc %� vdwlv�hv wkh exgjhw frqvwudlqw lq +4:,1
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Wkh lqfhqwlyh frqvwudlqwv duh wkh vdph lq erwk sureohpv/ vr lw uhpdlqv
wr vkrz wkdw S�Eo,� � S�Eo2�1 Exw wklv iroorzv iurp wkh idfw wkdw wkhuh lv

edqnuxswf| lq vwdwh o,/ zklfk uhtxluhv wkdw

2_ n K : �o,�E%� n 4+c

vr

S�Eo,� '
_

2_n K
E�o,�E%� n 4+� 	 _ ' S�Eo���

Vlqfh wkh remhfwlyh ixqfwlrqv iru wkh wzr sureohpv duh wkh vdph dqg dq|
ihdvleoh vroxwlrq ri wkh ruljlqdo sureohp lv d ihdvleoh iru wkh duwl�fldo sureohp
wkh vroxwlrq wr wkh duwl�fldo sureohp pxvw eh dw ohdvw dv jrrg dv wkh vroxwlrq
wr wkh ruljlqdo sureohp1

Surri ri Sursrvlwlrq 43
Wkh �uvw sduw ri wkh sursrvlwlrq lv frqfhuqhg zlwk fkdudfwhul}lqj wkh

vroxwlrq wr +4:,1 Vlqfh edqnuxswf| lq vwdwh o, lpsolhv S2Eo,� ' 4S�Eo,�/ dq|
vroxwlrq wr wkh sureohp +4:, pxvw vroyh

4@ Z, E�ES�Eo,�� n �E4S�Eo,��� n Z� E�ES�Eo��� n �ES2Eo����
v1w1 2Z,S�Eo,� n Z� ES�Eo�� n S2Eo��*4� � 	�

S�Eo,� � S�Eo�� � S2Eo��*4c

zkhuh 	� lv wkh ydoxh ri frqvxpswlrq lq wkh rswlpxp1 Vxssrvh wkdw S�Eo,� 	
S�Eo��1 Iurp wkh �uvw0rughu frqglwlrqv/

�
�ES�Eo,�� n 4�

�E4S�Eo,�� ' b

�ES�Eo��� ' bn >

�ES2Eo��� ' Ebn >�*4�

Exw S�Eo,� 	 S�Eo�� lpsolhv wkdw S2Eo�� � 4S�Eo�� : 4S�Eo,�c vr

�
�ES�Eo,�� n 4�

�E4S�Eo,�� : �
�ES�Eo��� n 4�

�ES2Eo���c

frqwudglfwlqj wkh �uvw0rughu frqglwlrqv1 Wklv vkrzv wkdw S�Eo,� ' S�Eo��/ dv
fodlphg1

Wkhq dq| vroxwlrq wr wkh sureohp +4:, pxvw vroyh

4@ EZ, n Z���ES�Eo,�� n Z,�E4S�Eo,�� n Z��ES2Eo���
v1w1 E2Z, n Z��S�Eo,� n Z�S2Eo��*4 � 	�

S�Eo�� � S2Eo��*4�

7:



Wkh �uvw0rughu frqglwlrqv duh

EZ, n Z���
�ES�Eo,�� n Z,4�

�E4S�Eo,�� � bE2Z, n Z��

�
�ES2Eo��� � b*4

zlwk vwulfw htxdolw| li 	S�Eo�� 	 4	S2Eo��1 Rq wkh rqh kdqg/ li wkh lqfhqwlyh

frqvwudlqw lv elqglqj/ l1h1/ 	S2Eo�� ' 4	S�Eo�� ' 4	S�Eo,�/ wkhq

Z,4�
�E4	S�Eo,�� � bZ,�

Vxevwlwxwlqj wklv lqwr wkh �uvw0rughu frqglwlrqv lpsolhv wkdw

�
�ES�Eo,�� � b � 4��ES2Eo����

Rq wkh rwkhu kdqg/ li wkh lqfhqwlyh frqvwudlqw lv qrw elqglqj wkhq

EZ, n Z���
�ES�Eo,�� n Z,4�

�E4S�Eo,�� ' 4�
�ES2Eo���E2Z, n Z���

Lq hlwkhu fdvh/

	S2Eo�� ' 4@ i4	S�Eo��c �E	S�Eo���j c

dv fodlphg1

Wkh vhfrqg sduw ri wkh sursrvlwlrq lv frqfhuqhg zlwk vkrzlqj wkdw wkh

frqvxpswlrq doorfdwlrq ehqfkpdun fdq eh dssur{lpdwhg1 Ohw % ' 	%1 Wkhuh

duh wzr fdvhv wr frqvlghu1

Fdvh 41 Li wkh lqfhqwlyh frqvwudlqw lv elqglqj lq wkh vwdwh o�/ wkhq wkh erqg

kroghuv dqg ghsrvlwruv uhfhlyh d frqvwdqw iudfwlrq ri wkh wrwdo ydoxh ri wkh

edqn*v dvvhwv lq hdfk vwdwh1 Ohw q ghqrwh wkh iudfwlrq jrlqj wr wkh erqg

kroghuv1 Wkhq iurp wkh �uvw0shulrg exgjhw frqvwudlqw/ zh fdq fdofxodwh wkdw

	%n + ' 2 n
q

4

+
Z,�o,�E	%� n

Z�o�

4
�E	%� n 4+

,

ru

+E� � q� ' 2� 	%n
q

4

+
Z,�o, n

Z�o�

4

,
�E	%��

Vr iru hdfk ydoxh ri q zh fdq fdofxodwh d ihdvleoh ydoxh ri +1 Wkhq vhw

S�Eo�� '
S2Eo��

4
' _ '

E� � q�

2

+
o��E	%�

4
n 4+

,
c

S�Eo,� '
S2Eo,�

4
'

_

2_ n K
i�o,�E	%� n 4+j

7;



dqg

K ' q

+
o��E	%�

4
n 4+

,

dqg zh kdyh ghwhuplqhg d ihdvleoh vhw ri fkrlfhv iru hdfk ydoxh ri q1 Qrz ohw

q $ � dqg revhuyh wkdw E2_n K� htxdov o��E	%�*4n 4+ vr

S�Eo,�

S�Eo��
'

�o,�E	%� n 4+

2_n K

'
�o,�E	%� n 4+

o��E	%�*4n 4+

frqyhujhv wr � dv +$41 Wkhq wkh exgjhw frqvwudlqw hqvxuhv wkdw iS�Eo��c S2Eo��j$
i	S�Eo��c 	S2Eo��j dv K$41

Fdvh 51 Lq wkh fdvh zkhuh wkh lqfhqwlyh frqvwudlqw lv qrw elqglqj lq vwdwh

- ' o�/ sxw % ' 	%/ _ ' 	S�Eo�� dqg fkrrvh K duelwudulo|1 Wkhq/ dv ehiruh/ wkh

�uvw0shulrg exgjhw frqvwudlqw whoov xv wkdw

+ ' 2 � %n
�

4

+
Z,

K

2_ n K
E�o,�E	%� n 4+� n Z�K

,

ru

+ '

#
� �

K

2_ n K

$
3�
+
E2� %�n

�

4

#
Z,

K

2_ n K
�o,�E	%� n Z�K

$,
�

Wklv vkrzv wkdw + lv xqltxho| ghwhuplqhg e| rxu fkrlfh ri %/ K/ dqg _1 Wkhq

wkh frqvxpswlrq doorfdwlrq lv ghwhuplqhg e| wkh exgjhw frqvwudlqwv dw gdwhv

� dqg 2=

S�Eo�� ' _

S2Eo�� ' o��E%� n 42+ � 4EKn _�

S�Eo,� ' S2Eo,�*4 '
_

2_n K
E�o,�E%� n 4+� �

Dv K$4 zh kdyh + $4 dqg K*E2_n K�$ �1 Iurp wkh �uvw0shulrg exgjhw

frqvwudlqw/ zh kdyh

+

K
'

#
��

Z,K

2_ n K

$
3�
+
E2 � %�

K
n
�

4

�
Z,

�

2_n K
�o,�E	%� n Z�

�,

$ E�� Z,�
3�

+
�

4
EZ��

,
'

�

4
�
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Wkxv/ iurp wkh gh�qlwlrq ri wkh frqvxpswlrq doorfdwlrq deryh/

S�Eo,�

S�Eo��
'

�

2_ n K
E�o,�E%� n 4+�

$ ��

Wkxv/ lq wkh olplw dv K$4/ wkh frqvxpswlrq ri hduo| frqvxphuv lv htxdol}hg

ehwzhhq wkh wzr vwdwhv/ dqg wkhq wkh exgjhw frqvwudlqw lpsolhv wkdw S2Eo��$
	S2Eo��1 Wkxv/ iS�Eo��c S2Eo��j $ i	S�Eo��c 	S2Eo��j dv K $ 4 dqg wklv lq wxuq

lpsolhv wkdw iru vx!flhqwo| odujh ydoxhv ri K wkh frqvxpswlrq ohyho S2Eo��
gh�qhg deryh lv qrq0qhjdwlyh dqg vdwlv�hv wkh lqfhqwlyh frqvwudlqw1

Wklv frpsohwhv wkh surri wkdw i	S�Eo��c 	S2Eo��j fdq eh dssur{lpdwhg e|

vrph ihdvleoh fkrlfh ri EiS�Eo��c S2Eo��jc Kc _c %c +� lq wkh ruljlqdo sureohp +49,1

Uhihuhqfhv

Doohq/ I1 dqg G1 Jdoh +4<<;,1�Rswlpdo Ilqdqfldo Fulvhv�/ Mrxuqdo ri Il0

qdqfh 86/ 4578045;71

Doohq/ I1 dqg G1 Jdoh +5333,1 �Ilqdqfldo Frqwdjlrq�/ Mrxuqdo ri Srolwlfdo
Hfrqrp| 43;/ 40661

Fdorplulv/ F1 dqg J1 Jruwrq +4<<4,1 �Wkh Ruljlqv ri Edqnlqj Sdqlfv/
Prghov/ Idfwv/ dqg Edqn Uhjxodwlrq/� lq J1 Kxeedug/ hg1/ Ilqdqfldo
Pdunhwv dqg Ilqdqfldo Fulvhv +Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr/
LO,1

Fdoyr/ J1 +4<;;,1 �Vhuylflqj wkh Sxeolf Ghew= Wkh Uroh ri H{shfwdwlrqv/�
Dphulfdq Hfrqrplf Uhylhz :;/ 47440475;1

Fkdqj/ U1 dqg D1 Yhodvfr +4<<;d,1 �Ilqdqfldo Iudjlolw| dqg wkh H{fkdqjh
Udwh Uhjlph/� zrunlqj sdshu/ Qhz \run Xqlyhuvlw|1

Fkdqj/ U1 dqg D1 Yhodvfr +4<<;e,1 �Ilqdqfldo Fulvhv lq Hphujlqj Pdunhwv=
D Fdqrqlfdo Prgho/� zrunlqj sdshu/ Qhz \run Xqlyhuvlw|1

Fkdul/ Y1 dqg S1 Nhkrh/ +4<<<,1 Dvnlqj wkh Uljkw Txhvwlrqv Derxw wkh LPI/
Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv/ 4<<; Dqqxdo Uhsruw/ Yroxph 46/
Pd| 4<<<1
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Fruvhwwl/ J1/ S1 Shvhqwl dqg Q1 Urxelql +4<<;d,1 �Zkdw Fdxvhg wkh Dvldq
Fxuuhqf| dqg Ilqdqfldo FulvlvB Sduw L= D Pdfurhfrqrplf Ryhuylhz/�
QEHU Zrunlqj Sdshu 9;661

Fruvhwwl/ J1/ S1 Shvhqwl dqg Q1 Urxelql +4<<;e,1 �Zkdw Fdxvhg wkh Dvldq
Fxuuhqf| dqg Ilqdqfldo FulvlvB Sduw LL= Wkh Srolf| Ghedwh/� QEHU
Zrunlqj Sdshu 9;671

Fruvhwwl/ J1/ S1 Shvhqwl dqg Q1 Urxelql +4<<<,1 �Sdshu WljhuvB D Prgho ri
wkh Dvldq Fulvlv/� Hxurshdq Hfrqrplf Uhylhz 76/ 4544045691

Gldprqg/ G1 dqg S1 G|eylj +4<;6,1 �Edqn Uxqv/ Ghsrvlw Lqvxudqfh/ dqg
Oltxlglw|/� Mrxuqdo ri Srolwlfdo Hfrqrp| <4/ 734074<1

Gx!h/ G1 dqgZ1 Vkdhihu +4<;8,1 �Htxloleulxp lq Lqfrpsohwh Pdunhwv= L�D
Edvlf Prgho ri Jhqhulf H{lvwhqfh/� Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv

47/ 5;806331

Gx!h/ G1 dqg Z1 Vkdhihu +4<;9,1 �Htxloleulxp lq Lqfrpsohwh Pdunhwv= LL�
Jhqhulf H{lvwhqfh lq Vwrfkdvwlf Hfrqrplhv/� Mrxuqdo ri Pdwkhpdwlfdo

Hfrqrplfv 48/ 4<<05491

Ihogvwhlq/ P1 +4<<;,1 �Uhirfxvlqj wkh LPI/� Iruhljq D�dluv ::+Pdufk2Dsulo,/
530661
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Figure 1
The Efficient Allocation in a Closed Economy
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Figure 2
Banking Equilibrium without a Central Bank in a Closed Economy

c1(r)

c2(r)

r*

y/2

ct(r)

r

d1



54

Figure 3
The Price Level in a Closed Economy

Figure 4
The Effect of Varying B on the Price Level
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