On fractional calculus associated to doubling and
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Dedicated to Stephen Vigi

ABSTRACT. In this paper we present several proofs on the extension of M.
Riesz fractional integration and differentiation to the contexts of spaces of
homogeneous type and measure metric spaces with non-doubling measures.

1. Introduction, some definitions, and a basic lemma

Professor M. Ash asked me to write a survey article on some of the results
that Stephen Vagi and I obtained in the nineties on fractional calculus on spaces
of homogeneous type. Since Professor Kordnyi has done an excellent job stating
these results in his article in this volume, I thought it would be appropriate to add
some proofs and extensions of these results to the recently open area of research of
measure metric spaces associated to non-doubling measures.

The notion of space of homogeneous type is due to Coifman and Weiss[CW]
and it consists of the triple X a non-empty set; p: X x X — R>( a quasi-distance,
that is p(z,y) = p(y,z) > 0, p(x,y) = 0 if and only if x = y, and p(z,2) <
k(p(z,y) +p(y, z)) where k is a positive constant; and a measure p that satisfies
the doubling condition, i.e. p (B, (x)) < C, B, (z) where B, () denotes the ball of
radius r and center x and C|, is independent of x and r. Any space of homogeneous
type can be normalized by introducing the measure quasidistance

Op (2,y) = inf {pu(B) : 2,y € B}

where B denotes a p-ball. The topologies induce by p and ¢, are equivalent, but
the measure quasidistance satisfies the Ahlfors-David property: Let now B, (z) be
a 0,-ball of radius r and center z; then there are constants ¢; and cy such that

(L.1) ar < p (B, (x)) < cor.

Furthermore, in any space of homogeneous type there exists a quasidistance ¢
equivalent to d,, that also satisfies: There is 4,0 < v < 1, and a constant M such
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2 A. EDUARDO GATTO

that for all z,2’ and y in X,
(1.2) 16(2,y) — 6(z',y)| < M 87 (2,2") [6(z,y) + (2, y)] "

The space (X, d, p ) with ¢ satisfying (1.1) and (1.2) will be called a normalized
space of homogeneous type of order ~.

Note that a metric satisfies (1.2) with v = 1 and constant M = 1. There are
many well known examples of spaces of homogeneous type.

On the other hand, a non-homogeneous space or non-doubling measure metric
space is a metric space (X, d) with a measure p that satisfies the growth condition

(13) 1(B, (2)) < Ar”

for some real number n > 0 and a constant A independent of x and r. A measure
that satisfies (1.3) is also called a non-doubling measure of dimension n.

Note that the measure quasidistance §,, introduced before on spaces of homo-
geneous type satisfies (1.3) with n = 1.

The particular case of R" with a non-doubling measure is by far the most
important case. Calderén-Zygmund operators and in particular the Cauchy inte-
gral with respect to non-doubling measures have been studied by several authors:
Nazarov, Treil, Volberg, Melnikov, Verdera, Tolsa, Garcia-Cuerva, and the author.

Whenever we can give a single proof that covers both cases we will do it, but
there are results that are valid on spaces of homogeneous type that are not known
yet for non-homogeneous spaces.

LEMMA 1. Let X be a non-empty set, p a quasidistance and pi a measure that
satisfies the growth condition (1.3). Then
L (e
(1) fp(z,y)<r Wdu( < Bir®, 0<a
(2) fp(w,y)ZT Wd/i( < Bor,0< «
(3) erp(w,y)<2T Wd,u (y) < Bs

Y)
Y)

PRrROOF. To prove (1) we write

1 = 1
—aadn(y) = / = du(y)
~/p(av,y)<r d(%y) ];) 2= k—1r<p(z,y)<2—Fr d(x,y)
= 1
< I;O iy (By-ry (2))
< Apdrme (27%)" < Byr®
k=0

To prove (2), we write

1 > 1
—————du(y) = / a1 ()
/p(w,y>>r d(z,y)" ,;) 2kr<plag)<2iir d(,y)"

> 1
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FRACTIONAL INTEGRATION 3

Finally to prove (3), we write

1 1
———wdp (y) < —p(Bay (z)) < A2" = Bs.
~/r'§p(w7y)<27' d(z,y) "

2. Hardy-Littlewood-Sobolev Theorem

Our first theorem is a general version of the Hardy-Littlewood-Sobolev Theo-
rem. It appeared in [GV] for the doubling case, and in [GG1] for the non-doubling
case.

THEOREM 1. Let X be a non-empty set, p a quasidistance, and p a measure
without atoms. Let s > 0, and
I8 f () = /) 1 (y) .
X ps (l',y)

There are p > 1 and q > p such that ||I(5)f||q <C ||pr if and only if p satisfies

the growth condition (1.3), s =n—a with0 <a<n, 1 <p <2 and % = % -2,

Proor. We will prove first the necessity part. We assume HI(S)qu <C|fll,
and we will show (1.3); i.e.: there are n > 0 and A > 0 such that p (B, (z)) < Ar™.
If 4u(B, (z)) = 0 there is nothing to prove. Let u (B, (x)) # 0, and let x5 (y) be
the characteristic function of B, (z). For each u € B, (z), we have

I (xp) (u) = /Br(x) mdﬂ (y) > (Q;T)s/‘ (B () -

Then using the hypothesis we get

ﬁu (B, ()" + < Cu (B, (0))?

S=

which is equivalent to
(B (z)) < Ar™,
withn:s/<1+%f%>. Letnowa:n(%f%),then0<a<n,%:%f%and
I<p<i.
Next we will show the sufficiency part. We will adopt the standard notation
n— W)
Inf(z) =I1""9f (x :/
(@) (@) P (z,y)

It suffices to show that for 1 < p < g, % = % — % we have

dp (y) -

(2.1) p{z e X |Iof(z)>A})<C ('fHL’J(#)> 7
A

for then the strong type estimate follows from the Marcinkiewicz interpolation
theorem.

To prove (2.1) we will adapt to our context the proof given by E. Stein in [S2].
We can take f > 0 and assume that || f[|;,(,) = 1. We have

_ /) )
Iaf(x) - \/By(m) d(.T,,y)n_a d/}, (y) +/BT(1)C d(m,y)n—adlu‘ (y)
= I+1I
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To estimate 11 we apply Holder’s inequality with zl) + -7 =1. Then

1 1/p
= / ey W (y)> < Crow,
( Bo() d (z,y) "

by Lemma 1 and
/ 1 1
(7(n704)p Jrn);:a—nJrn 1—=-)=a-—

Now for each fixed A, we have
A A
{zeX I ,f(x) > A} C x:]>§ U m:[[>§ .

Choosing r such that Cr®~ 7 = %, the second set of the right hand side above is
empty and consequently, all we have to do is to show that for that r, I < CA™%.
Using Holder’s inequality and Lemma 1, we have

_ AN
I = /Bm d(x’y)nfadu(y)

f(y) 1
/ ((n—a)l ’ (n—a) % dp (y)
B.(x) d(z,y) vd(z,y) o

B R L S S L
</Br<z) d(z,y)" du (y)> </Br(z) d(z,y)" dp (y)> :

ap

Pz * )
= d
(%)p a (%)p /B,,(x) d(x7y)(n—o¢) 1 (y)

o (2))

ro ) x
/X (3)" /Br(m d(z,y)"* du (y) dp (z)

ap

r o 1
= W . fp (y) <Lr(y) Wd,u (ZE)) d/j, (y)
< oA,

Thus

and

A
I > =
or2)

IN
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This concludes the proof of Theorem 1. O
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3. Fractional integrals a fractional derivatives on Lipschitz spaces

We will introduce next fractional differentiation and prove a boundedness re-
sult on appropriate function spaces on the support of the measure. We recall the
definition of Lipschitz spaces. Let (X, d, i) be a measure metric space; a function
f(x) is said to be a Lipschitz function of order a, 0 < a < 1, when there is a
constant C such that

|f () = f ()| < cd® (z,y)
for all z,y in the support of p. Of course the support of p has to be well defined,
where supp(u) is the smallest closed set F' such that for all Borel sets E, E C F©,
w(E) = 0. For example, if X is separable, then the support of p is well defined.
The Lipschitz norm of f is defined to be the infimum of the constants ¢ above.

For normalized spaces of homogeneous type of order 7 , following Macias and
Segovia, we define Lipschitz functions as above but using the measure quasidistance
quasidistance ¢,,(or the equivalent quasidistance ¢) and 0<a < «. It was shown in
[MS] that the Lipschitz classes for these values of « are not trivial spaces, that is,
they have functions not identically zero. We will abuse the notation and also write
d for the quasidistance 0 that satisfies (1.1) and (1.2), to avoid rewriting formulas
when this is the only change.

Let now (X, d, i) be a non-homogeneous space or a normalized space of homo-
geneous type of order v, 0 < v < 1. Note that v = 1 when d is a metric and that
n = 1 when d is a quasidistance. Letting f be a bounded Lipschitz function of
order 3, 0 < B8 < v <1, we define the fractional derivative of order o, 0 < o < 3,

of f as
«a f (y) — f (.’E)
D f(z) = deﬂ(y)~
It is not hard to see using Lemma 1 that the integral converges absolutely for
all . This definition extends a well known formula for the fractional powers of
the Laplacian (0 < o < 2) on R™ with Lebesgue measure. The definition can be
modified in a standard way to be valid for any Lipschitz function of order 3, i.e.

x dotr(zy)  dot (@, y)

where xq is any fixed point in X.

(3.1) D f (x)

LEMMA 2. Let s < 0 and h > 1, and d be a metric. Then there exists a positive
constant Cp, s such that

|d*(, 2) — d*(y, 2)| < Chsd(z,y)d" (2, 2)
for hd(x,y) < d(z, 2).

Note: A similar lemma is true for normalized spaces of homogeneous type of
order v, i.e. :There are constants ksand Cj s such that

|ds(m7 Z) - ds(ya Z)‘ < Ch“gdv(l‘, y)d87’y(xa Z)
ksd(z,y) < d(z, 2).

We leave the proof of this lemma to the reader. See also [GV].
We will prove now the following boundedness result for fractional derivatives.
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THEOREM 2. Let (X,d, ) be a non-homogeneous space or a normalized space
of homogeneous type of order v, 0 < v < 1. Let f be a Lipschitz function of order
B, 0< a< B <. Then there is a constant C independent of f such that

D“‘ < CUflliioca -
157y < €M)

PrOOF. We will prove the case when d is a metric. The proof for normalized
spaces of homogeneous type has appeared in [GSV].

Let f € Lip(8). Note that D f converges absolutely for any x. Let 1 # x,
r =d(x1,22) and B = By, (z3). We have

fy) =) fy) = f(2)
Be do+n ($27 yz) - dot+n (1.1’ y) 12 (y)

= L +I+]1s

() +

Furthermore, the last integral can be rewritten

Lo [ e S O @) @),

ge Aot (z9,y) dotm (zq,y) dotn (24, y)

pe A (22,y)
1

1
/Bc f@) = 1) {da+" (w2,y)  d*F (w1, ) } )
= Ji+ o

Now observe that

1f1lLs
Ll < /d(xg,y)SQd(:L'l,:L'z) dnra=p ?5(552)7 Y) n)
< c ||fHLip(ﬁ) A7 (1, 2)
and similarly
1f1Li
Bl < /cl(ml,y)g?)d(zl,zrz) dnte=h Ig;? Y) ()
<l fllipgs @ (@1, 22) -

On the other hand

1
AL < s @° <x1,x2>/ -
Lip(8) d(z2,y)>2d(z1,22) detn (1’2, y)

< c ||fHLip(ﬁ) A% (21, 22)

du (y)

and

cllfllLs (8)
Tl < dlena) | 6 g, ()
d(z2,y)>2d(z1,22) dntetl=5 <x27 y)

cllf lLipes) A7 (w1, 22) .

IN

Then
s3] < ¢ Hf“Lip([S) A= (21, 22)
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and finally
DO f (w2) = D f (x1)| < || fllipeay @ (w1, 22)

which concludes the proof. O

We would like to consider next fractional integrals on Lipschitz spaces.

Let (X, d, 1) be a nonhomogeneous space or a normalized space of homogeneous
type of order 7,0 < v < 1. Note that v+ = 1 when d is a metric, and n = 1 when d
is a quasidistance. We define the fractional integral of order a, 0 < a <y <1 of a
function f € Lip(B8)N LY, 0 < a < B, as

@) = [ mas f@)u)

and for f € Lip (5), as

) = [ { o - et 0w

where g is a fixed point in X.

Note that the last integral converges both locally and at ooc. Of course the
function I, f depends on the choice of xy. But the functions obtained for different
choices of xy differ only by a constant.

THEOREM 3. Let (X,d,u) be a nonhomogeneous space or a normalized space
oNf homogeneous space of order . Let a, 8 > 0 be such that o + 3 <7y < 1. Then
1, is a bounded operator from Lip (8) to Lip (o + 8) if and only if I, (1) () = 0,
for all .

PRrROOF. We will prove the case when d is a metric. The proof for normalized
spaces of homogeneous type has appeared in [GV]. Note again, that v = 1 when
d is metric and 0 < a < 1. To see that the condition is necessary, observe that the
continuity of the operator }; implies that f; (1) must be constant. On the other
hand f; (1) (xog) = 0, therefore the constant has to be 0.

To prove the sufficiency we consider = # y points of X.

Since I, (1) = 0, observe first that

E0@-L00=0 = [ {0 =0,

where the integral above converges because 0 < a < 1.
Thus we can write

Lo () (@) = 1 (f) ()

N /X {d""‘l(x,z) a dn*o}(y,z) } {f(z) = f(z)}du(z)
= I+1I
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where [ is the integral over 2B, B being the ball with center x and radius r = d (z,y)
and IT is the integral over X\2B. Now
1

1
1< [ @~ F @)+ [ () = @) du(2).
2 d(x,2) 25 d(y,2)
In the sum above, both terms can be estimated in the same fashion.
For the first one, using Lemma 1, we get

d(;mz)ﬁ 5 r a+B |
/QBd(x,z)"adM( )= Cr) '

and for the second one, enlarging 2B to the ball B (y, 3r), we get the same estimate.
In order to estimate I, we use Lemma 2 and Lemma 1 to obtain

e cf ngm,y)/ 1) -
X

B d(z,z2)" ! x\28 d(z,z)" TP
< Cd(z,y)r TPt < Cd(z,y)* .
This finishes the proof. O

4. On the composition of a fractional derivative and a fractional
integral of the same order

The main result of this section is that the kernel of the composition of a frac-
tional derivative and a fractional integral of the same order is a singular integral
kernel that satisfies standard conditions.

In this section (X,d, ) will denote a metric space with a non-doubling n-
dimensional measure u. i. e., p (B, (z)) < ¢,r™ for some n > 0 with ¢, independent
of x and r.

The result for normalized spaces of homogeneous type was obtained in [GSV].
The proof that we present here follows that one. The fact that d is a metric makes
the proof somewhat simpler.

We now define a singular integral kernel: Let @ = X x X\A where A =
{(z,y) : x =y}. A function K (z,y) : Q@ — C is called a standard n-dimensional
singular kernel when there are constants n, 0 <n <1l,v>1land M = M, , >0
such that

(4.1 K@yl < g

and, for vd (z,y) < d(z,z) we have

(4.2) |K (z,2) — K (y,2)| < Mm
(4.3) K (2,2) — K (2,y)| < Mm.

THEOREM 4. Let 0 < a < 1. Then T, = D,I, is a singular integral operator
with assoctated kernel

1

1
}( .’L', y) / Q
( dn

i [T a0
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PrOOF. We will show first that K (z,y) satisfies the standard conditions (4.1),
(4.2), and (4.3). To prove (4.1) ie. |K (z,y)] < %, x # y, observe that

K (z,y)| < ¥ (z,y) where ¥ (z,y) = [y 777ar7 du (t). For
(w,t)
fixed z # y we break up X into three regions:

Dy = {t:2d(z,y) <d(z,t)},

Dy, = {t: %d(fc,y) <d(z,t) SQd(ﬂc,y)},and

1 _ 1
dn=(z,2)  d"*(y,2)

D; = {t:d(m,t) < ;d(m,y)}.

On Dy, d(t,y) > d(t,x) —d(x,y) > d(x,y), therefore
1 1 M,
U (x,y) <2 . dp (t) < —————.
C<2 [ s e O S )
On Do, d(y,t) <d(y,z)+d(x,t) < 3d(z,y); therefore
1 1 c
dp(t) < —0 / S
T O S T Loy T O
My
dan (.’E, y)’

/ 1
Do dn+a (.T, t)

<

and

/ 1
Do dn+0¢ (.’L', t)

Finally, on D3, we have
M,

/ 1 1
D3 d’ﬂJFQ (x’ t)
dr (z,y)

d=e(t,y)  d=e(z,y)
We will consider now (4.2). Let z,y, z be fixed points satisfying
8d (z,y) < d(z,z).

1
dr=e(t,y)

Ca 1
dr=(z,y) /;d(z,y)<d(x,t) dnre (z,t)
Ms
an (z,y)

IN

dp (1)

\ ap (1)

IN

IN

/ Ca d(t,x) d (t)
D

)du W o AV (1) dr oot (a, 1)

Observe that
(4.4) K (2, 2) = K (y,2)] <

1 1 1 1 1 1

- - - dp (t).
e e e e e e oo R e e NG
We now divide X into two regions, A = {¢: 1d(z,2) < d(z,t)} and its complement
Ac.
To estimate the integral (4.4) on A we rewrite the integrand as follows:
1 B 1 1 + 1 ( 1 _ 1

drte(z,t) dmte(y,t) ) drme(tz) - drre(yt) drme(y,z)  dree (e, 2)

1 1 1
- =17 I I3 .
(dn+a<y,t> dn+a<x,t>>dn-a<y,z>‘ o+ o+ 1|

)+
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We estimate first [, [I3] dp (). Observe that for t € A, 4d (z,y) < d (=, t); therefore
applying lemma 2 we have

[l < eqtE D [ )

d(a:,y) —a—1 d(.ﬂf,y)
o\ d) < NI
eyt RS )

because d (y, 2) > d (z,2) — d (z,y) > Zd(z, 2).
To estimate [, |I2|dp (t), observe that

1 dlzy) __d@y) 1
— drte(y,t) " gn—a+tl (z,2) = dr—otl(x,z) drte(a,t)

[Io] <

because d (y,t) > 3d (,t). Then upon integrating over A we have

/|12|d,u, d(z,y) _A@Y) ey < d(z,y)

Cdr =T (z,2) 4 (2, 2)
To estimate [, |I1|dp (t) we will further subdivide A into
Dy = {t:d(z,t)>2d(x,2)}, and
D, = {t : %d(m,z) <d(z,t) < 2d(;v,z)}.

For t € Dy, d(x,t) > 2d (z,z) > 16d (z,y); therefore

1 1
I dp(t) < cd(x, dp(t) -
/Dl| g (8) < ed( y>/Dl T (a0 e (g, )

Note now that for ¢ € Dy, 3d(z,t) < d(z,t), then

d(z,y)
/D1|I1|dﬂ() I (2, 2)

To estimate [}, |I1]du(t), observe that for t € Dy, 8d (z,y) < d(z,2) < 2d (z,1),
then

) Y (") 1
Todrtetl(pot) drme(t,z) T o drtetl(zz) dre(t2)]

and since Dy is contained in the ball {t : d (t,2) < d(t,z) + d (z,2) < 3d (z,2)}, we
have

|11

d(z,y) / 1 cd (z,y)
Ia _d(@y)  du(t) < I
/[)2 (L1l dp (t) < € nra+1 (%, 2) Jae, ) <3d(w,) 4~ (L, 2) i) < dtl(z, 2)

Now we estimate the integral in (4.4) on A° = {t:2d(x,t) < d(z,2)}. We divide
this region into two subregions

B, = {t:d(z,t) <2d(z,y)}, and

A\ B, = {t 2d (2,y) < d(2,1) < +d(x, z)}.

By

[\)

To estimate (4.4) on Bj, observe that d(z,t) < 2d(z,y) < ;d(z,z) and that
d(y.t) < d(y,z)+d(z,t) < 5d (2, 2)+3d (v, 2) < 3d (w,2) < §3d(y,2) = 3d(y, 2).
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Therefore we can majorize the integral of (4.4) on By by

/ 1 1 — 1 d (t) +
B dn+a (SL', t) dn—a(t’ Z) dn—a(x’ Z) s
1 1 1
— du (t
L, a7 jaas ~ a0

The first term is less than or equal to
1 d(t d=)
/ (65) ) < o 4 1)
B, d"T (x,t) d*mot (z, 2) dnt(1=9) (z, 2)
The second term is less than or equal to

(1-a) (1-a)
/ ”+°fl n_figf{y) dp(t) < c d+(17 g%y) < d+(17 55671/)
d(y,t)<3d(z,y) d (y7 t) d (y7 Z) dar « (ya Z) dar a (fL', Z)

because ¢d (z,2) < d(y, 2).
To estimate the integral (4.4) on By, we majorize it by

/ 1 1 1 1
B2

dn-i—a (.’L‘, t) - dn-‘r(x (y7 t) dn—a(t7 Z) - dn—a(x7 Z)
/ 1
B, @ (3,)

1
d"=(y,2) "= (z,2)

To estimate J; observe that 2d (z,y) < d (z,t) and that 2d (z,t) < d(z, z); then J;

is less than or equal to

dp (t) +

d/i (t) = Jl + JQ.

of st D <
(1-a)
C‘% /w(z,y)sm,t) Wdu @ < CM'
Finally note that
B 0/32 dn+a1(y,t) dnfda(ff ?i’z)du (1)
(1-a)
- mﬂ(w)@(y,n Wdu (t)écm'

This concludes the proof of (4.2) with v =8 and n =1 — a.
Let z,y, z be fixed points such that 8d (z,y) < d (z, z) and 0 < a < 1. We have

(4.5) K (2,2) = K (2,9)| =

e (o mn) (e 7w )

To estimate this integral we divide X into three regions:

D = {t:2d(zt) <min{d(y,z2),d(z,2)}}
E - {t:;min{d(y,z),d(m,z)}Sd(z,t)SQd(m,z)}
F = {t:2d(z,z) <d(zt)}.

To estimate the integral (4.5) on D we further subdivide D into two subregions:
Dy =A{t:d(z,t) <2d(z,y)} and Dy = D\D;.
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The integral (4.5) on Dy is less than or equal to
1 1

1
(46) /Dl dnto (Z,t) dn—«o (t,,ﬁL‘) a qn—o (Z,Z') d/’[’ (t) +
1 1 1
/D1 Ao (z,8) [d=e (ty)  d"= (z,y) ’ )

Since 2d (z,t) < d(z, z) on Dy, the first term is less than or equal to

c d(t,z) d=) (z,y) _
/d _dhz)

- - <e— 7
dn—ott (27 y) (z,t)<2d(z,y) dnte (t5 Z) B dn+(17a) (1’, Z)

and since 2d (z,t) < d(y,z) and £d (z,z) < d(z,y), the second term of (4.6) is less
than or equal to

c d(t,z) dO=) (z,v)
/ du (1)

_— _ <ec——7— .
dn—ott (Z7 y) (z,t)<2d(z,y) dnte (tv Z) B dn+(17a) (‘T7 Z)

Let’s consider now integral (4.5) on Dy. Here we have 2d(z,y) < d(z,t) <
%min {d(y,z),d(z,z)}. This integral is less than or equal to

1 1 1
(47) /D2 dnto (z, t) dn—o (t, 1-) o qn—o (t, y) ‘ dﬂ' (t) +
1 1
| = P e = o | L AGE

To estimate the first term,observe that d(z,t) > d(x,z) — d(z,t) > d(z,t) >
d (z,y); therefore the first integral of (4.7) is less than or equal to

1 c cd (z,y) 1
dp(t) < — V) / S (t)
/Dz dnte (Zv t) dn—otl (33, t) dn—otl (Jf, Z) 2d(z,y)<d(z,t) dnte (Za t)
because d (z,t) > %d (z, z), and the last expression is less than or equal

d=) (z,y)

Cdn-i—(l—a) (.’IJ, Z) :

The second term of (4.7) is less than or equal to

d 1 d=)
e I U
an—« (xﬂ Z) 2d(z,y)<d(z,t) ante (Z7t) drt(i=a) ({E,Z)

The integral (4.5) over E is less than or equal to

1 1 1
(48) /E e (1)

dn (Z7Z[) [i (i’y)
E dn (Z7 )

1 1
dn=e(z,y) d"o(z,z)
To estimate the second integral observe that 84 (z,y) < d(z,z) and that $d (z, z) <
d (z,y); therefore it is less than or equal to

cd(z,y) / 1 d(z,y)

el Sk A ——dp (t) < c—7—.
dr—o+1 (2, x) Ld(w,2)<d(z) dnte(z,t) p(t) < Cdn+1 (2, )

’du (t) +

du (t).
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To estimate the first integral of (4.8) we further subdivide E into two regions
E, = {teE:d(tz)<2d(z,vy)}
E, = {teFE:d(tz)>2d(z,y)}.

Observe that §d (z,y) < d(z,x) < 2d(z,y); therefore the first integral on Ej is less
than or equal to

¢ / L aue)+
— ———du
d" e (z,2) Jae) <2d(e,y) 4" (t, )

el madu (1) < e O

- )= ¢ :
d"(z,2) Jay) <sd(@y) 4" (¢ Y) dnte(z, 2)
For t € F», the first integral of (4.8) is majorized by

1 d(z,y) cd(z,y) 1
dp(t) < ——220 / ———————dp (t)
/Eg dnte (Za t) dn-ott (JJ, t) dnte (SL', Z) d(z,y)>2d(z,y) dr+(i=a) (3:7 t)
because %d (z,z) < d(z,t); and the last expression is less than or equal to
A
dnto (l‘, Z) '

Finally we will estimate the integral (4.5) over F. This integral is less than or equal
to

1 1 1
(4.9) /F drta(z,t) | dv=o (t, z) o dn—a (t,x)
1 1 1
/Fdw G| aa Gy a1

To estimate the first integral in (4.9), observe that for ¢t € F, d(z,2) < d(z,t).
Therefore, this integral is less than or equal to

du (t) +

dp (t) d(z,y) / dp (t)
d < ¢c—7 el A
¢ (m’ y) /F dnte (t? Z) dan—e (ta JJ) = dn—otl (.’L‘, Z) 2d(z,z)<d(z,t) dnte (ta Z)
d(z,y)

> ¢ qn+1 (.’IJ, Z) :
To estimate the second integral in (4.9), note that 8d(x,y) < d(z,z); then this
integral is less than or equal to

d(z,y) / dp(t) _ . _d(=,y)
dn-otl (:E?Z) 2d(z,2z)<d(z,t) dnte (th) T odrtt (ZE,Z)

This concludes the proof of the standard estimates with n = min {«, 1 — a}.
It remains to show that T, is associated with the kernel K, i. e., that

TM@:/K@wH@MMw

for p-a.e. = € supp (u)\supp (f), f € Lip (B),a+p < 1. Let f € Lip(B),a+8 < 1,

then
Dolo f (m) = /(Iafzi(jl;(i{;{)(x) dﬂ(t)

/E d”+0‘1(x,t) {/ [d”-al(t,y) a dn—al(x,y)} f(y) dp (y)} dp(t).
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For x € supp (1) \ supp (f), using the estimate obtained above for ¥ (z,y), it can be
seen that the last integral converges absolutely. Changing the order of integration,
we have

D@szmewﬂwwwznu»
]

From this point and until the end of the paper we will only consider
the case of a normalized space of homogeneous type of order . These
results were obtained in [GSV] and we will reproduce them here. The
corresponding results for non-homogeneous spaces are in progress and
will appear elsewhere.

5. Construction of an equivalent quasidistance with the cancellation
property I,1 =0

The first lemma states the properties of a Coifman type approximation to the
identity. These properties are well known,see [DJS], and therefore the proofs will
be omitted.

Let h > 0 be a C* function on [0,00) such that h(r) =1 for 0 < r < %, and
h(r) =0 for r > 2. For f € L} (x) and ¢ > 0 set

loc

nﬂmzléﬁfuﬂﬁﬂwwwx

t t
mﬂm=@5@gm=¢mwmm
1
Vif(z) = mf@?) = (x,t) f(z)

Now define S; by

Sy = My Ty Vi Ty My,
then

&ﬂ@:[g@wwﬂww@x

S(xvy’t):@(x,t)so(y,t)/Xh<5(w»U)>h(5(y£u)>w(u7t)dﬂ(u).

12 t

where

LEMMA 3. There exist positive constants by,bs,c1,co, and c3 independent of
x,y, and t such that

(1): s(z,y,t) = s(y,z,t) for all z,y in X and ¢ > 0,
(ii): | s(z,y,t) [< % for all x,y in X and t > 0,
s(z,y,t) =0 1if §(z,y) > bit,and
2 < s(x,y,t) if 6(z,y) < bat

(iii): | s(z,y,t) — s(z,y,t) |< cs mt(f;f ) for all 2,2’ and y in X,and ¢ > 0.

(iv): [s(z,y,t)du(y) =1 for all z in X, and ¢ > 0.
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(v): s(z,y,t) is continuously differentiable with respect to ¢.

LEMMA 4. For each a, —0o < o < 1, the function §,, defined in (5.1) below is
a quasidistance equivalent to § and it satisfies (1.2). We define 6, : X x X — [0, 00)
by
(5.1) Sale.9) = ([ 147 5(a,. 07T for o 4y and
0

Oa(z,y) =0 forx =y.

PROOF. We shall prove first that there are positive constants ¢, and ¢, such
that for all z,y in X

(5.2) cho(x,y) < dalx,y) < id(x,y).

Using the properties of s(z,y,t) stated in Lemma 3, we have that s(z,y,t) = 0 if
d(z,y) > bit. Then

(5.3) 5 ) = [, st

b1
On the other hand || s(-.-,t) [|oo< S, and therefore

o0

53_1(37734) <c [S(m,y) ta*th — : jab%—ada—l(gmy)'

by

C

Raising this inequality to the power 1/(a— 1) we obtain the first inequality of (5.2).
To obtain the second inequality of (5.2) note that s(z,y,t) > < if 6(x,y) < baot.
Then

62 (z,y) > /

3(=,y)

b

to‘*l%dt = b%‘“&a_l(x,y).

11—«

Raising this inequality to the power ﬁ we conclude the proof of (5.2).

The fact that d,(z,y) is a quasidistance follows from the definition, property (i)
of s(z,y,t) and (5.2). We will denote by k, the constant in the triangle inequality
for 9.

We will show now that 0, satisfies (1.2). If d4(z,y) = 0 then z = y and

ol y) = 0q(z,2") and
Sa(z,y) = da(z’,y)| = dalz,2") = 67 (x,2 ) {da(@,y) + dalz,y)} 7.

Similarly when 64(z ,y) = 0 we get the estimate above.
Assume now that 6,(x,y) # 0 and 6 (2, y) # 0. Let a = i min {6a (2, y),0a(z ,y)},then
by property (ii) of Lemma 3

ba(@,) = dala’,y)| = |( / 1 (g, 1)) T — / 17 s(a’ g, )dt) = | <
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o0 =9 o
/takl ‘s(w’,y,t) +0(s(z,y,t) — s(x,,y,t))‘ dt /t’kl ‘s(z,y,t) - s(z',y,t) dt| ,

with 0 < 6 < 1. Using (ii ) and (iii) of Lemma 3 we can majorize the last estimate
by

o0 % o0
c/t“*zdt /t“*”*%él(z,z')dt <
a a

cd3 (@, )a' "7 < e (@, ) {Sal@,y) + Sala’ y)} 7
This concludes the proof of the lemma.

LEMMA 5. (Cancellation property). Let 0 < « < vy, then

[ ) - 527 )t = o
X

for any z, ' in X.

PRrROOF. We show first that

[ e 15wt - swy.0) | duty)ds < .
e 0
‘We have

1 1
// t*7 | s(x,y,t) — s(x'y, t) | du(y)dt < / 20t < oo
0 0
X

To estimate [ floo t* | s(z,y,t)—s(z’, y,t) | du(y)dt, observe that the functions
s(zx,-,t) are supported in balls of radius by ¢, also by (iii) of Lemma 3 we have

87 (z, )
| S(Z'7y,t) - S(Z’l,y,t) |§ CgtlT'

Therefore using normality the double integral is majorized by

° 0 (x, 2" )ct < dt
a—1 9 0% /
/1 t i dt < ced(x,x )/1 pr—— < 00

Since

/X [53_1(9379) - 63—1(33’,3,)} duly) =

| T 0 s(y. 1) — s(a sy, )] didu(y),
X JO

by changing the order of integration and using (v) of Lemma 3 we obtain that the
integral is zero.
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6. Boundedness of T, in L,
In this section § will be the quasidistance d4,0 < a < 7, constructed in section

5. We will denote Lipg (n) = {f € Lip(n) and supp (f) C B}, and Lip, (n) =
Ug Lipg (n).

THEOREM 5. The operator T, is bounded in Li.

PRrROOF. To prove the theorem we use the “I'l-theorem”. We recall that an
operator T : Lip, (n) — (Lipg (7))’ is weakly bounded if there exists a constant ¢
such that

(6.1) (T, 9) |< en(B) " |1 £1], llall,

for every f, g in Lipg (1) and for every ball B. We will show that
(i) T, is weakly bounded
(i) Thl =0
(iii) “T1 = 0.
To prove (i) we will show first the following estimate for f € Lipg (1)

(6.2) 1 Taflloe < cp(B)" || f Iy -
Consider f € Lipg (), B = B;(x,). Observe that

ot < | [ 20—t <| [ 52t < el o)
Now
I, 1)) — (Lo f)(x
Tt < [ 1o )(S(Ila(;t)f SOl g0y <
|Iaf(t) - Iaf(m)| |Iaf(t) - Iaf(x)l
» t/) 51 (2,1) au(t) +5( Z § 5 (z,1) ult)

To estimate the first integral we use the fact that |Iof(z) — I f(z)| < c || f |l
6" (t,z) proved in Theorem 1, and then integrating this integral is less than or
equal to ¢ || f ||, w(B)". For the second integral we use the estimate for I, f
obtained above and integrating we obtain that this integral is less than or equal
¢ || f |loo-Note that for f € Lipy () (B),|| f [loo< ¢ || f || ©(B)", this concludes
the proof of (6.2). Let f and g be in Lip, () (B), then

(Tafog)| < /B Taf (@) | 9() | du(z) <

< NTaflloo 9l 1(B) < cu(B) 27N £, llgll,, -

To prove (i ) we observe that the extension of T}, to L N Lip(n) coincides with the

operator T, = Dol,. Since I,1 =0 we have T,1 = T, 1 = 0. To prove (iii) we use
that

tT, = I,D,.
In fact, let S, = I, D, and consider f and ¢ in Lipy (8), 0 < o+ 5 < . We want
to show that

(6.3) (T f,9) = {fSag) -
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We will show first that for f € L> N Lip(n), o <n < v and g € Lip, (5)

(6.4) (Daf,g) = (f; Dag) -
For every f € L° N Lip(n), note that [ %du( ) is bounded as a function of

x and therefore

(Duti) = [ / W Lg(@)au(t)du(z)

because the double integral above converges absolutely. Now rewrite the last inte-
gral as follows

f 00 LS

The second 1ntegral converges absolutely since for g € L1p B,(x)(B)

| 9(t) — g(a) | c
“ota(,y MO S TgmEg oy

and it is equal to (f, D,g). Finally observe that the first integral is absolutely
convergent (since the second one is), since the integrand H (z,t) satisfies H(x,t) =
—H(t,x), its value is equal to 0.

Now consider f and ¢ in Lip, (8). It was shown before (see Theorem 3 and
(6.2)) that I, f € L N Lip(n), therefore

(Dalof,9) = (af, Dag) =
f(t)
/D 5 O o).
Since Io(| f|) € L™ and | Dag(z) | < TG

absolutely and by Fubini’s theorem is equal to (f, I,D,g). Finally, since D,1 =0
we have T,1 = 0. This concludes the proof of the Theorem. ([l

the double integral converges

7. Representation Formulas

In this section we will use the quasidistances d,, and §_, constructed in Section
5 in the definitions of fractional integral and fractional derivative respectively. The
function s(z,y,t) introduced in Section 5 is continuously differentiable in ¢. Let

0
Q(xayat) - taS(fL‘ﬁl},t)

and set

(7.1) —Q:f(x) =/Xq(x,y7t)f(y)du(y)-

LEMMA 6. The kernel q(x,y,t) defined in (2.16) has the following properties
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LEMMA 7. (i) q(z,y,t) = q(y,z,t) for all z,y in X, and t > 0.

(ZZ) Q(xay’t) =0 5($ay) > bit,

(iii) | q(z,y,t) | < S for all z,y in X, and t > 0.

() | q(z,y,t) —q@’,y,t) | <ecs mt(fif/) forallz, ',y in X andt > 0.
(v) [q(z,y,t) du(y) =0 for all z in X and t > 0.

Lemma 6 is the continuous version of known results [N1], [DJS].

THEOREM 6. If Q.(f) is the operator defined by equation 7.1, then the following
representation formulas hold pointwise everywhere and in the weak sense.

(7.2) al, f = /OotaQt(f)%, for f e Lip(B) ﬂL170 <a, a+ <7,
0
and
o dt .
(7.3) —M%f:/ FOQUA T for f e Lip(B)N L%, 0<a<f<y
0

To prove 7.2, observe that for f € Lip(3) N L! the fractional integral converges
absolutely for every z, therefore using (5.1) we have

ahﬂ@za/ £Z”%@wﬁﬂf@de
X

and the double integral converges absolutely for every x. Then by changing the
order of integration we obtain.

(7.4) al,f(z)=a /000 to Lz, t)dt

where

(7.5) u(e,t) = [ s(.9.6) 1) duty)
X

Since % s(z,y,t) = 1 q(x,y,t) and q(z,y,t) has the properties (i) and (iii) of
Lemma 6, we can differentiate with respect to ¢ under the integral sign of (7.5) to
get

(7.6) %u(m, t) = %v(z, t)

where

(7.7) M%ﬂ=/d%%®f@dww=—@ﬂ@-
X

Now integrating the integral in (7.4) by parts, using (7.6) and the fact that f €
Lip(B) N L' we obtain

1/e
@ Lnf(@) =l o [ tue )t = lim(e"ue.t)[1)
g
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1/e R dt
— lim t*v(x,t)— :/ Qi (f)(z)—.
e—0 e t 0 t
To prove (7.3) observe that for f € Lip(8) N L the fractional derivative

converges absolutely for every z, therefore using (5.1) we have
~aDafle)=—a [ [ sl 0dt{f ) - @)duty)
0
X

and the double integral converges absolutely. Then by changing the order of inte-
gration we have

(7.8) —a Duf(z) = —a /O T e ) — f(2)]dt.

Now integrating the integral in (7.8) by parts, using (7.6), and the fact that f €
Lip(8) N L, a < B <+ we obtain
1/e
—a D, f(x) = lirno = u(z, t) — f(z))dt =
E—

€

/e
MW%mWﬂMW%gUIWWW?

e—0
_ /Oot_“Qt(f)(x)%.
0

This concludes the proof of the Theorem.

8. A fundamental theorem for fractional calculus

In this section again, we will use the quasidistances d, and J_, constructed in
Section 5 in the definitions of fractional integral and fractional derivative respec-
tively. The main result of this section is that Ty, is invertible in L.

LEMMA 8. For positive r,s,t define a function hy(r,s) as follows

min {7, (2)*} 2 <1and0<t<1

T

min {7, (2) 72} 2> 1and0<t <1

r

hi(s,r) =
min {t*"’, (%)%} zf% <landt>1
min {t77, (2) 77} if £ > 1 and ¢ > ¢
Then the operators @ introduced in (7.1) satisfy

hi(s,r) =

1QsQus(QrQur)" || < hu(s,7)
and
| (QsQus)" QrQur || < hu(s,)
where the || || is the operator norm on L7,
Moreover for f € Li we have

«ﬁ@%ﬁ

< [ TS e

2
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uniformly in M, where || ||2is the L7, norm.

These are continuous versions of known results, see for example [DJS] and [N1],
the last inequality follows from the continuous version of the Cotlar-Knapp-Stein
lemma.

LEMMA 9. For positive t let

o d
= sup/ ht(s,r)—r
s Jo r

S

then
o < t"+t7logt for0<t<1
b= t=Y +t Vlogt fort>1

This is also a continuous version of a result of Nahmod [N1].

THEOREM 7. There exists ag,0 < ag < 7, such that for 0 < a < «q the
operator T, has a bounded inverse in L?.

PrOOF. It follows from Theorem 6 that for f € Lip, (8),0< 8 <~

(8.1) aWAf—[;saQs(A w@ff)ff

On the other hand it is known, see for example [C], that

e > dt\ ds
(8.2) f= ; Qs </o Qtft> o

Using the continuous version of Coifman’s and Nahmod’s formula (see [C] and [N2])
(8.1) and (8.2) are respectively equal to

o dt
/ to‘wtf —
0 t

e dt
we f—
/(; ! t

M

. ds

wtf = ]\4111)1100 /1 Qthsf?a
M

and

where

and the limit is in L2 norm.
Using the above formulas we have

0 . dt
IF+eTafle < [ 11421 Jwsle G
0

where || ||z is the L2 norm.

PrOOF. By Lemmas 8 and 9
[we]| < e

where ¢; is the constant in Lemma 9, hence

> o dt e o, dt
J AR Ry P N P P PP
0 0
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To estimate the last integral write it as the sum

L N 0o

N dt dt dt
/ |1—to‘|ct——|—/ |1—ta|ct——|—/ |1—ta|ct—:
0 t )y t Iy t

=0+ 1+ Is.
Using the estimate for ¢; in Lemma 9, we can find N = Ny sufficiently large so

that I; and I3 are less than % uniformly with respect a with « in (0,4/] for a fixed

' less than . Having chosen N we can find an «q so that for 0 < o < ayg, I is less
than % Therefore HI + a2TaH < 1, and hence —a?T,, and therefore so is T,. O

O

Finally, in [HV] Hartzstein and Viviani have shown that T}, lis also a Calderén-
Zygmund operator and consequently bounded in all L? spaces.
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