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Abstract

Severd empirica dudies report that asset liquidity has a sgnificant impact on asset prices. For
example, Amihud and Mendelson (1986), Silber (1991), Kadlec and McConnell (1994), and
Brennan and Subrahmanyam (1996) report that stock prices are c.p. the lower, the lower stock
liquidity is. For bond markets smilar evidence is reported by Sarig and Warga (1989), Amihud and
Mendelson (1991), Boudoukh and Whitelaw (1991), Warga (1992), Kamara (1994), and Kempf
and Uhrig-Homburg (2000).

In this paper, the impact of liquidity on index futures prices is sudied theoreticaly and empiricaly. |
derive a theoretical two-factor pricing modd where the index futures price depends on the index
level and the illiquidity of the future. The two factors are the index level and the codis of illiquidity
proxied by the bid-ask spread in the empirica study. The mode provides an anaytical solution for
imperfectly liquid index futures. The fair price of an imperfectly liquid future is determined by the
cost-of-carry price and a discount function due to illiquidity. The price discount depends on the
meaturity of the contract and its bid-ask spread.

The modd is tested in the sample and out of the sample using data on the German futures market. |
show that the model explains futures prices sgnificantly better than the cost-of-carry modd and the
two-factor model of Ramaswamy and Sundaresan (1985) do. The superiority of the liquidity model
increases with the maturity of the contract. All modds explain the prices of short contracts pretty
well, but only the liquidity mode provides a good explanation for the prices of index futures with long
time to maturity. The pricing error of the liquidity modd is much smdler than the error of both
benchmark models. My main concluson of the empirica study is that only index risk metters for
short contracts, whereas index and liquidity risks matter for long contracts.
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1. Introduction

Severd empirical studies report that asset liquidity has a sgnificant impact on asset prices. For
exanple, Amihud and Menddson (1986), Silber (1991), Kadlec and McConndl (1994), and
Brennan and Subrahmanyam (1996) report that stock prices are c.p. the lower, the lower stock
liquidity is. For bond markets similar evidence is reported by Sarig and Warga (1989), Amihud and
Mendelson (1991), Boudoukh and Whitelaw (1991), Warga (1992), Kamara (1994), and Kempf
and Uhrig-Homburg (2000).

In this paper, the impact of liquidity on index futures prices is sudied theoreticaly and empiricaly. |
derive a theoretical two-factor pricing modd where the index futures price depends on the index
level and the liquidity of the future. Then | show that this liquidity based pricing modd explains the
prices of German index futures sgnificantly better than the one-factor cost-of-carry modd and the
two-factor stochastic interest rate model by Ramaswamy and Sundaresan (1985). The superiority
of my modd is most pronounced for contracts with long maturity whereas short contracts are priced
pretty wel by dl modds. This leads to my conclusion that only index risk metters for (liquid) short
contracts, whereas index and liquidity risks matter for (illiquid®) long contracts.

2. Theoretical Futures Pricing Model

In this section | price futures in the presence of liquidity risk. The modd is based on an gpproach of
Grinblatt (1995) which was further developed by Kempf and Uhrig-Homburg (2000). The idea of
the modd is as fallows: llliquid assets must offer a higher yidd than liquid assets to compensate
investors for the disadvantage due to lower liquidity. One might think, for example, of higher bid-ask
spreads when trading the asset. The yidd spread offsets the codts of illiquidity so that the risk-
adjusted expected net returns of dl liquid and illiquid assets equd the short rate. The core
assumption of both models is that the consequences of illiquidity are reflected soldy in the yied

spread, which is modelled as a second stochagtic state variable? Given this assumption one can use

I will usetheterms“illiquid” and “imperfectly liquid” interchangeable.

2 In Grinblatt (1995) and Kempf and Uhrig-Homburg (2000), the instantaneous interest rate and the yield
spread are the state variables, because they use the model to price fixed income securities. Whereas
Grinblatt focuses on swap spreads in US market, Kempf and Uhrig-Homburg analyze the German bond
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standard no-arbitrage pricing technique to vaue derivative securities. In the remainder of the section

I show how to price futures based on thisidea

Assume that the price of index futures depends on two stochagtic factors, the index level S(t) and
the cogts of illiquidity x(t). The evolution of the factors is given by the following differentid

equations

() d—SS = ot +ndz

(2) dx=a(g- x)dt+w-/xdw,

where m, n, a, g and w arecongtants. z and w are standard Wiener processes. Furthermore,

assume that the instantaneous correlation between dz and dw is zero.

(1) is a gandard mode for the evolution of stock prices and indices. (2) modes the costs of
illiquidity as a continuous cash outflow. This is a rough modeling of the consequences of illiquidity,
because it neglects that the total costs of illiquidity depends on how often the asset is traded before
meaturity. However, the purpose of this paper is not to determine the costs of illiquidity, but to
cdculae the consequences of illiquidity on futures prices. Therefore, it seemsto be areasonable first
gpproach to modd not illiquidity per se, but to mode the aggregate financia consequences of
illiquidity. Thisis done in (2) which assumes that the cogts of illiquidity varies over time randomly,
possible due to changing bid-ask spreads, varying trading frequencies, and so on. According to (2)
negative costs of illiquidity cannot occur and the cogts of illiquidity are fluctuating randomly around

somemeanlevd g .

Assume that only futures contracts are imperfectly liquid® and that al consequences of futures
illiquidity are reflected in the Sate varigble x(t) . Then one can price index futures using a sandard

market. The main difference between their models is that Grinblatt uses a non-market-fitting model
whereas Kempf and Uhrig-Homburg fit their model to the market segment of liquid bonds.

This assumption allows meto find an analytical solution to the pricing model. One could easily relax this
assumption, but then the model has to be solved numerically.
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no-arbitrage-technique. Since the price F of a future depends on time to maturity T - t, on the
index level S and on the cogts of illiquidity x , the fundamental pricing equation is given as®

1 1
(3) F + FSrS+EFSSnZS2 + Fx[a bg - xg - wx] + EFxxwzx = xF

with theinitid condition F(T,T) = S(T) . Subscripts denote partia derivativesand r istherisk-free
interest rate which is assumed to be constant. Since the costs of illiquidity is not a traded asset, the
market price of liquidity risk, | , showsup in (3).

The pricing equation (3) shows one important difference to other futures pricing models. It Sates that
the expected risk-adjusted return has to be positive, dthough no capita input is required to build up
a futures position.® The economic reasoning is that a positive expected risk-adjusted gross return has
to compensate for the costs of illiquidity, x . Therefore, the right hand Sde of (3) is xF . This assures
that the expected risk-adjusted net return of a futures contract, i.e. the return corrected for costs of
illiquicity, is zero. (3) can be solved by separating the variables.” The solution F" of the liquidity

modd isgiven as

4  F'=FC(StT)ICHXtT)

where:

(5)  FE(St,T):=9(t)e "

(6) C(x,t,T):=D(t,T)e E(tT)X(t)

This means that the index is taken as exogenous and perfectly liquid. It allows to study the
consequences of different futures liquidity on futures prices.

The impact of dividends is neglected here. This assumption is used since the empirical study focuses on
the German index futures. They are based on the DAX performance index which is corrected for
dividends. Therefore, the holder of a DAX future has no dividend disadvantage as compared with the
holder of DAX stocks. Consequently, dividends have no impact on the price relation between futures
and index.

Margin payments can be neglected since they earn interest.

Due to assumption of uncorrelated Wiener processes, no cross products occur in eg. (3) and the
solution has the multiplicative structure f (S,t,T)g(x,t,T).
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The price of anilliquid futures is determined by the futures price given it were perfectly liquid, i.e. the
price of the cost-of-carry modd, F<¢, and an illiquidity correction function, C(x,t,T). This
function depends only on time to maturity of the future and the stochadtic codts of illiquidity. The
solution (6) - (8) of the function C(x,t,T) can be found in Cox, Ingersoll and Ross (1985). The
function C(x,t,T) has the following properties. It is smaler than onefor t <T , i.e. the price of an

illiquid futures is smdler than the cost-of-carry price. The price discount is the larger, the longer the
time to maturity of the futures contract and the higher the cogs of illiquidity.

Thus, the mode is consistent with underpricing® of index futures markets which iswell documented in
the literature, mainly for European index futures. For example, see Yadav and Pope (1990) and
Strickland and Xu (1993) for the British market, Berglund and Kabir (1995) for the Dutch market,
Puttonen and Martikainen (1991) and Puttonen (1993) for the Finish market, Gruenbichler and
Cdlahan (1994), Bamberg and Roeder (1995), Buehler and Kempf (1995), and Kempf (1999) for
the German market and Stulz, Wassarfdlen and Stucki (1990) for the Swiss market. For US
markets underpricing of futures is reported for the initiad years of trading® while mixed results

concerning the average mispricing are found later.™

In this paper, the terms underpricing and overpricing always relate to the cost-of-carry model. A futureis
underpriced (overpriced) when its price is below (above) the fair futures price implied by the cost-of-

carry model.
o See, e.g., Cornell and French (1983), Figlewski (1984), and Merrick (1987).
10 An excellent overview is Sutcliffe (1997), Chapter 5.1.
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The modd is dso conggtent with the empirical observation in futures markets that the mispricing
increases with time to maturity.** Buehler and Kempf (1995) and Kempf (1999) show that the
underpricing of futures contracts is the larger, the longer time to maturity is. Y adav and Pope (1990)
find asmilar result, but only for the first part of the research period.

In the remainder of the paper, | will test whether this mode is able to explain observed futures prices
better than benchmark models. Since there are no competing pricing modds which explain index
futures prices by index level and liquidity, | have to choose benchmark modeds which explain futures
prices by other factors. My first benchmark modd is the cost-of-carry modd which explains index
futures prices as a function of the index level only. Its pricing equation is given by (5). My second
benchmark modd is the two-factor modd of Ramaswamy and Sundaresan (1985) which assumes
that the futures price depends on the stochadtic index level and on Stochadtic interest rates.
Comparing the results of my mode with the results of the Ramaswamy- Sundaresan model provides
inddes on the relative importance of liquidity risk and interest-rate risk.

3. Empirical Evidence

3.1 Data

| test the pricing models using data on the German stock index DAX, on DAX futures and on
interest rates from the money market.> The organization of the stock and futures markets in
Germany is described in Buehler and Kempf (1995), for example.

The study andyzes the four futures contracts maturing in 1996 (March, June, September,
December). Each contract is analyzed from its fird trading day until maturity, i.e. over a period of
about nine months. | do not restrict my attention to the nearby contracts because the liquidity of a
contract depends on whether it is the short contract (maturity 0 - 3 months), the mid contract
(maturity 3 - 6 months) or the long contract (maturity 6 - 9 months).*®

1

See Sutcliffe (1997), Chaper 5.2.1, for a survey on the empirical evidence.

The data are supplied by the Deutsche Finanzdatenbank in Karlsruhe and Mannheim.

The average bid-ask spread is about 0.6 index pointsin short contracts, 1.3 index pointsin mid contracts
and 1.8 index pointsin long contracts.
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The raw data conssts of dl time stamped quotations and transactions data of the futures market, the
index mdquote on aminute-by-minute basis and the interest rates with different maturities (overnight,
1-month, 3-month, 6-month, 12-month money) on adaily basis.

To reduce the noise in the data | aggregate them to get daily observations. This aggregeation is done
for each contract separately and is described for the contract maturing in December 1996 in detall
below. This contract is traded from 15" March 1996 until 19" December 1996. | use the DAX
index midquote from the computerized stock exchange IBIS which is avalable on a minute-by-
minute basis from 8.30 am. until 5.00 p.m., i.e. there are 510 observations per day. To each index
level | assign the contemporaneous midquote of the futures contract and the interest rate with
matching maturity. This matching interest rete is obtained by linearly interpolating the two interbank
rates which match the maturity of the futures contract best. Based on these data | calculate aintraday
time series of smultaneous futures prices, index levels and theoretica futures prices derived from the
cost-of-carry mode based on eq. (5).* Then | use the arithmetic mean of the futures prices of the
day t asthe price variable F(t,T). Inthe sameway daily observationsof S(t) and F“°(t,T) are
obtained. The mean relative bid-ask spread of the futures contract at day t isused as proxy of the
codts of illiquidity a day t .*°

This aggregation leads to separate time series for each contract. Since the liquidity of futures

contracts depend heavily on whether they are the short (0 - 3 months), the mid (3 - 6 months) or the
long (6 - 9 months) contract,”® | congtruct three time series. The first one consgts of dl daily

observations of the four contracts when they are the short contracts. The second series includes all

observations of the mid contracts and the final one al observations of the long contracts. Each series
conssts of 253 daily observations. The following study is based on these three sevies.

u Dividends are not taken into account since the DAX is a performance index corrected for dividend

payments. See Buehler and Kempf (1995).

For each contract there are about 4800 spreads per day.

Liquidity is highest in the short contracts and smallest in the long contracts. The average bid-ask spread
is between 0.6 and 0.7 index points in short contracts, between 1.2 and 1.4 in the mid contracts, and
between 1.6 and 2.0 in the long contracts. The differences are highly significant.

15
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3.2 In-Sample-Test

The fair price of the cogt-of-carry modd is given by (5). The observed futures prices, F, differs
from F sgnificantly a the 1%-levd. The Sgned mispricing is -2.45 index points for short
contracts, -6.11 for mid contracts, and -10.11 for long contracts. Thisresult is congstent with earlier
dudies on the German futures markets DAX futures are mainly underpriced.”” There is mean
underpicing in 184 (out of 253) days of the short contracts, 245 (out of 253) days of the mid
contracts and in dl days of the long contracts. Whether this underpicing is due to interest-rate risk or
dueto liquidity risk istested next.

Firg, | have to estimate the unknown parameters a, g, w, and | of the liquidity modd. |
determine them implicitly usng a two-step grid search. As eq. (4) - (8) show, it is impossble to
estimate al four parameters separately, but only three parameters. | choose the parameters w,
b;:=ag,and b,;=a +| w insuch away tha they minimize the sum of the absolute differences

between observed futures prices, F, and theoretica futures prices of the liquidity modd, F". For
the inrsample test | fit the parameters to dl observations. This is done for dl three futures series

Separately.

The two-factor modd of Ramaswamy and Sundaresan (1985) is implemented in the same way.
Agan, | use a two-gep grid search to find those three parameters which minimize the sum of the
absolute differences between observed futures prices and theoretica futures prices F' of ther
modd. The overnight interbank rate is used as proxy of the short rate.*®

To judge the qudity of the modes | determine the average absolute difference between observed
futures prices and futures prices predicted by the modds. The results for al three modds are
reported in Table 1.

o See, e.g., Gruenbichler and Callahan (1994), Bamberg and Roeder (1995), Buehler and Kempf (1995), and
Kempf (1999).

The analysis was redone using one-month interest rates as proxy. There are no notable differencesin the
results.
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Table 1. Absolute pricing errors of dl moddsin the sample
short contracts mid contracts long contracts
Cost-of-carry model: |F - FCC| 2,82 6,18 10,11
Interest-rate model: |F - F '| 2,53 3,71 3,59
Liquidity mode: |F - FL| 2,37 3,10 2,17
||: - |:CC| — ||: - |:L| 0,44** 3,08** 7,94**
t-Statigtics 6,22 15,25 41,26
F-F|=]F- FY 0,16+ 0,61+ 141+
t-Statigtics 3,30 7,19 7,58

** gignificant at the 1%-level

The table shows four main results. First, the cost of carry modd is a fairly good pricing modd for
DAX futures, but only for the short contracts. The relative mispricing is about 0.2% in the short
contract. In the mid and long contracts the mispricing is much larger than in the short contract.
Second, the interest-rate modd of Ramaswvamy and Sundaresan (1985) outperforms the cost-of-
carry model for &l contracts™, but its pricing error increases with time to maturity. In this respect, the
results are amilar to the results of the cost-of-carry modd. Third, the liquidity model outperforms
both benchmark modds sgnificantly. Findly, the liquidity modd is able to explain the prices of al
futures contracts pretty wdl. Thisis the main difference to both benchmark models. Both benchmark
models are fairly good for short contracts, but their fit becomes worse for mid and long contracts.
Thus, the superiority of the liquidity modd (which takes care of liquidity effects) over the benchmark
models (which assume perfect liquidity) is most pronounced in the mid and long contracts which are
less liquid than short contracts. This indicates that liquidity matters for prices of long contracts much
more than for prices of short contracts.

9 Thisresult is consistent with the empirical evidence in Caikici/Chatterjee (1991).
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3.3  Out-of-Sample-Test

Findly, I will test the modds out of sample. | estimate congtant parameters of the modd using data of
the firgt three months of the research period. The estimation procedure is the same asin Section 3.2.
The esimated parameters are then used to explain the futures prices of the next nine month. The
vaidity of the three modelsis again judged based on the mean absolute pricing error. The results are
shown in Teble 2.

Table 2: Absolute pricing errors of dl modes out of the sample
short contracts mid contracts long contracts
Cost-of-carry moddl: |F - F| 3,35 7,23 11,10
Interest-rate model: |F - F'| 2,92 3,92 9,98
Liquidity modd: 2,96 4,14 2,73
|F _ FCC| _ |F _ FL| 0,39** 3,08** 8,36**
t-Statigtics 8,61 23,13 50,83
||: - |:'| — ||: - |:L| -0,04 -0,22 7,25%*
t-Statigtics -0,47 -1,09 18,26

** gignificant at the 1%-level

The out-of-sample pricing errors in Table 2 are larger than the in-sample errors shown in Table 1.
This is not surprisng since the modds are fit to data of the contract maturity in March 96 and the
edtimated parameters are used to explain the prices of the futures maturing in June, September and
December 1996.°

The mogt interesting result of Table 2 is the fact thet the liquidity modd explains prices of long futures
contracts sgnificantly better than both benchmark models do. This can be explained by the fact that
futures with long time to maturity are the least liquid ones. Therefore, it is important to consider their
liquidity as afactor determining their prices.

» Since there are no free parameters in the cost-of-carry model, no data of the contract maturing in March
96 are used to calculate the results of the cost-of-carry model in Table 3. The values shown are the
average absol ute mispricing of the contracts maturing in June, September and December 1996.
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The results of the out-of-sample tests can be briefly summarized as follows: For short contracts, al
three pricing modes are about equaly good, i.e. for short contracts only index risk matters. For mid
contracts, the two-factor models are much better than the cost-of-carry mode, but the results do not
dlow to judge whether liquidity a interest risk is the second risk factor which metters. For long
contracts, however, only the liquidity model provides good reaults, i.e. index risk and liquidity risk
are the two factors driving the prices of long futures contracts.

4 Summary

This paper addresses the question of whether liquidity influences the prices of index futures. |
presented a two-factor modd to price index futures. The two factors are the index leve and the
cods of illiquidity proxied by the bid-ask spread. The model provides an andyticd solution. The fair
price of an imperfectly liquid future is determined by the cogt- of-carry price and a discount function
dueto illiquidity. The price discount depends on the maturity of the contract and its bid-ask spread.

The modd was tested using data on the German futures market. | show that the modd explains
futures prices sgnificantly better than the cost-of-carry modd does. Thisistruein the sample aswell
as out of the sample. The second benchmark, the two-factor mode of Ramaswamy and Sundaresan
(1985), is more chdlenging. In the sample, the liquidity modd fits the prices of dl futures Sgnificantly
better than the Ramaswamy-Sundaresan model does which assumes that the interest-rate is the
second stochastic factor. Out of sample, | find no significant differences between the two models for
short and mid contracts. For long contracts, however, the liquidity modd is much better than the
gpproach of Ramaswamy and Sundaresan (1985). The absolute pricing error of their modd is about
four times higher than the absolute pricing error of the liquidity modd. This result suggests that it is
the liquidity risk which matters for contracts with long time to maturity.

1



Bibliography
Amihud, Y., and Mendelson, H. (1986): "Asset Prices and the Bid-Ask Spread”, Journal of
Financial Economics, 17: 223-249.

Amihud, Y., and Menddson, H. (1991): "Liquidity, Maturity, and the Yieds on U.S.
Treasury Securities', The Journal of Finance, 46: 1411-1425.

Bamberg, G., and Roeder, K. (1995): "The Intraday ex ante Profitability of DAX Futures
Arbitrage for Inditutiond Investors in Germany: The Case of Ealy and Late Transactions',
Financial Markets and Portfolio Management, 8:50-62.

Berglund, T., and Kabir, R. (1995): "What Explains the Difference Between the Futures’
Priceand its‘Fair' Vaue? Evidence from the European Options Exchange'.

Boudoukh, J, and Whitdaw, R.F. (1991): "The Benchmark Effect in the Jgpanese
Government Bond Market”, The Journal of Fixed Income, September 1991: 52-59.

Brennan, M.J., and Subrahmanyam, A. (1996): "Market Microstructure and Asset Pricing:
On the Compensation for Illiquidity in Stock Returns’, Journal of Financial Economics, 41: 441-
464.

Buehler, W., and Kempf, A. (1995): "DAX Index Futures Migpricing and Arbitrage in
German Markets', The Journal of Futures Markets, 15:833-859.

Cakici, N., and Chatterjee, S. (1991): "Pricing Stock Index Futures with Stochastic Interest
Rates', The Journal of Futures Markets 11: 441-452.

Cornell, Bradford; and French, Kenneth R. (1983): "The Pricing of Stock Index Futures',
The Journal of Futures Markets 3:1-14.

Cox, JC., Ingersoll, JE., and Ross, SA. (1985): "A Theory of the Term Structure of
Interest Rates*, Econometrica, 9:; 321-346.

Figlewski, Stephen (1984): "Hedging Performance and Basis Risk in Stock Index Futures:
Empirica Results’, The Journal of Finance, 39:657-669.

Grinblatt, M. (1995): "An Andytical Solution for Interest Rate Swap Spreads'.

Gruenbichler, A., and Calahan, T.W. (1994): "Stock Index Futures Arbitrage in Ger-many:
The Behavior of the DAX Index Futures Price’, Review of Futures Markets, 10:180-203.

Kadlec, G.B., and McConndll, JJ. (1994): "The Effect of Market Segmentation and
[lliquidity on Asset Prices: Evidence from Exchange Lidings', The Journal of Finance, 49: 611-
636.



Kamara, A. (1994): "Liquidity, Taxes, and Short-Term Treasury Yidds', Journal of
Financial and Quantitative Analysis, 29: 403-417.

Kempf, A., and Uhrig-Homburg, M. (2000): "Liquidity and its Impact on Bond Prices’,
forthcoming: Schmal enbachs Business Review.

Merrick, J.J. (1987): "Volume Determination in Stock and Stock Index Futures Markets: An
Andyssof Arbitrage and Volatility Effects’, The Journal of Futures Markets, 7:483-496.

Puttonen, V. (1993): "Stock Index Futures Arbitrage in Finland: Theory and Evidence in a
New Market ", European Journal of Operational Research, 68:304-317.

Puttonen, V., and Martikainen, T. (1991): "Short Sale Redtrictions: Implications for Stock
Index Arbitrage’, Economics Letters, 37:159-163.

Ramaswamy, K., and Sundaresan, SM. (1985): "The Vauation of Options on Futures
Contracts’, The Journal of Finance, 40:1319-1340.

Sarig, O., and Warga, A. (1989): "Bond Price Data and Bond Market Liquidity", Journal
of Financial and Quantitative Analysis, 24: 367-378.

Silber, W.L. (1991): "Discounts on Restricted Stock: The Impact of Illiquidity on Stock
Prices', Financial Analysts Journal, July-August 1991: 60-64.

Strickland, C., and Xu, X. (1993): "Behaviour of the FTSE 100 Basis', Review of Futures
Markets, 12:459-502.

Stulz, RM., Wasserfdlen, W., and Stucki, T. (1990): "Stock Index Futures in Switzerland:
Pricing and Hedging Performance’, Review of Futures Markets, 9:577-592.

Sutcliffe, C.M.S. (1997): Stock Index Futures, 2 ed., London: Internationd Thomson
Business Press.

Warga, A. (1992): "Bond Returns, Liquidity, and Missing Data’, Journal of Financial and
Quantitative Analysis, 27: 605-617.

Yadav, PK., and Pope, P.F. (1990): "Stock Index Futures Arbitrage: International
Evidence', The Journal of Futures Markets, 10: 573-603.

13



