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The Praoblems

Eight years =2g0 my department instituted 3 course in
mathematical reasoning to serve as a transition between calculus
and higher-ievel math classes. We had found that students were
entering our higher-level classes woefully unable to construct the
most simple proofs or to figure ocut answers to easy abstract
questions. The idea of the course was to give students a better
chance for success in more advanced classes (1) by teaching the
hasic techniques of mathematical proof in such a way that students
would learn to use them themselves, and (2) bu spending an
adequate amount of time on the rudiments of set theory,
equivalence relations, and function properties rather than
hurrying through these topics gquickly as often happens at the
beginning of advanced courses.

Over the next several years 1 had primary responsibility for
developing the course. During this perioed I came to realize that
many of my students’ difficulties were much more profound than I
had anticipated. Quite simpluy, my students and 1 spoke different
languages, I would say “Of course, this follows from that” or "As
gyou can see this means the same as that” and my students would
look at me blankly.

Very few of my students had an intuitive Feel for the

equivalence between a statement and its contrapositive or realized
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42 TOWARD A LEAN AND LIVELY CALCULUS

that a statement can be true and its converse false. Most
students did not understand what it means fFor an "if-then”
statement to be false, and many 3lso were inconsistent apout
taking negations of “ahd" and "or” statements. Large numbers used
the words “neither-nor” incorrectiy, and hardiy any interpreted
the phrases ‘only if” or " necessary and sufficient” according to
their deEinitions in logic. All zspeects of the use of quantifiers
were poorly understood, especially the negation of quantified
=tatements and the intepretation of mulitiplu-gquantifieq
statements. Students neither were able to apply universal
statements in abstract settings to draw concliusions about
particular elements nor did theuy know wnat processes must be
followed to establish the truth of universally (ar esven
existentially) quantified statements. Specifically. the technigue
of showing that something is true in general by showing that it is
true in 3 particular but arbitrarily chosen instance did not come
naturaliy to most of my students. Mor did many students
understand that to show the existence of an opject with 3 certain
property, one should try to find the object.

The conclusions I came to through obseruving my students are
in substantial 3agreement with the results of systematic studies
made by modern cognitive psychologists. As the British

psuchologist F. N. Johnson-Laird put it in 1973: "It has becowme 2

truism that whatever formal logic may be, 1t is not 3 model of how
pecple make inferences.” [51 A common estimate 1s that under 54
of people use “correct” logic spontaneousiy. Even Fiaget in his

later years came to modify his view that the development of formal
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modes of thought was a natural occurrence at a certain stage of -
adoiesce¢ce and acknowliedged that his original work had‘been based
on a "somewhat priviledged population.™ [81]

In a course such as mine, the consequences of such poor
intuition for logic and language were devastating. For example,
at one point in the course students were asked to prove that the
sum of two ratianal numbers is rational. Consider what thought
processes are involved in creating such a proof. Here is a
partial list,

(1) One must understand. either consciousiy or subconsciousiuy,
that the statement 1s universal, that it sauys something about
atl! pairs of rational numbers,

(2) One must realize that to prove this universal statement is
true, one supposes one has two particular but arbitraéiig
chosen rational numbers and shows that their sum is rational.
(That is, one must understand either consciously or
subconsciously the method of proof using the “generic
particular.”)}

¢{3) One must know both that if a number is rational then it can
be expressed as a quotient of integers and also that if a
number can be expressed as a gquotient of integers then it is
rational. (That is, one must understand how to use both
directions of a definition: the "if” and the “onluy if." AQlso
it is helpful to associate a vision of a blurry fraction with
the term rational.)

(4) One must understand the rule for adding fractions as an-
asstract universal tfuth that can be applied in an generzl

algebraic setting.



44 TOWARD A LEAN AND LIVELY CALCULUS

(3) Since virtually every step in the proeof is a conclusion of
2 sullogism, one must unders{and how conclusions follow in
syllogistic reasoning by applying universally applicable facts
to particular instances.

At another point in the course, students were asked to prouve
by contradiction that the negative of an irrational number is
irrational. To succead at this task, ones must realize that if the
given statement is false then there is an irrational number whose
negative is rational, (That is, aone must be aware at some leusl
of consciousness that the negation of 3 universal statement is
existential.) Also, of course, one needs a sense for the logical
flow of proof by contradiction.

At still another point in the course, students were asked to
prove that the composition of nne-to-one functions is one-to-one.

To construct a proof of this statement, a3 really sophisticated

ability to instantiate is necessary. One must understand that
when a function f is one-to-one, the statement “if E(x1)=£(x2)
then x1=x2" holds for al/l X,y and X, even when L happens to be

called g(xl) and P happens to bhe called g(xz).

As noted, the above understandings need not be at 3 conscious
level. Lots of working mathematicians have never studied formal
logie and get along just fine. Unfortunately, that is part of the
prohlem. On the one hand we have the professor for whom formal
reasoning is second nature and who is usually not euven consciously
3aware of the formal logical components of mathematicaliy correct
arguments. And on the ﬁther hand we have a mass of students for

most of whom hardly any of the logical component elements of




THE LOGIC OF TEACHING CALCULUS 45

arguments are understood on an iﬁtuxtiue level. The lack of
insight of the professor to students' probiems with logic and
language are manifested in manu ways. For exampie, 1t is common
nowadays to omit the words “aonly if"” in formal definitions.
Supposedly this 1s in the interest of “"simplicitu.” In fact, in
my experience, if one hopes to impart to students a useful working
knowledge of a2 definition, it is not only necessary to ‘state the
definition in "if and only if" form but 3lso to state the "if" and
the "only if"” directions as separate sentences and to emphasize
the universal character of’eéch direection. For example. in giving
the definition of rational number one needs teo explain both that
whenever a quantity in a discussion is known to be rational then
it must be a quotient of two integers and alsoc that whenever a
number is known to be a gquotient of ‘two integers then one can
infer that it is rational. Nor-is it sufficient to state that an
irrétionai number is one that is not rational. One must go on to
explain that this means the number cannot be expressed 3s a
quotient of any two integers.

Similarly, it is common in mathematical writing to leave out
or to veil the presence of universal and existential quantifiers.
As Alan Bundy states when introducing the concept of quantifier in
his book The Computer Modeliling of Nathematical Reasoning [21:
“Variables in mathematical expressions often have ambiguous
status, whose resolution depends‘on the context."l He then
campares the x's in the two sentences

(x-y){x+y) = uz—gz
and

Solve x2+2x+1 = O for x
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explaining that in the first case the uniuversal usage 1s
ordinarily intended while in the second n3ase the existential usage
is meant. He next giues an example af 3 single s2ntence i1n which
the twc usages are combined:
2
Solue 3x +butc = O for x.

Now to 3 mathematician this vproblem is p

o

rfectiy nlear. Bur to »

hinh schoal sligebra student the status of the varisbles may =eem

-

nysterious indesd,

.

m
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lications for the Teaching of Cslcoculus

The implications of these nhseruvations for the Teanhing of

calaula

i

are arofound, Caleulus hag so many definitions, o many

ool

.

theorems, 5o manyg applications, so much pnotation. so much “zhuss
of language” (as the French gall it}, so much logiea! ocomplexity,
se much abstraction. Consider 3 student who does nat suen know

that tn prouvue a sum of two rational numhers is rationat nne starx

o]

]

with two arbiftrarily chosen rationsl numbers. How osan sunh =
student hegin to understand suen the most "intuitrue” explanation
that the limit of the sum of 3ny two funcfions (which haue }imits)

is the sum of their limits? Not to mention the fundamental

theorem of caloulust

It seam

ut

that most mathematics proéfessors 5t mast colleges
and universities are aware aof an inteliectusl gulf between
themselues and their students., Last yesr 3t the Joint Mathemstins

Meetings the fAssociation for Women in Mathematics sponsored 3

-]

nanel which featyred fiue mathematicians who had 1eft scsdemia for
employment in business or industry. One panelist after another
spoke of being disillusioned with the guality of student they had

had to teach during their periods as academics. PMaris Kiawe
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(Discrete riathematics Manager at the IBM fzn Jose Research
Laboratory! was especiaily eloquent as she spoke af her despair
and frustration at the thought that ali the years she had spent in
graduate schooi developing her capacity for abstrcact thought would
be wasted in .an . effort to teach students who waould not and could
never learn college mathematics. MWhile it was not toa surprising
that the pahelists spoke so disparagingly (they had after all.
chosen to leave classroom teaching), what was surprising was the .
loudly suympathetic reaction of the large audience.

Professors react to the gulf between themselves and their
students in diffzrent waus. One reaction is to ignore it. to
state the definitions and prove the .theorems as if the students
would understand them and were mature enocugh to be abie to derive
simple consequences {(such as prablem . sclutions) on their own.
This appreach is often associated with the calculus instruction of
20 to 30 years 2go and is fondiy remembered by many
mathematicians., (1t is bitterlg;remembéred by many -phusicists -and
engineers.) Another response, widelgvadcpted today. 1is to expose
the basic concepts of caleculus at a mederately high level,
emphasizing intuition, but focus primsrily on skills, and oniy
test students on their ability to perform certain mechanical
computations in respanse to certain verhbal cues. In this approach
the vast majority of students indulge their professors by
listening quietly to their often inspired and beautifulluy
intuitive explanations and the professors repay their students’
courtesy by making their explanations brief, spending lots of time
demonstrating procedures to solue rote probiems, and never ashing

students to do angthinq on an exam that requires qenuine:knnwledqe
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of concepts. -

Of course, there are good reasons for giuving attention tec the
mechanical aspects of calcu!ﬁs. The best is bacsed on the sound
pedagogical promise that understanding in mathematics comes in
pieces. Often learning to use certain techniques mechanically
helps one progress to conceptual understanding. But this approach
becomes perverted if in practice oconoeptual understanding is
indefinitely postponed. Another benefit of emphasizing mechanics
is that such activities as practice in formal differentiation and
integration improve students' pattern recognition ckills. fa
possible third argument in faver of an emphasis on calculus
mechanies is to prepare students for courses in phusics and
economics and engineering. But I won't make this argument.  For
too many years I have heard complaints from my colleagues in other
departments about the mathematical knowledge of the students ‘we
send them. Invariably, the "simple"” examples they give as
evidence that our students can't perform inveolue being able to
think, not just compute on cue.

The fact is that the state of most students' conceptual
knowledge of mathematics after they have taken calculus is
abysmal. The most dramatic formal studies on this subject have
been done by John Clement, Jack Lochhead, and others in the
Cognitive Development Project at the University of Massachusetts
at Amherst. They found that a large majority of calculus and
postfcalculus students tested at universities throughout the
country could not set up orveuen correctly interpret simple
proportionality equations., In summarizing the results of their

many experiments, Lochhead wrote: "many college students are not
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tacile at reading or writing simpie algebraic equations” and at a
deeper leve! “"students seem to iack any weil defined notion of
variabie or of fFunction.” (6] Currentiy Hadas Rir is studying
student difficulties with calculus by examining their spontaneous
written questions. @mong her findings are the-misuse 0f course
vocabulary by students (for exampie, "How do-you find the tangent”
to the slope?” or “Any number has-no derivative ), the inability ~
to instantiate “known” theorems in.new situations (for exampley =+
asking for “"the rule” to differentiate a furction of the form
iégl. and lack of understanding of definitions, not just of
sophisticated concepts such as iimit but aisoc of more fundamental
anes such as secant and tangent. [9]- s : I

Ta me it seems incontrovertible that the primary aiwm of
calculus instruction should be the deuelopment of conceptualzas. -
opposed to gureiy mechanical understanding.: In this nompuief?aqéx
software packages are now or soon -will be,auaiiabie~ta*per£0vmééﬁg
standard calculus computation‘including*takingTsgmbolic S
derivatives and integrals and even-testing series. for conuergence.
People using these packages need some computational facility
themselves (just as experience doing arithmetic by hand is needed
for a persoun to make best use of a caleculater). -But the main-=i« -
requirement to use calculus packages effectively is firm
conceptual understanding~o£ the-subject matter. With computers to
take care cfrmecﬁénicai deta}ls:ﬂthe premiq@Visinqvghg abiiities
to abstract, to infer, and to translaie back and fortﬁxbgtweggw
formal mathematics and real wp:{d problems. Yet these are

abilities of the highest order, narmallgvassuciated with a small

number of students of exceptional talent.
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Suggestions

Neuver in history have mathematicians been zalled upon to
teach so much mathematics to so many students. Under these
circumstances, it should not be surprising that new pedagogical
me thods may be necessary. The shortcuts and gaps that can be
followed 3and filled in by students of unusual ability may not be
negotiable for those less fortunate. To a much greater extent
than is currently the case, there is a need to respond to
students’ lack of sophistication, not by giving up but by helping
them.

One possibility is to modify precalcoculus courses to make them
include additional work to increase students’ logical maturity. I
see this as a potential benefit of the movement to introduce
discrete mathematics early in students' undergraduate careers.
Within the context of a course in caleculus, I would suggest the
following measures. Some (perhaps all) may be controversial. 1
have found all of them useful.

(1) State logically complex sentences (such as the definition
of limit) and pose problems in a variety of equivalent wauys. Left
to themselves,; students usually do not turn ceoncepts over in their
minds to view them from wmany angles. For instance, one could ask
students to

“"Describe the values of the expression iﬁilli when

{x-1)

x takes values very claose to 1"

as well as to

Pim (x+1)}

X3 -2

"Find



THE LOGIC OF TEACHING CALCULUS g

{2) When lecturing, write more ar iess in complete sentences.
When the words “if-then” or "for all x in the interval La.bl” are
ot written out, they will not appear in students' notes, nor wili
they be suppl:ed mentally.

(3} Make an effort to clarify statements whose quantification
is implicit. For example, the implicit quantification of the
phrase “solve the equation” goes hand-in-hand with a2 mechanical
approach based on formal symbol manipuiation rather than a
conceptual approach based on studying: numbers and their
properties. Leon Henkin suggests that teazchers of beginning
algebra students aveoid using phrases like “"Solve the equation 2x+3
= 0" and instead say “"Find a number x such that Z2x+3 = 0." fAnd
instead of "Solve ax+b = O” he suggests "If a and b are numbers
and a0, find a number x such that ax+b = 0." (41 . Or, instead of
asking students to solve eguations, one could ask them questions

like "Are there any real numbers such that x2f3x+2 = 077 er “such

that uz—x+l = 07" or "such that J/x+1 + J2x+1 = 29" College
calculus students would also benefit from occasionally having
problems phrased in these waus.

(4) Avpid unnecessary notation and terminologu. For most
students, each mathematical term and symbol is a hufdle to be
crossed., Let's not put any more in their way than we have to.

(5)  Try to aveid notational and linguistic "abuses” as much as
possible. In the long run, it is worth the extra effort to say
“Let £ be the function defined by the rule...” rather fhan “"Let
f(x) be the function...”

{(6) Frequently clarify lines of argument by explaining the

undetrlying logic.
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(7) {lake students meicrize grecise.y-worded definitions and

pernaps theorem statements also. Memorization is grestiy

underrated as a pedagogical tooi. 1t the leasti., wmemorization of a
gefinition or theorem forces students to read 1t carefullyy at

best. it encourages them to undersiand it (=ince 1i is easler o

memarize something 1ntelligible than gibberish). Ailso
memorization of precise language glues students experience 1n
wusing it and makes 1t necessary for them to pay artention to words

iike "if" ang “then  that they might otnerwise ighore.

i4) Deuelop or seek out probiems to =act 2s cognitive bridges
tg shstract ungderstanding. 1 have found, for exampie. that
students are tairiu capable of understanding concepts in pureiy
geometric terms. They do naot seem to nave problems learning I0
distinguish between the graphs of continuows and discontinubus
functions or between concave up and CONC3VeE down. [he
diftficulties arise when analysis 1s added te thie oigiture. One
,veason is that. in iy axperilence at least, begxnninq galouius
students.au ne+ know the apsiract definition of Graph of a
function. they czn plut and cunnect points for a function given
by 3 specific formula., but they dJu not know that for a ageneral
furction £. fixJ is the neiaght to the graph of f 2t . Now si1hce
most calculus explanations are gluen in IErms of Tgeneric’
functions £ and “generic’ .points x. this seriously ininibits
students’ sbility to follow text atd CiLISsSTOO0Mm expianations.,

To_caunteract this difficuity, | would sugqest adding

protiewms of the following tupe to 1he usuai collectiron on

graphning.
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Let f and g be function defined_for all reai numbers.

(al) suppose £i4)=9, bhat point must iie an the grapn ot E7

o

{b) Suppose the pouint (-1,2 li1es on thne graph ot £, what can
be inferred about £7

{c) Suppuse the point (J4.gld)i iies on the agraph of £. HWhat
can be inferreq‘ébqutS;he rgiatzcﬁqbgtyéegg§ diﬁg?‘

(di Suppose the graphs of f and g haue a point in common, say

L —

(XQ,QO3. What can be inferred about tne relation between

;

£(x.) and gﬁﬁa)?
Later, jJust prior to the introduction of the analytic
definitiocn of the siépéwof‘fﬁe fanéegkkiiﬁé;kdﬁéond{& aséiéh
exercises such as these,
i. Let t be the functien whese yragh iSNQjﬁen below.
(a) Label the’paints (2.8¢2)) and (Q.ftQ)) an the graoh and
draw the sg@;ptagine;throgqh these two points.
(b} Find an exggessiun for the slope of tne secant iine

through the points €(2,£4{2)) and Aa,£08)).

Yo + S
- S




54 - TOWARD A LEAN AND LIVELY CALCULUS

2. Let F he the function whose graph is indicated below and
suppose h is a (small) positive number.
(a) Label the points (3,f(3)) and (3+h,f{3+h)) and draw the

secant line through these points.

(b) Find an expression for the slape of the secant line

through the points (3,£(3)) and (3+h,f(3+h)),

/

3 #h X

3. Let £ be the function whose graph is indicated below.
Suppose also that x is a number and h is a positive number and
f takes values at x and x+h.
(a) Label the points (x,£f(x)) and (x+h,fi{x+h?) aon the graph
of £ and draw the secant line through these points.
(b) Find an expression for the slope of the secant line

. through the points (x,f{(x)) and (x+h,f{x+h)).

¢
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4. Let x be the number represented by the labeled point on the
number line below and suppose h is a nepative number. Indicate
and label! a reasonable choice of point to represent the number

x+h,

Lxt

N
5]

(9) Do not be satisfied with narrow understanding of abstract
principles. Throughout their mathematical careers students Havs
great difficuitg learning%dniuébéal facts in their generéﬁit&fvm
(Logically speaking, they Haueidifffcﬁltg instanfiatiﬁg universal
statements over the full extent of their domains.) Much o
mathematics instruction takes these problems into aceount. For

example, precalculus texts often have exercises that are gri&e&ﬂ

with problems like "Factor x2+5x+4" in the “A" set, "Factor
3x2-14x+8" in the “B" set and "Factor 24x2-31xy-15¢>" in the “C*

set. [11 1In calculus, also, concepts can be understond at “A,"
“B,* and “C" levels of generality. For example, in a study of the
chain rule an “A level” problem would be o p

“Find §§ for y = (3x+2)2,

a “B level® problem would be
“Find %% for y = Jsin 2x,"

and a “C level” problem would bhe

q

“ﬂssume £ is a differentiable function. Let y=[£001° and

suppose £'¢1) = 5 and —3l = -160. Find £(1). ;31
x=1

It is 1runic that the same students whn, as second qradevs,

were Judqed needful a£ spendxng a Eull year on two place additxan
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before moving to the complexity of the three-place case arg as
18-year olds expected to generalize "in one homework ass ignment
from "“A levei” chain rule problems to “C tevel” ones. Perhaps
problems of increasing difficulty could be assigned and discussed
pver a period of several daus, cuncur:entlg with other tapics if

necessary, to allow time for the abstraction process to ocour.

(10);Include questions th?f,}?5§$39“¢EPtu3{ gndg;stanq;ng\on
homework and an exams. In’[?{ngaq Pqur5en and Peter Ross make
some excellent suggestions of such‘problems. which tegt
understanding both of geometric and analuytic aspects of concepis.

(11 Take respunsib@}itg for all aspects of students‘
mathematical development. We do not help ocur students when we
ignore “mere” algebra mistakes just because aigebra 1= nmttthe
subject of our course. . .. .

(12) Girue students.appqrtuqitées to speak and write using the
course vocabulary. L |

(a) 1ns;st‘that{5§uqen@§ g{gséqompieﬁe&ﬁpqhgrent answers tao
guestions on exams. No Eaunrkis dqne students’ intellectual
development by giving full credit for a few scribbles.

(b) Have students present solutions to problems at tne beard
occasionaliy. and insist that theg expiain their work z2ioud to the
rest of the class. You may be appalied by their misuse af
lsnguage, but don’t despait. Just correct the worst mistakes
courteousiy and find something to pralse. ﬂost‘peaplg’do not

learn to speak a foreign lanquadé’hg attending lectures and doing
ey have to make fools of themselves bu

grammar exXercises. T

oS
Ee
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talking out loud. The same goes for learning the ianquagexofﬁ:g-
mathematics. |

{c) Occasionally break classes up into small groups for’
collective problem—suluing experiences. Even if this is done only
once or twice a2 semester, it can have impact on students’ ability -
to put their mathematical thoughts jntc wordér{‘Coiisboratiun also

encourages students to explore new ideas more boldlu thanﬁtbey o

would on their own. - e o000 SEL I E -
(d) Every once in a while restrain the impulse to giue‘the
answer to a question on: the homework as soon asgit»ﬁs,éﬁkeduﬁ
Instead, open the guestion up for class discussion. (This works
only for carefully selected problems.) In one of the. liveliest. .
classes 1 have ever taught, a student asked me‘tOnansQer the .-
fnllowinqfhomeworkyques¢j@n;aaw=; cotwniied e TN ASTAY 0 o0d
- "Determine whether thErfudiﬂwjnqtstatemen¢wds\tru24 and -« oo tes
support gour_answenﬁbgvgiving»a~proof;a:;aQQQuntarakampler
“If a, b,:andccaare¢intggers‘and;alb;and:a*agxhan;ifbébg”ﬁwaf
Instead afvcomplging,_lato}d\the,ciasslia£§msgin§?thegiQere:éhep

mathematzcal research dxuzsznn of-a large. campangwaﬂﬁ had hEEﬂv*mW

given the job, as a qraup,‘u? fxqurzng aut\the answerita thxs
question. Impurtant~dec;sionsjﬁgpeﬂﬂagion.the_answEr*andvthe

company was counting on its being correct In the d:scussxon that

followed, I acted a; ﬁbdebafgg;V I gu;ded but I dld not reueal

the answer. At ohéﬁpbinthihe'board‘Qpnta;pgﬂﬁtwpkgaldjq

false counterexample, and a true counterexample. (I am happy to

'the students were convinced by the

uring thet

report that, overwhelmingly,

true counterexample when it finally appeared.)
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discussion almost all the logic we had covered to that point in
the course was reviewed and its iaportanca to the determination of
the mathematical truth of the situation was apparent. There was
also a lively follow-up discussion on the nature of mathematical

discovery.

Conclusion

If all the suggestions made aboue were incorporated into the
teaching of calculus, it would probably be impossible to cover as
many topics as is now standard. The question jis: What 15 the
trade off? If it comes to a choice, will we settie for
superficial knowledge of a lot or deeper understanding of less?
Perhaps less is more.

Do I think that by following these suggestions a new breed of
mathematical super-students will be created? Certainly not.  But
I do think there are many students “out there” of reasonable
mathematical aptitude for whom mathematics is more mysterious than
it needs(to be. These are the students we can affect with better

pedagogy. I think it is worth trying.
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