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Abstract
In this paper we introduced Maximal Functions N(f, z) of A.P. Calderén
in the context of doubling metric measure spaces (X,d, ). It is shown
that these maximal functions are equivalent to the Hajlasz gradients. Us-
ing these maximal functions we prove L® —norm estimates for the Product
Rule and the Chain Rule for functions on (X, d, u).

1 Introduction

We shall say that (X, d, ) is a metric measure space if (X, d) is a metric space
and u is a Borel measure on X. Let B,.(z) denote the ball of center x and radius
r > 0. If y satisfies the condition

p(Bar(z)) < Cpu(Br(z))

with a constant Cp independent of x and r, then (X,d,u) will be called a
doubling metric measure space.

Following Hajlasz we shall say that a measurable function f has a gradient
gin LP(X,d, u) if

[f (@) = f(y)l < d(z,9)(9(x) +9(y)) (L.1)

holds for all z and y € X with g € LP. It can be shown that for p > 1 there
exists a unique g = fV in LP satisfying (1.1) and such that

LF¥1], = inf gl

where the infimum is taken over all g satisfying (1.1). We will call fV the
Hajlasz gradient of f in LP. Let f be a measurable function and v > 1, we
define the Calderén Maximal Function N, (f) by

1/u
1 1 u
Nu(fiz) =suw (M [, 1f0 1@ du(y)> .



We show in Theorem 1 the relationship between fV and N, (f). In Theorem
2 we prove the main estimate for N, (F') that is needed to obtain the rules. We
prove in Theorem 3 the Product Rule Estimate and in Theorem 4 the Chain
Rule Estimate.
2 Theorems and Proofs

Theorem 1 Let (X,d, 1) be a doubling metric measure space, f a measurable
function, 1 < p < oo, and 1 < u < p.

a. If f has the Hajlasz gradient in LP, then there is a constant Ci(u,p) such
that
INu(£)ll, < Crlwp) [|£¥]],,-

b. If N.(f) is in LP, the f has the Hajlasz gradient in LP and there is a
constant Ca(u,p) such that

1£¥],, < Calu, p) [Nu()I],

Proof. We shall prove first part a). Since fV satisfies (1.1), we have

1/u
1 u
(M(Br(x) /B ICONE du(y)> <

1/u
' (u(Bi(l“)) /Br(x) [FF @+ rw)” du(.u)) <

1/u
v fv(:c)+<u(3i(x)) /B . [fv(y)]udu(y)>

Dividing both sides by r and taking supremum we get

Nu(f,z) < fY¥(2) + Mu(f¥)(2)

w 1/u
where M, (fV)(z) = sup (m fBT(m) [V (y)] d,u(y)) . Since
p>u, || Mu(fY) H fVHp, thus

INu(fs )], < Calu,p) || £V, -

We shall prove now part b). Let z and y in X and r = d(x,y). We have

10~ 101 < (s [ 190 - Faute >>”u .
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Y) ! z) — f()]"du(z
(M(Br(x) /| @) = du )) -
d(z,y) [M(Bz (y

T ) 1/u # o . . 1/u
- @) (ﬂ(Bzwy)) o 16 = St >>

< d(w,y) [CF " Nulf2) + CH Nu(f.9)] ((21))

Therefore, from the definition of fV it follows that

1/u
1 u
(M JRLCRT du(Z)> <
|

d(z,y
T

2/u
15|, < ™ INu(A)I,, -
[
Theorem 2 Let1§u<s§ooand%:%+%,1<p§oo, 1< qg<oo. Then

<

1/u
1 1 u u
sup (M [, 1@ =@ ) du@))

S

ClINu () 1Rl

where C is a constant independent of f and h.

Proof. We use inequality (2.1) to get

1/u
1 1 u u
. (u(Br(:c)) /BT(I) [f(y) = f(2)]" [h(y)| d#(l/)) <
r \ w(Br(x))

1/u
1<1/ d*(z,y)C3, [Nu(f,x)+Nu(f,y)]“lh(y)"du(y)> <
B, (x)

1/u
_Ch . u "
(N(Br(x) /BT(I) [Nu(fs ) + Nu(f,9)]" [h(y)] du(y)> <

1/u
T 2/u 1 u

1/u
o (mBT(x» Jyo IO d‘“”) :
< CY N, ) M) (@) + CH " Mo (N(F) - ) (2).
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Now, taking the supremum on the left hand side, then the L® — norm of both
sides, and using that 1 < u < s < ¢ we obtain

1/u
1 1 " u
sup - (MBT(I)) /Br(x)lf(y)—f(w)l |h(y)] du@))

S

< CY [ING(S) - Mu(W), + | Mu(Nu(f) - B
< 3 [INu(F)l, 1M (), + [N () - L]

]

Theorem 3 (Product Rule Estimate)
Let 1 < pq, p2<oo,1<q1,q2§oo,1<s§oo71<u<8and§:pi+qi=
1 1
pi + qi. Then there is a constant C independent of f and g such that
2 2
ING(F9), < C [INu(F)ly, Nl + 1N, 1], -

Proof. We write

1 1 1/u
Nu(fg)(z) = sup (u(Br(x)) /B,.u) |f(W)g(y) — f2)g(z)[* du(y)>

1/u
1 1 u u
< sup - <M(Br(33)) /BT(I)If(y)f(I)I l9(y) du(y)> +
1/u
1 1 u u
Stipr(,m(x)) [, s @l 15 du(y)> <

1/u
1 1 u u
bl:%(w [ = s ot du(y)> + Nulg. )f()

We compute now the L® —norm of both sides, and use Theorem 2 and Holder’s
inequality to estimate the terms on the right hand side respectively we obtain

ING(£9), < C [INu()lp, N9l + 1N ] -
]

Theorem 4 (Chain Rule Estimate)

Let F € CY(C),H(z) = sup |F'(w)], %z%—f—%, l<s<oo, 1<p<oo, 1<
|w]<]z]
q< oo, 1 <u<s. Then

[Nu(Fog)ll, < ClH egl, [Nu(g)ll,
with C independent of F' and g.



Proof. Observe that sup |F'(Az1 + (1 — A)z2)| < H(z1)+H(22) for any z1, 2.
0<A<1
Then applying the Mean Value Theorem we have,

[F(g9(y)) — F(g(z))] < S [F'(Ag(y) + (1 = N)g(x))] lg(y) — g(z)]|

< [H(g(y)) + H(g(2))ll9(y) — g(2)].

Therefore

1/u
No(F og.a) = sup - (u(;()) [ 1Ptat - F<g<x>|“du<y>)

r>0 T

1 1 1/u
< sup - (u(Br(x) /BT@:) l9(y) — g()[" H“(g(y))du(y)> + H(g(x))Nu(g, ).

We compute now the L®—norm of both sides, and using Theorem 2 and Holder’s
inequality to estimate the terms on the right hand side respectively, we obtain

[Nu(F o g)lly < ClIH ogll, [[Nu(g)ll

which concludes the proof of Theorem 4. m
Note: The explicit formula for H in Theorem 4 was suggested by Michael
Christ. Personal Communication.
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